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Abstract
A convergence criterion of cluster expansion is presented in the case of an abstract poly-
mer system with general pair interactions (i.e. not necessarily hard core or repulsive). A
concrete example is given in which polymers are rg-connected sets of the cubic lattice in
d dimensions interacting via a polynomially decaying potential (possibly attractive), of the
type 1/r4t* with A > 0.

1. Introduction

The abstract polymer gas is an important tool to study the high temperature/low density or
low temperature phase of many statistical mechanics models. Generally speaking, the abstract
polymer model consists of a collection objects (the polymers) which play the role of the particles
of the gas. These polymers have a given activity and they interact via a hard core pair potential
suitably defined. Typically, one wants to show that the pressure of this polymer gas can be written
in terms of an absolutely convergent series if the activities are taken sufficiently small.

The first example of such a model appeared in [8]. where the polymers were finite non overlapping
subsets of the cubic lattice Z¢. The authors proved convergence of the pressure via the method of
Kilkwood-Salsburg equations. Subsequently, the same system studied in [8] was treated in [17] and
[4] via cluster expansion methods based on tree graphs inequalities.

In [9] the most general version of this system was given. There, polymers were simply a collection
of objects with a given activity and interacting through an hard core pair potential introduced via
a symmetric and reflexive relation in the polymer space. Polymers belonging to this relation were
called incompatible, and compatible otherwise. The hard core condition was simply to forbid
configurations of polymers containing pairs of incompatible polymers. Differently from the cases
considered previously, in which polymers had a cardinality and a size, the Kotecky-Preiss polymers
were characterized only by the activity.

In [5] the convergence condition for the Kotecky-Preiss polymer gas was slightly improved and
the proof was greatly simplified being reduced to a simple inductive argument, as it was shown very
clearly in [11] and [18]. In particular, in [18] it has been observed that the Dobrsushin proof works
for even more general abstract polymer gases, in which polymer may interact through a repulsive
soft-core pair interaction. However, the self interaction is still needed to be hard core to develop
the induction argument.

Very recently [7] the Kotecky-Preiss and the Dobrushin conditions for convergence of the abstract
polymer gas with purely hard core interactions were reobtained via the standard cluster expansion
methods and a new improved condition was given by exploiting an old tree graph identity valid for
hard core systems due to O. Penrose.

In all these works, the basically hard core character of the interaction seemed to be an essential
ingredient to control the convergence. Exceptions can be found in [6], [10]. In [6] a contour model
with interaction (exponentially decaying al large distances) is proposed. However the model is
rewritten in term of the usual hard core polymey gas where polymers are objects more complicated



than the original contours. This philosophy has also been pursued in [10] where a one-dimensional
contour model with long range interaction is rewritten in term of new objects with hard core pair
interactions.

It would be of interest to treat also cases in which polymers interact via more general pair
interactions, e.g., not necessarily repulsive, not necessarily hard core, not necessarily finite range.
Such abstract polymer model with interaction could be a useful tool in the study of spin systems
at low temperature interacting via infinite range polynomially decaying potential, see e.g. [12].

In this paper we develop a model of abstract polymers (of the type of [9]) with interactions
more general than the hard-core. Our polymers interact through a ”short distance” repulsive, not
necessarily hard core, interaction which is non zero only on pair of incompatible polymers, plus a
interaction with no definite signal (hence it can be attractive) acting only on pairs of compatible
polymers. We give a condition convergence for the pressure of this gas by using a cluster expansion
method similar to the one developed in [7]. However, differently from [7], we could not use here the
Penrose identity, since our interaction is not purely hard-core. We rather used another well known
tree graph identity originally proposed in [2] and further developed in [1].

The rest of the paper is organized as follows. In section 2 we introduce the model, notations and
the main result of the paper. In section 3 we give the proof of our result (theorem 1). Namely, in
subsection 3.1. we present the tree graph identity and show how it can be used to bound the Ursell
coefficients of the Mayer series of our polymer model. In subsection 3.2 we give the convergence
argument based on map iterations developed in [7]. In subsection 3.3 we conclude the proof of our
main theorem. Finally in section 4 we give an example in which polymers are rg-connected sets of
the cubic lattice in d dimensions Z¢ interacting via a polynomially decaying potential, of the type
1/r™A with A > 0.

