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Abstract

We give a description of the indecomposable objects in the derived category of
a finite-dimensional skewed-gentle algebra.

1 Introduction

In [BeMe] we determined all the derived indecomposables of a gentle algebra and we
gave an explicit description of them by using a matrix problem studied by Bondarenko.
Here, we do the same for the case of algebras A whose skew-group algebras AG in the
case of char k 6= 2 are Morita equivalent to gentle algebras. For this we use the papers
[GePe], [De] and [BoDr], of Geiss, de la Peña, Deng, Bondarenko and Drozd for which
the general findings of Reiten and Riedtmann ( [ReRd]) are basically needed.

Let A be a finite-dimensional algebra of the form kQ/ 〈I〉 over a field k, where I is
a set of relations for a quiver Q and A − mod is the category of finitely generated left
A-modules, and let Db(A) be the bounded derived category of the category A−mod.

The category Db(A) is known only for a few algebras A. For example, the description
of indecomposable objects of Db(A) is well-known for hereditary algebras of finite and
tame type [Ha], for tubular algebras [HaRi], for gentle algebras [BeMe], for derived
tame algebras with radical square zero, and for derived tame local and two-point algebras
[BeDr].

In this paper we give a description of the indecomposable objects in the derived cate-
gory when the algebra is skewed-gentle. This class of algebras was introduced in [GePe].
We have found that there is a connection between the derived category of a skewed-gentle
algebra and a matrix problem presented by V. M. Bondarenko and Yu. A. Drozd (see
[BoDr]). We show that the problem of finding the indecomposable objects of the derived
category may be reduced to finding the indecomposable objects in that matrix problem.
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The structure of the paper is as follows. In Section 2 we fix notations and show that
the problem of finding the indecomposables in Db(A) may be reduced to the problem of
finding the indecomposables in a category p(A), a certain subcategory of the category
of bounded projective complexes Cb(A − pro). In Section 3 we introduce the category
of S-representations of a linearly ordered poset, Bondarenko-Drozd’s matrix problem. In
Section 4, a functor is defined which will solve our problem. In the final section, the
description of the indecomposables of Db(A) is given.

2 Preliminaries

2.1 Derived representation type

Let A be a finite-dimensional algebra over a field k and A−mod be the category of left
finite-dimensional A-modules. We will follow in general the notations and terminology of
[Ri] and [Ha].

Given A, we denote by D(A) (resp., D−(A) or Db(A)) the derived category of A−mod
(resp., the derived category of right bounded complexes of A−mod or the derived category
of bounded complexes of A−mod); by Cb(A−pro) (resp., C−(A−pro) or C−,b(A−pro)) the
category of bounded projective complexes (resp., of right bounded projective complexes
or of right bounded projective complexes with bounded cohomology (that is, complexes
of projective modules with the property that the cohomology groups are non zero only at
a finite number of places)); and by Kb(A − pro) (resp., K−(A − pro) or K−,b(A − pro))
the corresponding homotopy categories.

We identify the homotopy category Kb(A − pro) with the full subcategory of perfect
complexes in Db(A). Let us recall that a complex is perfect if it is isomorphic to a bounded
complex of finitely generated projective A-modules.

We will also use the following notations. By p(A) we denote the full subcategory of
Cb(A − pro) defined by the projective complexes such that the image of every differen-
tial map is contained in the radical of the corresponding projective module. Since any
projective complex is the sum of one complex with this property and two complex where,
alternativelly, all differential maps are 0’s or isomorphisms (which is, hence, isomorphic
to the zero object in the derived category) we can always assume that we reduce ourselves
to consider projective complexes of this form.

It is well known that Db(A) is equivalent to K−,b(A−pro) (see, for example, [KoZi],
Proposition 6.3.1 and [Har]).

Proposition 1. [Har] D−(A) is equivalent to K−(A−pro). The image of Db(A) under
this equivalence is K−,b(A− pro).

Given M• ∈ Db(A), we denote by P •
M• the projective resolution of M• (see [KoZi])

and by H i(M•) the i-th cohomology module.
We call a category C basic if it satisfies the following conditions:
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• all its objects are pairwise non-isomorphic;

• for each object x there are no non-trivial idempotents in C(x, x).

A full subcategory S ⊂ C is called a skeleton of C if it is basic and each object x ∈ C
is isomorphic to a direct summand of a (finite) direct sum of some objects of S. It is
evident that if C is a category with unique direct decomposition property, then it has a
skeleton and the last one is unique up to isomorphism. We will denote it by Sk C and the
set of its objects by Ver C.