2. Polymer gas: notations and results
2.1. The model.

Let P denotes the set of polymers (i.e. P is the single particle state space). We will assume here
that P is a countable set. We associate to each polymer v € P a complex number z, (a positive
number in physical situations) which is interpreted as the activity of the polymer . We will denote
2z = {zy}yep. We introduce a symmetric and reflexive relation I' in P x P. If (v,7) € T’ we write
v # ~" and, following the tradition, we say that v and v’ are incompatible. Conversely, if (v,~") € T,
we write v ~ v/ and we say that v and 4/ are compatible. In most of the concrete realizations of
this abstract polymers gas the condition v; # 7; means (in some sense depending on the geometry
of the realization) that v; and ; are near (e.g. overlapping) and ~; ~ ~; are far apart.
Polymers interact through a pair potential. Namely, the energy F of a configuration ~i,...,v,
of n polymers is given by
E(yi )= >, V() (2.1)

1<i<j<n

where pair potential V(v,7') is a symmetric function in P x P taking values in R U {+00}.
Fix now a finite set A C P (the "volume” of the gas). Then the probability to see the configu-
ration (7y1,...,7v,) € A" is given by

1
—E(Y1,ee/m
Prob(vi,...,vm) = iZ’YlZ’Yz e 2y e (V1500157m)



where the normalization constant =, is the grand-canonical partition function in the volume A and

is given by
- 1 _E
Ealz) =1+ Z ] Z 2y 2y v By € (¥150+7n) (2.2)
n>1 (Y15--+yyn) CA™
Note that the configurations 1, ..., ~, for which F = 400 are those with zero probability to occur,

i.e. are forbidden.

We assume that the pair potential V'(v;,7;) is the sum of a repulsive (positive) interaction
U(7i,7;) which is non zero only when v; 7 v; plus an interaction W (v;, ;) which is non zero
only when 7; ~ «;. The repulsive potential U(y;,7;) should be interpreted as the short range
interaction, while W (~;,7;) plays the role of the long range part of the interaction. We define
these two interactions as follows. Let P? = P x P. Let C = {(v,7') € P? : v ~ +'} and
T ={(y,7") € P?:~ %~} and let us give the functions

Uyg:Z —[0,+00)U{oo}: (7,7) — Ux(v,7)
W : C — (=00, 4+00) : (7,7) = Wo(7,7)
We put

V(i) = Uiy ) + Wi, v5) (2.3)
with the short range given by

0 lf Yi ~~ ’Yj
Ulris) = | (2.0
Uy (visvg)  if i e

while the long range interaction is

We (i) iy~
W(vi,v) = (2.5)
0 if %i £

Note that we allow U(7;,7;) to take the value +oo0, while W(y;,7;) is always a finite number.
Observe also that we don’t make any hypothesis on the signal of W (y;,~;), so this interaction
could be for some pairs attractive and for other pairs repulsive.

Since we are admitting non purely repulsive interaction among polymers, we also need to require
that the potential energy FE is stable in the classical sense. This can be achieved by imposing that
the long range interaction W (v;,v;) satisfies a stability property. Namely, we assume that there
exists a function B(7y) > 0 such that

> W) = - Bw) (2.6)
=1

1<i<j<n
for all n € N and all (y1,...,7,) € P™. Such a condition implies that Z, is convergent and
n
= 1 B(y) B() B(y)
Ep < 1+Zn![2276 < eXp{Zzwe } < |A\I$1€a/>fexp{zye }
n>1 YCA yEA



Actually, (2.6) implies that Z,(z) is a analytic in the whole C/*! (|A] is the cardinality of A).

As we said in the introduction, the usual choice available in the literature is Uy (v;, ;) = 400
for all (v,~") € T and W..(7;,;) = 0 for all (7,7') € C (purely hard core pair potential), but it has
been also treated [18] the case Ux(7i,7j) > 0 if v; » ; and 7; # 75, Ux(7,7y) = 400 for all v € P
and of course W (v;, ;) = 0 (soft core repulsive and hard core self repulsive pair potential).

We remark that, even in the case that the long range interaction W (v;,7;) = 0 for all pairs,
in this paper we are still treating cases which are more general than those studied until now.
Namely, estimates of section 3 below hold for every repulsive interaction 0 < U(7;,7;) < 400 with
no needing of the hard core self repulsion condition (i.e. U(~v,7y) = oo, for all v € P) required
e.g. in [18]. However, in view of the possible connections with the low temperature phase of spin
systems with infinite range interactions, we think that the most interesting situation treated in the
present paper is the case W (v;,7;) # 0, i.e. when a large distance potential, possibly attractive
and possibly infinite range is acting among polymers.

2.2. Results.

The pressure of this gas, namely log =4, can be written as a formal series through a Mayer expansion
on the Gibbs factor exp—3 1, <, V(7i,7;). Namely, a standard calculations (see e.g. [4]) gives

— =1
ogEa(2) =D — Do (), (2.7)

n=1 " ('717~'~7'Yn)CAn

with
1 ifn=1

" (V,- ) = (2.8)

SSOOT1 (Vo) — 1) ifn > 2
9€Gn {i,j}€E,

where G, is the set all connected graphs with vertex set {1,2,...,n}. We recall that a graph
g € Gy, is a pair g = (Vj, Ey) where V; = {1,2,...,n} is the set of vertices of g and E, C {{7,j} C
{1,2,...,n}} is the set of edges of g. We also recall that g = (V,, E,) is connected if for any A, B
such that AU B =V, and AN B = 0, there exists {i,j} € E; such That AN {i,j} # 0 and
Bn{i,j} #0.

The equation (2.7) makes sense only for those z for which the formal series in the r.h.s. of (2.7)
converges absolutely. To study absolute convergence, we will consider the positive term series

oo
_ |
[HogZal(p) =D~ > 16" ()l oo (2.9)
n=1

’ ('Yl:'~~7’7n)CAn

where now p, € [0,400), for all v € P and p = {p},ep. Of course |log=x(2)| < |log=a|(p) for z
in the polydisk {|zy| < py}ep.

We further define, for each 7o € P, a function ILZ (p) directly related to (2.9) (a “pinned” sum
defined in the whole set P) as follows

&)
1
H%)(p) :Zm Z |¢T(707’7177/Yn)‘p71p’)’n (210)
n=0 " (y1,72,:,7n) EP"



Clearly, if we are able to show that II?(p) converges, then |logZa[(p) and hence |logZa(z)| for
|zy| < py also converge, since it is easy to check that

[logZal(p) < |A] sup pro T2 () (2.11)
YoEA

To understand the meaning of the series IS (z) just observe that its finite volume version IS (p),
namely

o

1

P (p) = ] > 1T (o)l - P (2.12)
n=0 """ (y1,92,..,7n) EA™

is directly related to logZa(pa). It is immediate to see that

0 -
I () = 5105 E () (2.13)
Yo

The main result of the paper is a convergence criterion for the positive series (2.10). Such
criterion can be considered as a generalization of the Kotecky-Preiss criterion for polymer system
interacting through a pair potential which is not purely hard core. The criterion can be stated as
the following theorem

Theorem 1 . Let Let 1 : P — [0,00) : ¥ — 1y be a non negative valued function and let, for each
v € P, py€[0,00) such that

p’yeB(’Y) S ,U"Y e Z»‘YEP F(Vﬁ/)/’l"?’ V"}/ (= P (214)
where B(7y) is the function defined in (2.6) and

(W (i, 75)| if i ~
F(vi,vj) = (2.15)
‘e—U(’Yiy’Yj) — 1‘ if Yi %

Then the series I1,(p) [defined in (2.10)] converges and satisfies pyo Iy (p) < foyg -

Remark. Observe that in the usual case U hard-core and W = 0 one obtains from theorem
1 the usual Kotecky-Preiss condition. We recall however that when W = 0, i.e. when polymers
interact just through a purely repulsive potential, one can do better than (2.14). In particular,
for the purely hard core case (i.e. Ux(7y,7') = oo for all (v,7') € Z and W.(v,v") = 0 for all
(7,v") € C), it has been shown in [7] that the condition (2.14) can be considerably improved by
taking advantage of the Penrose tree identity [13], (see also [14], [18] [7]) valid in the case of purely
hard core interactions.