In order to simplify our exposition, let us introduce two easy constructions, as follows.
For P • ∈ C−,b(A− pro) \Cb(A− pro), let s be the maximal number such that P s 6= 0

and H i(P •) = 0 for i ≤ s. Then, α(P •)• denotes the brutal truncation of P • below s (see
[Wb]), i.e. the complex given by

α(P •)i =

{
P i , if i ≥ s;
0 , otherwise,

∂i
α(P •)• =

{
∂i

P • , if i ≥ s;
0 , otherwise.

For P • 6= 0• ∈ Cb(A − pro), let t be the maximal number such that P i = 0 for i < t.

Then, β(P •)• denotes the (good) truncation of P • below t (see [Wb]), i.e. the complex
given by

β(P •)i =





P i , if i ≥ t;
Ker ∂t

P • , if i = t− 1;
0 , otherwise,

∂i
β(P •)• =





∂i
P • , if i ≥ t;

iKer ∂t
P•

, if i = t− 1;

0 , otherwise,

where iKer ∂t
P•

is the obvious inclusion.

Lemma 1. Let M• ∈ K−,b(A−pro)\Kb(A−pro) be an indecomposable. Then β(α(M•)•)•

is also indecomposable in Db(A) and

M• ∼= P •
β(α(M•)•)• .

Proof. Obvious.

Lemma 2. There exist skeletons Sk p(A) and SkKb(A− pro) of p(A) and Kb(A− pro),
respectively, such that Ver p(A) = VerKb(A− pro).

Proof. Obvious.
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Let X (A) = {M• ∈ Ver p(A) | P •
β(M•)• 6∈ Kb(A − pro) }. Let ∼=X be the equivalence

relation on the set X (A) defined by M• ∼=X N• iff P •
β(M•)•

∼= P •
β(N•)• in K−,b(A − pro).

We use the notation X (A) for a fixed set of representatives of the quotient set X (A) over
the equivalence relation ∼=X .

From lemmas 1 and 2 we obtain the following

Corollary 1. There exist skeletons SkDb(A) and Sk p(A) of Db(A) and p(A), respec-
tively, such that VerDb(A) = Ver p(A) ∪ {β(M•)• |M• ∈ X (A)}.
Remark 1. If A has finite global dimension, we have X (A) = ∅ and VerDb(A) =
Ver p(A).

Let T be the translation functor D(A) → D(A). By analogy with [Dr] we will use
the following definitions.

Definition 1. Let k be an algebraically closed field and A be a finite-dimensional k-
algebra. Then

• A is called derived wild if there exists a complex of A− k 〈x, y〉- bimodules M• such
that each M i is free and of finite rank as right k 〈x, y〉-module and such that the
functor M ⊗k〈x,y〉 − preserves indecomposability and isomorphism classes.

• A is called derived tame (see [GeKr]) if, for each cohomology dimension vector
(di)i∈Z, there exist a localization R = k[x]f with respect to some f ∈ k[x] and a
finite number of bounded complexes of A − R-bimodules C•

1 , · · · , C•
n such that each

Ci
j is free and of finite rank as right R-module and such that every indecomposable

X• ∈ Db(A) with dim H i(X•) = di is isomorphic to C•
j ⊗R S for some j and some

simple R-module S.

• A is called derived discrete (see [Vo]) if for every cohomology dimension vector
(di)i∈Z, we have up to isomorphism a finite number of indecomposables X• ∈ Db(A)
with dim H i(X•) = di.

• A is called derived finite if we have a finite number of indecomposables

X•
1 , · · · , X•

n ∈ Db(A)

such that every indecomposable object X• ∈ Db(A) is isomorphic to T i(X•
j ) for some

i ∈ Z and some j.

In the case of an arbitrary field k we will say that a k-algebra A is derived wild (resp.,
derived tame, derived discrete, derived finite) if the k̄-algebra A⊗k k̄ is derived wild (resp.,
derived tame, derived discrete, derived finite), where k̄ is the algebraic closure of k.

4



2.2 Quivers and relations

A quiver Q is a tuple (Q0, Q1, s, e), where Q0 is the set of vertices, Q1 is the set of arrows
and s, e are functions s, e : Q1 → Q0 which determine, resp., the starting and ending
vertex of the arrows.

Given two vertices a and b we define Q1[a, b] as the set of all arrows from a to b.
A path p in Q of length l(p) = n ≥ 1 is a sequence a1 . . . an of arrows such that s(ai+1) =

e(ai) for 1 ≤ i ≤ n− 1. We set s(p) = s(a1) and e(p) = e(an). The concatenation p1p2 of
paths p1 and p2 is defined (in the natural way) if and only if e(p1) = s(p2). Additionally,
for every a ∈ Q0, we introduce 1a, a path (of length 0) with s(1a) = e(1a) = a. The set
of all paths (resp., all paths of length ≥ m) in Q is denoted by P(Q) (resp., P≥m(Q)).

Let k be a field. A relation in Q is a non-zero k-linear combination of paths of length
at least 2 having the same starting vertex and the same ending vertex. A zero relation in
Q is a relation of the form w where w is a path. A commutative relation in Q is a relation
of the form u− v where u and v are paths.

If Q is a quiver, then we denote by kQ the corresponding path algebra with basis the
set of paths in Q. The multiplication is induced from the concatenation of paths.

As usual, if I is a set of relations in Q, let (Q, I) denote kQ/ 〈I〉, the path algebra
modulo the ideal generated by the elements in I. Note that our algebras have a unit
element if and only if the set of vertices Q0 is finite.

We call a path p in Q a path in (Q, I) if p 6∈ 〈I〉. The set of all paths (resp., all paths
of length ≥ m) in (Q, I) is denoted by P(Q, I) (resp., P≥m(Q, I)). Note that if u − v is
a commutative relation, then we identify the paths u and v. It is clear that if I consists
of zero and commutative relations, then the set of elements of the algebra A = kQ/ 〈I〉
which correspond the elements of P(Q, I) is a bases of A. We warn the reader that we
are taking only one element for each commutative relation.

A path w = w1 · · ·wn of length l(w) ≥ 1 in (Q, I) is called maximal in (Q, I), or
simply, maximal if uw and wv are not paths in (Q, I) for each u, v ∈ Q≥1.

We will denote by M = M(Q, I) the set of maximal paths in (Q, I).
It is clear that if kQ/ 〈I〉 is finite-dimensional, then any path w ∈ P(Q, I) is a subpath

of a maximal path in (Q, I).

2.3 Gentle algebras

Let Q be a quiver and I a set of relation for Q.

Definition 2. The pair (Q, I) is said to be special biserial [SkWa] if the following holds:

• At every vertex of Q at most two arrows stop and at most two arrows start;

• For each arrow b there is at most one arrow a with e(a) = s(b) and ab 6∈ I and at
most one arrow c with e(b) = s(c) and bc 6∈ I.
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The pair (Q, I) is said to be gentle [AsSk] if, it is special biserial, and moreover the
following holds:

• The set I is generated by zero-relations of length 2;

• For each arrow b there is at most one arrow a with e(a) = s(b) and ab ∈ I and at
most one arrow c with e(b) = s(c) and bc ∈ I.

A k-algebra A is special-biserial, or gentle, if it is Morita-equivalent to a factor algebra
kQ/ 〈I〉, where the pair (Q, I) is special-biserial or gentle, respectively.

2.4 Skewed-gentle algebras

We now define some basic notion and fix some notation. Let Q be a quiver with a fixed
distinguished set of vertices which we denote by Sp, and I a set of relations for Q. We
call the elements of Sp special vertices, the remaining vertices are called ordinary.

For a triple (Q,Sp, I) let us consider the pair (Qsp, Isp), where Qsp
0 := Q0, Qsp

1 :=
Q1 ∪ {ai | i ∈ Sp}, s(ai) := e(ai) := i and Isp := I ∪ {a2

i | i ∈ Sp}.
Definition 3. A triple (Q, Sp, I) as above is called skewed-gentle if the corresponding pair
(Qsp, Isp) is gentle.

Let (Q,Sp, I) be a skewed-gentle triple. We associate to each vertex i ∈ Q0 a set,
which we will denote by Q0(i), on the following way: If i is an ordinary vertex then
Q0(i) = {i}, if i is special then Q0(i) = {(i,−), (i, +)}.

(Qsg, Isg) will denoted the pair defined in the following way:

Qsg
0 := ∪i∈Q0Q0(i),

Qsg
1 [α, β] := {(α, a, β) | a ∈ Q1, α ∈ Q0(s(a)), β ∈ Q0(e(a))},

Isg := {
∑

β∈Q0(s(b))

λβ(α, a, β)(β, b, γ) | ab ∈ I, α ∈ Q0(s(a)), γ ∈ Q0(e(b))},

where λβ = −1 if β = (i,−) for some i ∈ Q0, and λβ = 1 otherwise.
Note that the relations in Isg are zero relations or commutation relations.

Definition 4. A k-algebra A is called skewed-gentle, if it is Morita-equivalent to a factor
algebra kQsg/ 〈Isg〉, where the triple (Q,Sp, I) is skewed-gentle.

Remark 2. We use signs λβ in the definition of Isg for technical reasons. Consider the

algebra B = kQsg/
〈
Ĩsg

〉
, where

Ĩsg := {
∑

β∈Q0(s(b))

(α, a, β)(β, b, γ) | ab ∈ I, α ∈ Q0(s(a)), γ ∈ Q0(e(b))}.

It is easy to see that the algebras A = kQsg/ 〈Isg〉 and B are isomorphic.
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Example 1.