3. Proof of theorem 1.

The strategy of the proof is quite similar to the one used in [7]. In particular we use here
the very same convergence argument for positive series which has been developed in [7]. On the
other hand, in the present case we cannot use the Penrose identity in order to bound the Ursell
coefficients |¢T (y1,...,7m)|, since the pair potential (2.3) is not purely hard-core (and also not



purely repulsive). We will rather make use of another well known “tree graph identity” originally
proved in [2] (see also [3, 1, 16, 15]).

3.1. Tree graph inequality for |¢” (y0,v1,..., V)|

We state the so called tree graph identity [2],[1], [3] by using the notations of [16] and [15]. We use

the short notation I,, = {1,2,...,n}. A graph 7 = (I,, E;) € G, is called a tree if and only if its

edge set F; has cardinality equal to n — 1. Let us denote by T, the set of trees with vertex set I,,.
In the following whenever U is a finite set, |U| denotes its cardinality.

Lemma 2 (Tree graph identity). Let Vj;, with 1 <i < j <n be n(n —1)/2 real numbers, then
the following identity holds

S I 0= T V) [ dintar X K00t g

9€Gn {i,j}€E, 7€Tn {i,j}€E,
where:
e t,_1 denote a set on n — 1 interpolating parameters t,_1 = (t1,...,tn—1) € [0, 1]”_1;
o X,,_1 denote a set of “increasing” sequences of n — 1 subsets, X,,_1 = X1,..., Xn_1 such

as Vi, X; C 1, we must have X; C Xiy1, |Xi| =1 and X; = {1}.

o K(X,—1,tn_1) is a convex decomposition of the potential, explicitly given by

K(Xp-1,tn-1) = Z ti({é,5}) -t ({4, 51 Vi (3:2)

1<i<j<n

where . D e - |
tl({iaj}):{ ZE[’ ] ifi € X an ]¢ | OT ViCEVersa

otherwise

a pair {i,j} such that i € X; and j ¢ X; or viceversa is said to “cross” X;).
p J J

e The measure

1 1
/d,u.r(tnl,an) [--.]ﬁ/ dtl.../ dtn1 Y T Ll PP (3.3)
0 0 X, 1

comp. T

has total mass equal to one (i.e. is a probability measure). In formula above "X,,_1 comp. 7"
means that for all t = 1,2,...,n — 1, X; contains exactly i — 1 edges of T and b; is the
numebr of edges in T which “cross” X;

We want to use (3.1) to bond |¢ (71, ...,7)|- This formula is useful when the pair potential
is not purely repulsive. However, due to the restriction Vj; finite (otherwise the r.h.s. of (3.1) is
not well defined), one in general can apply (3.1) only if the pair potential is finite and absolutely
integrable, see [3], which is a quite restrictive condition. In particular this rules out a pair potential
with hard core at short distances which is precisely one of the situations we would like to treat.



We show here that it is possible to give meaning to r.h.s. of (3.1) even when some among the
Vi;’s take the value oo (the Lh.s. of (3.1) makes sense even in this case). This is possible due to
our assumption that the pair potential is the sum of a purely repulsive part plus a stable potential.
We define

H lf U(’YZ', ’Yj) =
Un (i, 75) =
U(7i,7v;) otherwise

and VH,J(’Yia'Yj) = UH(%,’)/]’) + W(’yi,’yj). Then, for any fixed (’yl, - ,’yn) cpr

" (71, ) = lim Z H ~Va (i) — 1)

H~>oo
9€Gn {i,j}E€E,

We can now use (3.1) for the finite potential Vi and we get

Z H Vi (viv) _ ]_) =

9€Gn {i,j}€E,

= lim Z H —Vi( /yl”‘y]))/duT(tn_17Xn_1)6—KH(Xn1,tn1)