Q :
I = {ab, ba}
Sp = {2}

•1 •2
a

-

b
¾ Qsg :

Isg = {a1b1 − a2b2,

biaj, i, j = 1, 2}
•α •β •γ

b1 -

a1

¾

a2 -

b2

¾

where α = (2, +), β = 1, γ = (2,−), a1 = (β, a, α) a2 = (β, a, γ), b1 = (α, b, β) and
b2 = (γ, b, β).

Example 2.

Q :
I = {aiai+1 | 1 ≤ i < m}
Sp = Q0

•1 •2 •3 •m •m + 1· · ·
a1

-
a2

-
am

-

Qsg :

Isg = {cici+1 − difi+1,

cidi+1 − digi+1, fici+1 − gifi+1,

fidi+1 − gigi+1 | 1 ≤ i < m}
•
α1

•
α2

•
α3

•
αm

•
αm+1

· · ·
g1

-
g2

-
gm

-

•β1 •β2 •β3 •βm •βm+1· · ·
c1

-
c2

-
cm

-
d1
HHHHj

d2
HHHHj

dm
HHHHjf1©©©©*

f2©©©©*
fm©©©©*

where αi = (i,−), βi = (i, +), ci = (βi, ai, βi+1), di = (βi, ai, αi+1), fi = (αi, ai, βi+1) and
gi = (αi, ai, αi+1).

Let (Q,Sp, I) be a skewed-gentle triple. Let us consider a group of order 2, like
G = {e, g | g2 = e}, with the following left and right action on A = kQsg/ 〈Isg〉: g(i, +) :=
(i, +)g := (i,−), g(i,−) := (i,−)g := (i, +), gj := jg := j for all i ∈ Sp and all j ∈
Q0\Sp, g(α, a, β) := (gα, a, β), (α, a, β)g := (α, a, βg), g(uv) := (gu)v and (uv)g := u(vg)
for all α, β ∈ Qsg

0 , a ∈ Q1 and u, v ∈ P(Qsg, Isg). We denote by A+ the algebra generated
by the elements of the form (α1, a, α2) and 1α3 , where αi 6= (j,−), j ∈ Sp. We remark
that in general the units in A and in A+ are different.

Lemma 3. The algebra A+ is gentle.

Proof. It is ease to see that A+
∼= kQ/ 〈J〉, where J = I \ {ab | ab ∈ I, e(a) ∈ Sp}.

We set M+(A) := M+(Qsg, Isg) := M(A+) = M(A) ∩ A+.
We define a k-linear map ε : A → A+ by the following rule: ε((i, +)) := (i, +),

ε((i,−)) := (i, +), ε(j) := j for all i ∈ Sp and all j ∈ Q0\Sp, ε((α, a, β)) := (ε(α), a, ε(β)),
which extends to paths by the rule: ε(uv) := ε(u)ε(v) for all α, β ∈ Qsg

0 , a ∈ Q1 and
u, v ∈ P(Qsg, Isg).

Lemma 4. Let (Q,Sp, I) be a skewed-gentle triple and w ∈ P≥1(Q
sg, Isg). Then

• if s(w) 6∈ A+ and e(w) ∈ A+, then w = gε(w);
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• if s(w) ∈ A+ and e(w) 6∈ A+, then w = ε(w)g;

• if s(w) 6∈ A+ and e(w) 6∈ A+, then w = gε(w)g.

Proof. Evident.

Corollary 2. Let (Q,Sp, I) be a skewed-gentle triple and w ∈ P≥1(Q
sg, Isg). Then the

following hold:

• if w ∈ A+, then there exist maximal path m = m(w) ∈ A+ and paths ω(w), w′ ∈ A+

such that m = ω(w)ww′;

• if s(w) 6∈ A+ and e(w) ∈ A+, then there exist maximal path m = m(w) ∈ A+ and
paths ω(w), w′ ∈ A+ such that m = ω(w)gww′;

• if s(w) ∈ A+ and e(w) 6∈ A+, then there exist maximal path m = m(w) ∈ A+ and
paths ω(w), w′ ∈ A+ such that m = ω(w)wgw′;

• if s(w) 6∈ A+ and e(w) 6∈ A+, then there exist maximal path m = m(w) ∈ A+ and
paths ω(w), w′ ∈ A+ such that m = ω(w)gwgw′.

In each case, paths m(w), ω(w) and w′ are uniquely determined by w.

Proof. By Lemma 3, A+ is gentle. Hence the first statement follows from [BeMe]. The
others statements follow from first statement and Lemma 4. For example, if s(w) 6∈ A+

and e(w) 6∈ A+, then m(w) = m(ε(w)), ω(w) = ω(ε(w)) and w′ is the same as for ε(w).

2.5 Skew-group algebras

(Compare with [GePe], section 4.) Geiss and de la Peña define skewed-gentle k-algebras as
(non necessarily basic) algebras where certain loops - together with their corresponding vertices
- are distinguished to allow for naturally determining a group action of a group of order two.
We find preferrable to, say, create two vertices for each ordinary one, and two arrows for each
arrow, and to add some natural relations, obtaining in this way a basic algebra which is Morita
equivalent to the other one.)