H—o0
7€Th {i,j}€E,

where

Kp(Xn1,t01) = > t({i,3}) - tar ({51 Vi (v, 75) (3.4)
1<i<j<n

Now, for fixed 7 = (I, E;) € T,, and (y1,...,7,) € P™ , let us consider the factor

wir(y,--om) =[] \VHJ(%%)\/dﬂr(tn—l,Xn—l)e_KH(X”‘l’t”‘l)
{i,j}€Er

By the assumptions (2.3)-(2.5), the edges {i,j} C I,, are naturally partitioned into two disjoint
sets Eff and E,\Ef where Eff = {{i,j} C I, : vi ## 7;)}. Thus also the edges of the tree 7 are
partitioned into two disjoint sets EX and E,\E where Ef = E. NEX. So we have

wi(nom) = L Wl ] UH(%%')/dMT(tn_hXn_1)€_KH(X"‘1’t"‘1)
{i.jreEA\ER {i,j}eEH

Now observe that
Kp(Xp-1,tn-1) = Ky, (Xn—1,tn—1) + Kw(Xp—1,t0-1)

where

Kuy(Xn-1:to) = Y t({i5}) - a1 ({51 Un (0:7)

1<i<j<n

and

Kw(Xp-1,t0-1) = > t1({i,3}) - tar ({5, 5HW (70, 75)

1<i<j<n



The potential Ky, (X,,—1,t,—1) is non negative and can be bounded, for n > 0, as follows

Kug(Xn-1,ta1) > Y t({i,5}) - taa({6,5)Uk (i) =
{igycEH

= > al{i i)t ({G DUy 0 Y t{i s}t ({i 5 -

{i.gycEH {i.j}CE-\EH
- Y. ta{iLg)) .t ({ig)) =
{i,j}CEN\EH
> Y u{i i)t ({G DTy 0 Y a{é 51t ({i,5Y) — nlEAEH| =
{igycEl {i.j}CE-\EH

= Ky, (Xpn-1,tn-1) — 77|ET\E5|

where

Kyr(Xn-1,t-1) = > ta({ig}) . tuoa ({6, 1)V

1<i<j<n

with V;7 being the positive (H dependent) pair potential given by

T Un(vi,v;) if {i,j} € EX
Vii=Amn if {i,5} € E\E}
0 otherwise

On the other hand, from the fact that W is stable it follows that also Ky (X,—1,t,—1) is stable,
see e.g. (3], [15], [16]. Namely, from (2.6) it follows that

n

Kw(Xn-1,tn-1) > =Y _ B(y)
i=1
Hence wf;(y1,...,7n) can be bounded by
. . |E-\EF|
WY1, -+ yn) < €T 2i=1 BOOTnIEAE] H W (yi,vi)| | % [} X
(.} EB\BH 7

H /dlur n— 1’Xn—l)eiKVT(Xnil’tnil)

{i,7}€E-

Applying now the tree graph identity (3.1) to the pair potential V;7 one conclude immediately (see
e.g. [3]) that, for all H € [0, +o0)

H /duT oty Xy ) K (K tn) H ’6*"5 _ 1’ _ (3.5)

{i,j}€E- {i,j}€E-



= 1] ‘e_UH(%','Yj) _ 1) e — 1“ET\E5|
{ijre Bl

H
Hence, considering that &7 \E7'l |e=n — 1||ET\ET = (e — 1)IEN\ET | we get

T R el | (LR T ) (i =

{ijyeE! {i,j}eE-\EF

W (i, 5)

and due to the arbitrarity of 7 which can be take as small as we please, we obtain
Wiy, -) < ef = BO0 T ‘e_UH(W) - 1‘ [T waeiwm
{i.j}eEH {i,jYeE\EH

and so

W (Y1y- -y Vn) :}}im Wi (Y1, -+ yn) < et Xz BOW H ‘er('”"Yj) —1‘ H |W (i v5)]
o {ij}eEH {i,j}€E-\EH

In conclusion we have that

67 (v, )| < P2 BOINT T Py, ) (3.6)

T€T, {i,j}€E-

where
(W (is i) if 7 ~ v,
F(vi,vj) =
‘e’U(%W) — 1‘ lf Yi * ’Y]

and hence also, for n > 1

’(bT(’Y(% 717 s 77n)| S €+Z?:O B(%) Z H F(fy’“ ’Y]) (37)
T€T? {i,j}€E,

where TV is the set of all trees with vertex set I2 = {0,1,2,...,n}. Inserting (3.7) in (2.10) we get

H’YO ) <1+ Z w Z et 2izo B(vi) Z H F(%’a'Yj)P’yl Py <

n=1"" (y1,72,...,yn)EP™ TeT) {i,j}cEr

T EDSE D D il | (RN AL B

" (Y1 ¥n)EPT TETY {iyj }EE-

If we pose

and



‘H| =1 +Z Z Z H F (i, )Py - - - Py (3.9)

n=1 n! TETY (V1,70 )EP™ {i,j}EE-

We get

1179 (p) < PO () (3.10)

So the convergence of |[II|}(5) implies that of [II|72(p).