Let A be a k-algebra, and G a finite group acting on A via k-linear automorphisms.
The skew-group algebra AG is the vector space ⊕g∈GA[g] with multiplication induced by

a[g]b[h] := ag(b)[gh].

Let (Q, Sp, I) be a skewed-gentle triple. For a given special (resp., ordinary) vertice
i let us denote by Q0[i] the set {i} (resp., {(i,−), (i, +)}). Consider the pair (Qg, Ig),
where Qg

0 := ∪i∈Q0Q0[i], Qg
1 := {(a, +), (a,−) | a ∈ Q1},

s((a,±)) :=

{
(s(a),±) , if s(a) 6∈ Sp;
s(a) , if s(a) ∈ Sp,

e((a,±)) :=

{
(e(a),±) , if e(a) 6∈ Sp;
e(a) , if e(a) ∈ Sp
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and Ig := {(a, +)(b, +), (a,−)(b,−) | ab ∈ I, e(a) 6∈ Sp}∪ {(a, +)(b,−), (a,−)(b, +) |
ab ∈ I, e(a) ∈ Sp}. It follows from [GePe] that algebra B := kQg/ 〈Ig〉 is gentle. Consider
the group G = {e, g | g2 = e} which acts on B defined by the rule:

g((i, +)) := (i,−), g(j) := j, g((a, +)) := (a,−)

for all i ∈ Q0 \ Sp, j ∈ Sp and a ∈ Q1. It follows from [GePe] that the skewed-gentle
algebra kQsg/ 〈Isg〉 is Morita-equivalent to the skew-group algebra BG in the case of
char k 6= 2.

Consider the group G = {e, g | g2 = e} whith acting on A = kQsg/ 〈Isg〉 defined by the
rule:

g((i, +)) := (i,−), g(j) := j, g((α, a, β)) := (g(α), a, g(β)).

It is easy to see that the skew-group algebra AG is gentle in the case of char k 6= 2.

Example 3.

Q : I = {cidi, dici, i = 1, 2}•α •β •γ
d1 -

c1

¾

c2 -

d2

¾

It is easy to see that B = kQ/ 〈I〉 is a gentle algebra, Morita equivalent to AG, where A
is the skewed-gentle algebra of Example 1 (see Subsection 2.4).

Example 4.

Q : • •
c1 -

d1

- •
c2 -

d2

- •· · · I = {cidi+1, dici+1}•
cm-

dm

-

It is easy to see that B = kQ/ 〈I〉 is a gentle algebra, Morita equivalent to AG, where A
is the skewed-gentle algebra of Example 2 (see Subsection 2.4).

3 S-representations

(Cf. [BeMe].)
We explain now the strategy we use from now on, and fix some notation. In the

remaining of the paper we consider A a skewed-gentle algebra and we want to describe
the indecomposables of p(A). We reduce this problem to a solved problem [BoDr]. We
proceed as follows.

We consider Y a linearly ordered set and a fixed subset Y∗, in this subset we assume
we have defined an involution. We introduce a k-category S(Y , k). This category is
useful since the problem of finding the indecomposables of it can be reduced to a matrix
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problem solved in [Bo],[De]. In this paper we show that, when A is skewed-gentle, we
can construct a linearly ordered set Y = Y(A) and subset Y∗ with an involution defined
on the subset, such that the problem of finding the indecomposables of p (A) is equivalent
to finding the indecomposables of a certain subcategory of S(Y , k), which we describe
completely.

Having described the strategy which we will use we start introducing the necessary
preliminaries.

In this section k is a field (as usual) and Y is a linearly ordered set (may be infinite)
provided with an (fixed) involution ∗ on some subset Y∗ ⊆ Y (see [BoDr]). For each
x ∈ Y∗ such that x∗ = x we introduce a new symbol x̄ and let Y denote the union of Y
with the set of all x̄. We extend the order to Y assuming that the inequalities x̄ < y,
x < ȳ and x̄ < ȳ (more precisely, those that have meaning) hold if and only if x < y.

Given two block matrices B and C (not necessarily square blocks), we say that the
horizontal partition of B is compatible with the vertical partition of C if the number of
rows in each Bx is equal to the number of columns of each Cx - so that we can multiply
CB by blocks -, and similarly we define what it means that the vertical partition of B is
compatible with the horizontal partition of C.

We define next the category S(Y , k).

Definition 5. The objects of S(Y , k) are (finite) square block matrices, B = By
x (x, y ∈

Y), called S-representations of Y or Y-matrices with all the entries of all the blocks sitting
in k, and verifying the following properties. (Notice that we represent the row x of the
blocks of B by Bx, and the column x, by Bx. Notice also that some blocks may be empty.)

• The horizontal and vertical partitions of B are compatible.

• If x, y ∈ Y∗ are such that y = x∗, then all matrices in Bx have the same number
of rows as the matrices in By (and, consequently, all matrices in Bx have the same
number of columns as the matrices in By).

• B2 = 0.

A morphism of S(Y , k) from B to C is a block matrix T y
x (x, y ∈ Y) with entries in

k such that the following are satisfied:

• the horizontal (resp., vertical) partition of T is compatible with the vertical (resp.,
horizontal) partition of B (resp., C);

• TC = BT ;

• if y 6≥ x, then T y
x = 0;

• if x∗ = y, then T x
x = T y

y .
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It follows from the definition that T is invertible if and only if all diagonal blocks T i
i

are invertible.
It is clear that S(Y , k) is an additive k-category. It was shown in [BoDr] that finding

the indecomposables of S(Y , k) can be reduced to finding the indecomposables of a matrix
problem introduced and solved in [NaRo]. Presently, we show that, when A is skewed-
gentle, finding the indecomposables of p(A) is equivalent to finding the indecomposables
of certain subcategory of S(Y , k).

3.1 Bunches of semi-chains

We recall some definitions and results related to the bunches of semi-chains considered
by Bondarenko in [Bo] and Deng in [De] in a form convenient for our purposes (see
also [CB] for an alternative approach). We will use the classification of indecomposables
representations of a bunch of semi-chains given in [De].

Definition 6. A bunch of semi-chains C = {I, Ei, Fi,
∗ } is defined by the following data:

1. A set I of indices;

2. Two chains (i.e., linearly ordered sets) Ei and Fi given for each i ∈ I;

Put E := ∪i∈IEi, F := ∪i∈IFi and |C| := E ∪ F.

3. An involution ∗ on some subset |C|∗ ⊆ |C|.
We consider the ordering on |C|, which is just the union of all orderings on Ei and Fi

(i.e., a < b means that a and b belong to the same chain Ei or Fi and a < b in this chain).
For each x ∈ |C|∗ such that x∗ = x we introduce a new symbol x̄ and let Ei (resp.,

Fi) denote the union of Ei (resp., Fi) with the set of all x̄ for x ∈ Ei (resp., x ∈ Fi ). We
extend the partial order to Ei and Fi as we did above for Y , and we put E := ∪i∈IEi,
F := ∪i∈IFi and |C| = E∪F. We extend the partial order to |C| as we did above for |C|.

We recall the definition of the category repC of representations of C (see [Bo]).

Definition 7. The objects of repC are sets A = {A(i) | i ∈ I} of block matrices A(i) =
(Ay

x) (x ∈ Fi, y ∈ Ei) with entries in k, and verifying the following properties. (Notice
that we represent the row x of the blocks of A(i) by Ax, and the column y, by Ay. Notice
also that some blocks may be empty.)

• if x∗ = y 6= x, where x, y ∈ F (resp., x, y ∈ E), then the number of rows in Ax and
Ay (resp., the number of columns in Ax and Ay) is the same;

• if x∗ = y 6= x, where x ∈ F, y ∈ E, then the number of rows in Ax is equal to the
number of columns in Ay.
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A morphism S : A → B in repC is a set of pairs of block matrices S = {(S(i, 1), S(i, 2) |
i ∈ I} with entries in k, where S(i, 1) = (Sy

x) (x, y ∈ Fi), S(i, 2) = (Sy
x) (x, y ∈ Ei), such

that:

• the horizontal (resp., vertical) partition of S(i, 1) is compatible with the horizontal
partition of A(i) (resp., B(i));

• the vertical (resp., horizontal) partition of S(i, 2) is compatible with the vertical
partition of B(i) (resp., A(i));

• S(i, 1)B(i) = A(i)S(i, 2) for all i ∈ I;

• if y 6≥ x in Ei (or Fi), then Sy
x = 0;

• if x∗ = y 6= x for x, y ∈ |C|∗, then Sx
x = Sy

y .

From now onwards, we suppose that C is complete, i.e. that |C|∗ = |C|.
Definition 8. Let C = {I, Ei, Fi,

∗ } be a complete bunch of semi-chains. We give now
the following related definitions.

• WORDS.

– A C-word is a sequence w = w1w2 · · ·wm of elements of |C| such that w∗
i |wi+1

for all i < m, where, by definition u|v if and only if u ∈ Ei, v ∈ Fi for some
i ∈ I or vice versa.

– The reverse for a C-word w = w1w2 · · ·wm is the sequence w∗ := w∗
m · · ·w∗

2w
∗
1.

– Call a C-word w symmetric if w∗ = w and asymmetric otherwise.

• PERIODIC WORDS.