3.2. Planar rooted trees and convergence

We think the trees with vertex set 19 = {0,1,2,...,n} (i.e the elements of T) as rooted in 0. We
define a map m : 7 — m(7) which associate to each labelled tree 7 € T a unique drawing ¢ = m(7)
in the plane, called the planar rooted tree associated to 7, as follows.

Given 7 in T?, place the vertex 0 (the root) at the leftmost position of the drawing. From 0
there emerge sy branches ending at the first-generation vertices i1,...,7s,. Drawn these vertices
along a vertical line at the right of the root in such way that the higher has the low label and
labels increase as we go down along the vertical line (ordering increasing label vertices “from high
to low”). Then iterate this procedure for the descendants of each firs generation vertex (i.e. the
second generation vertices) i1, .. .15, and so on... (see figure 1).

P
< << <<
(a) (b)

Figure 1: the planar rooted trees associated to the trees (a) with edge set {0, 3}, {1,3},{2,3}, {1,4}, (b) with
edge set {0,2},{0,3},{1,2},{2,4} and (c) with edge set {0,2},{0,4}, {4, 3}, {1,4}. Observe that (b) and (c) are
different planar rooted tree

There is a natural partial order < among the vertices in a rooted tree. For u,v € t, we say that
u precedes v and write u < v (or v > u) if the (unique) path from the root to v contains u. If
{v,u} is an edge of ¢ rooted tree, then either v < u or u < v. If uw < v. w is called the predecessor
and v is called the descendant. The root has no predecessor and it is the extremum respect to the
partial order relation < in t. For each vertex v of t, we will denote by s, the branching factor of v

1 ..., v% the s, descendants of v, (v! being the higher and v** being the lower

and we denote by v

in the drawing).
Clearly the map 7 — m(7) = t is many-to-one and the cardinality of the preimage of a planar

rooted tree t (=number of ways of labelling the n non-root vertices of the tree with n distinct labels

consistently with the rule “from high to low”) is given by

’{7’ eT?:m(r) = t}’ = (3.11)

10



We denote by TO = the set of all planar rooted trees with n vertices and by T%* the set of planar
rooted trees with maximal generation number k; let also TO = Unon% = UkZOTO’k be the set of all
planar rooted trees.

Let now p: P — [0,00)7 : 4 = i be a positive valued function defined in P and let, for each
v € P, R, € [0,00)7 be defined by the equations

py = Rypy(n),  v€P (3.12)

with

Pr() = T+ > bV ) B - Ho (3.13)
nZ1 (91, yn) P

for certain functions by, : P! — [0,00). Denoting R~ (1) = T, (1) the equation (3.12) can be
visualized in the diagrammatic form

Tn

The sum is over all single-generation rooted trees. In each tree, vertices with open circles with
subscript v represents a factor R,, vertices with bullets with subscript  a factor u. and vertices
other than the root must be summed over all possible polymers . At each vertex with n descen-
dants, a “vertex function” b, acts, having as arguments the n 4+ 1-tuple formed by the polymer at
the vertex and the n polymers associated to the n descendants of that vertex. With this represen-
tation, the iteration T2(u) = T(T (1)) corresponds to replacing each of the bullets by each one of
the diagrams of the expansion for T'. This leads to planar rooted trees of up to two generations,
with open circles at first-generation vertices and bullets at second-generation ones. In particular,
all single-generation trees have only open circles. Notice that the two drawings of Figure 1 appear
in two different terms of the expansion, and hence should be counted as different diagrams. More
generally, the k-th iteration of T involves all possible planar rooted trees up to k generations. In
each term of the expansion, vertices of generation k are occupied by bullets and all the others by
open circles. A straightforward inductive argument shows that

T (1) = Ro| > @0(R) + o8 (R, )] (3.14)

where we have denoted R = { R, },cp and

(R = > H{ > bsv(fyv;%1,...,%5u)R%1...R%SU} (3.15)
(

teT0.¢ v=0 Yyl ooy Yosv )EPSY

Here the product [],., over the vertices of ¢ must be done respecting the partial order of the set

of vertices in ¢, i.e. if v > u the v must be at the right of u in the product. The factor @g];)(R, i)
has a similar expression but with the activities of the vertex of the k-th generation weighted by pu.
Here we agree that by(v,) =1 and []; = 1. We are interested in the £ — oo limit of (3.15).