– A periodic C-word is a sequence w = (wi)i∈Z of elements of |C| such that
w∗

i |wi+1 and wi+π = wi for some π > 0 and all i ∈ Z. The smallest π satisfying
these conditions is the period of w.

– The reverse for a periodic C-word w = (wi)i∈Z is the sequence w∗ := (ui)i∈Z
such that ui := w∗

−i for all i ∈ Z.

– The p translates (p ∈ Z) for a periodic C-word w = (wi)i∈Z are the sequences
w[p] := (w[p]i)i∈Z such that w[p]i := wi+p for all i ∈ Z.

– Call a periodic C-word w = (wi)i∈Z symmetric if w∗ = w[p] for some p and
asymmetric otherwise.

We remark that in general a periodic C-word is not a C-word.
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We will consider two equivalence relations on the set of C-words and periodic C-words,
which will be denoted by ∼=s and by ∼=r. By definition, ∼=s is the equivalence relation on
the set of all C-words, given by u ∼=s w ⇔ u = w∗; and ∼=r is the equivalence relation on
the set of all periodic C-words which identifies each periodic C-word with its translations
and their reverses.

We denote by Irr0 k[x] the set of all irreducible polynomial f(x) 6= x over a field k
with leading coefficient 1.

We set Ind0 k[x] := {fn | f ∈ Irr0 k[x], n ∈ N}.
We denote by M the set of the following matrices (n ≥ 0):

(
01n 1n

1n+1 (1n0)T

)
,

(
(1n0)T 1n+1

1n 01n

)
,

(
1n+1 1n+1

1n+1 Jn+1

)
,

(
Jn+1 1n+1

1n+1 1n+1

)
,

(
1n+1 (1n0)T

01n 1n

)
,

(
1n 01n

(1n0)T 1n+1

)
,

(
1n+1 1n+1

Jn+1 1n+1

)
,

(
1n+1 Jn+1

1n+1 1n+1

)
,

(
Ff(x) 1n+1

1n+1 1n+1

)
,

where

Jn+1 =




0 1 0 · 0 0
0 0 1 · 0 0
0 0 0 · 0 0
· · · · · ·
0 0 0 · 0 1
0 0 0 · 0 0




and Ff(x) =




0 1 0 0 · 0 0
0 0 1 0 · 0 0
0 0 0 1 · 0 0
· · · · · · ·
0 0 0 0 · 0 1
at at−1 at−2 at−3 · a2 a1




,

and where f(x) = xt − a1x
t−1 − · · · − at ∈ Ind0 k[x], f(x) 6= (x− 1)t.

For each asymmetric C-word w (resp., pair (w, i), where w is a symmetric C-word and
i ∈ {0, 1} ), Deng constructed in [De] some indecomposable representation of C, which
we will denote by T(w) (resp., T(w, i)), and for each pair (w, f(x)) (resp., (w, M)), where
w is an assymetric (resp., symmetric) periodic C-word and f(x) is an indecomposable
polynomial from Ind0 k[x] (resp., M is a matrix from the set M), some indecomposable
representation of C, which we will denote by T(w, f(x)) (resp., T(w, M)) (see [De] for
details).

A representation of a bunch of semi-chains C, that is isomorphic to some T(w) (resp.,
T(w, i), T(w, f(x)) or T(w, M)) will be called an assymetric string (resp., dimidiate
string, assymetric band or dimidiate band).

We denote by Ω (resp., Ωp) the set of all C-words (resp., all periodic C-words).
We denote by Ωa (resp., Ωs) a fixed set of representatives of asymmetric (resp., sym-

metric) C-words over the equivalence relation ∼=s and we denote by Ωap (resp., Ωsp) a
fixed set of representatives of asymmetric (resp., symmetric) periodic C-words over the
equivalence relation ∼=r.
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Theorem 1. [De],[Bo]. Let C be a complete bunch of semi-chains. Then each indecom-
posable representation of C is a string (asymmetric or dimidiate) or a band (asymmetric
or dimidiate). The representations T(δ), where

δ ∈ Ωa q Ωs × {0, 1} q Ωap × Ind0 k[x]q Ωsp ×M,

constitute an exhaustive list of pairwise non-isomorphic indecomposable representations
of the bunch of semi-chains C.

4 The functor

Let A = kQsg/ 〈Isg〉 be a skewed-gentle algebra and let (Q,Sp, I) be the corresponding
skewed-gentle triple (see Section 2). Set P := P(Qsg, Isg) and P≥1 := P≥1(Q

sg, Isg). To
begin with, we will fix a finite projective complex, P •, of length m, with the property
that the images of all differential maps are contained in the radical of the corresponding
module (in other words, P • ∈ p(A))

P • : P n ∂n→ · · · ∂n+m−2→ P n+m−1 ∂n+m−1→ P n+m , n, m ∈ Z.