11



Proposition 2 Let i : P — [0,00)% : v — i~ be a positive valued function and let, for each v € P,
R, €[0,00)" be defined by the equations (5.12). Let, ¥y € P, p € [0,00) such that py < R,. Then
the series

Z H { Z 65u(’yv;7v17"'77v5“)ﬁ%,1 "'ﬁ%ﬁv } (316)

teTOv=0 \ (y,1,...,7p50 )EPSY
is finite for each vo € P. Furthermore

Pryo P () < 1y (3.17)

for each vy € P.

Proof. By definition ®.,(5) = 0%, ®' (7). By (3.14), the fact that T% (1) = p,, for all k € N,
and the assumption p, < R, for all v € P, we obtain that

n n
Po Z (I)%) (P) < Ry, Z (I)%)(R) < iy
=0 =0

for all n. Thus, since the sequence of partial sums of the series p,,®,,(p) is monotonic increasing
and bounded by fty, pryo P (p) converges, and pq Py, (p) < piyy - O
3.3. End of the proof of theorem 1

We first reorganize the sum over labelled trees appearing in formula (3.9) in terms of the called
planar rooted trees previously introduced. Namely, recalling that T is the set of all planar rooted
trees with fixed root 0 and n vertices (different from the root), we can rewrite the r.h.s. of (3.9) as

2 (5 1+Z X >, I FOov)im - b (3.18)

=1 " ¢teT® +eTQ (y1,-y7n)CP" {i,j}€Er
m(T)=t

Observe that the factor

Z H F(7i77j)ﬁ71 - ﬁ'Yn

(’71 7’7n)cpn {74)J}€ET

depends only on the planar rooted tree ¢t = m(7) associated to 7 (labels of 7 are dummy indices in
the sum), i.e.

SN TIPS | R 1 D ORI SR
(Y155 1m)CP™ {i,j}EE> vrvg \ i=1~,,;€EP

with the convention that []7*, Zv .ep F(vo, %) Py, = 1 when s, = 0.

So in conclusion, inserting (3.19) into (3.18) and using also (3.11), we obtain

R = H {H P AT Pm} (3.20)

teTo v>—v0 1=17~,,€P

12



Comparing (3.20) with (3.16) we immediately see that |1:[|7;°([)) = &, (p) provided

n

1
ba(vives - m) = — [ F(rm) (3.21)
Ti=1
so that
1 s .
pr() = 14> — Y [[FOmmy, = eXrer 0D (3.22)

n>1 " (Y1) EPR i=1

Hence proposition 2 yields the criterion (2.14) for the convergence of the series ]ﬁ\;ﬁ)(ﬁ) defined
in (2.10). As a matter of fact, by proposition 2, with the identification (3.21), we have immediately
that the series |II|5(p) defined in (3.9) is finite for each v € P and py, I3 (p) < py, for each
Yo € P. Now recalling (3.10) and (3.8) we obtain p,ILy,(p) < fiy,-

4. Example. Contours in Z? with infinite range interactions

Let Z% be the cubic unit lattice in d-dimensions equipped with the usual nearest neighbor path
distance, i.e., if z,y € Z?, their distance |z — y| is the length of the shortest path of nearest
neighbors connecting x to y. If W and U are sets of Z?, their distance d(U, W) is the number
d(U,W) = MiNgew,yer |z —yl.

Let ro be a positive integer; we say that a set U C Z¢ is ro-connected if for any partition {A, B}
of U (i.e. such that AU B =U and AN B = (), we have that d(A, B) < ry.

We take as the set of polymers the set

Po={ycz: 1<|y| < oo, 7is ry connected}

Thus, in this concrete example polymers are finite sets of vertices of Z¢, which are ro-connected.
We call them contours from now on. Incompatibility now means the following: two contours v and
~' are incompatible, i.e. v« v/, if y U~ € Pg, or, equivalently, if d(vy,v") < r¢. So two contours
are v and 7/ compatibles, i.e. v ~ ', if d(v,7') > ro.

We suppose that the long range interaction among contours is defined as follows. Given two
contours {7,7'} € Pc such that v ~ 4/, we put

Welrs?) = 3 Jay (4.1)

ey

yey’
where J,,, decays (at least) polynomially in an absolutely summable way. Namely, we suppose that
there exist a positive constants J; and A such that

2J1

[ Jay| <

An interaction among polymers (i.e. contours) of the form (4.1) is what one can reasonably expect
from a low temperature contour expansion of some spin system in Z? with infinite range interaction.
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The potential J,, is the original pair interaction among the spins. Observe also that W (v,~/) is a
stable interaction in the sense of (2.6). As a matter of fact,

S Wl <A Y s S m

1<i<j<n =1 TN e
lz—y|>rg

Now, for all v;

1 1 1
~ - < <N s
Sup yz: iz — g = ) yldte = > x| Snl

yezd n>rg
lz—y|>rg lyl>rg

where S, = {y € Z¢ : |y| = n}. An easy calculation show that

2d)? 4,
a "

S| <

So if we put

(2d)? 1
Ty =i > ovES) (4.3)
n>ro

we get that W (~,~') defined by (4.1) satisfies (2.6) with

B(vy) = Ja|v| (4.4)

We also suppose, as it is usual in low temperature expansions, that the activity p, of a contour
v decays exponentially with its size (i.e. its cardinality |y|). Namely we will make the following
assumption

lpy] < ehl for some 0 < e <1 (4.5)

where ¢ is a small parameter (typically e = e™? where 3 is the inverse temperature). Thus the
condition of convergence will be here a condition on the smallness of the physical parameter ¢.
Let us check what condition we obtain for £ by using theorem 1. We choose

[y = pyealvl

so, by (2.14), the pressure of such contour gas can be written in terms of an absolutely convergent
series if, for some o > 0

> F(n9)E() < ah (4.6)
YEPc
where we have put o
£F) = p&erhlealvl (4.7)

By bounding again F(,7) < 1 whenever v » 7 (i.e. as if U is purely hard core, which is the worst
case), we get

NP = D D+ D, AW <

YEPc Y€PC JePo
d(v,¥)<rg d(v,3)>rq
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|'y|[(1+2dr0 ) sup Zf ]+max Z £y )]

z€Ze YePCo YePCo
TEY d(¥,xz)>rqg

Observe that, by assumption (4.2), |[W(v,7)| < Ji|v||7|n~ @t whenever d(v,4) = n. Therefore

J
max > EGWEAI <D —mrmax Yo €G] <

YePCo n>ro YePCo
d(¥,z)>rqg d(v,z)=n
J1
§|W|ZWSUP Z £y |7|<|7|Z d+,\|S|SUP 25 )l <
n>ro zeZ JePo n>ro yePo
ANSn (x)#0 ey
(2d)4J;
<HIEG Y o s 2 €l = Bl s 3 €63
’ n>ro ¢ 5ePe z€L? 5Py
TEY ey
and so
> €OF(A) < | (@ +2ar) sup 3 €3)) + o sup Y €(3)
EPC erd YEPC IEZ YeEPCo
rEY xrey
< hl[t+2drg + 1) sup 3 @A < Ihl S €@
z€Z 5ep, e
TEY TeY
where

J3=1+2drl + J,

Thus, recalling definition (4.7) and using also assumption (4.5) on the activity, convergence condi-

tion (4.6) becomes
e}

J3 Z (ee2eM)"C), < (4.8)

n=1

where C, is the number of g connected set of vertices of Z¢ with cardinality n containing the
origin. (), can be easily bounded by C" for some C, e.g. one can take C < eB(rg) where B(rp) is
the number of vertices of Z¢ at distance less or equal g from the origin. So condition (4.8) becomes

Zn(zeo‘)" <2 (4.9)
n=1 J3

where
z = ee”T B(ry) (4.10)



where

f(w) ¥
u) =
2u+1+viu+1
For example, taking o = J3/2 (which however is not the optimal value), we obtain that the

convergence condition (4.6) is satisfied if

o~ (B+T2+1)

= 21 V3)B(r)
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