(Cf. for all what follows, [BeMe].)
We denote by Pi the indecomposable projective corresponding to the vertex i ∈ Qsg

0

and by p(w) the morphism between two indecomposable projectives corresponding to the
path w in (Qsg, Isg). Let us say that in each P j of the complex P •, the indecomposable

Pi appears, di,j times or, simplifying our notations, that P
di,j

i is the component of P j

envolving the indecomposable Pi. Thus, we can rewrite our complex as

⊕t
i=1P

di,n

i
∂n→ · · · ∂n+m−2→ ⊕t

i=1P
di,n+m−1

i
∂n+m−1→ ⊕t

i=1P
di,n+m

i .

As it is well known, each morphism between projectives (these being finite direct
sums of indecomposables) is given by a block matrix, each block giving the morphism
component that corresponds to each pair of indecomposables. In other words, each block
matrix corresponds to a morphism P

dr,j
r → P

ds,j+1
s . And, as we know, the paths w ∈

P , s(w) = r, e(w) = s form a basis of the morphisms space, Hom (Pr,Ps), but in our
particular case of the category p(A) we can assume that only paths w ∈ P≥1 are involved.

(If w is as indicated, it defines the morphism p(w) from Pr to Ps consisting in mul-
tiplication times w on the right: u 7→ v = uw. Any homomorphism from Pr to Ps is
associated then to a linear combination of paths like w.)

Hence, in order to represent our complex, we need to give a matrix, say, X = (Xs,j+1
r,j )

determining the sequence of morphisms ∂j, (j = n, ..., n+m− 1) which in turn determine
our complex. In particular, we have to represent the family of morphisms p(w) which

14



appear in ∂j : P j → P j+1. To facilitate to remember, it is now convenient that we use a
formal sum

∂j :
∑

w∈P≥1

Xw,jp(w),

where Xw,j denotes the matrix block that expresses the ”multiplicities” of the morphism

p(w) in the component corresponding to P
ds,j+1
s of the restriction of ∂j to P

dr,j
r . Let us

explain this in a detailed way:
Fixed the place j the component of ∂j going from P

dr,j
r to P

ds,j+1
s is represented by a ma-

trix Xs,j+1
r,j ∈ Mat(dr×ds; k〈p(w1), . . . , p(wt)〉), where wi’s are the parallel non trivial paths

from r to s and k〈p(w1), . . . , p(wt)〉 is the k-vector space with basis {p(w1), . . . , p(wt)}. It
is clear that Xs,j+1

r,j can be writing uniquely as

Xs,j+1
r,j =

t∑
i=1

Xwi,jp(wi),

where Xwi,j ∈ Mat(dr × ds; k).
(It should be kept in mind that our convention is that the indecomposable projectives

appearing in the domain of our ∂j, say, correspond to rows, whereas the indecomposable
appearing in the co-domain (target) correspond to columns.)

The condition ∂i∂i+1 = 0 is equivalent to:

∑
w1∈P≥1,w2∈P≥1:w=w1w2

Xw1,jXw2,j+1 = 0 (1)

for all w ∈ P≥2 and all j ∈ Z.
Now, let us consider a morphism ϕ• : P • → P ′• between two complexes in p(A). At

each place, the morphism ϕ• is a homomorphism from the projective, P j to the projective
P ′j; that is, a block matrix between the direct sums of indecomposable projectives. By
representing the blocks of ϕj similarly as how we did with the differentials maps, by φw,j,
and the blocks of the differential maps of P ′• by X ′

w,j, we must have that

∑
w1∈P,w2∈P≥1:w=w1w2

φw1,jX
′
w2,j =

∑
w3∈P≥1,w4∈P:w=w3w4

Xw3,jφw4,j+1 (2)

The preceding ideas and Corollary 2 lead us to the definition of our poset Y = Y(A).
It has to be a product of two posets: the first corresponding to the paths and the second
to the places j. As a matter of fact, we introduce a poset Yw = Yw(A) for each path
w ∈ M+ = M+(A). It is the set of the subpaths u of w such that s(u) = s(w), ordered
by the lenght of them. Then our definitions are the following.

Y = (∪̇w∈M+Yw)× Z,
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where the first component is an ordered disjoint union and the second one is the set of
the integers and where we order the two products antilexicographically. (As for this, we
assume to have given some linear ordering, fixed, to M+.) This means that [u, i] < [v, j]
if and only if i < j or (i = j and m(u) < m(v)) or (i = j, m(u) = m(v) and l(u) < l(v))
(see Corollary 2 for the meaning of the notation m(w)). It should be observed that it is
possible that a (trivial) path u belongs to two differen paths from M+. If it is so, the two
occurrencies of u must be regarded, obviously, as different.

Next, we indicate how to define the subset Y∗ ⊆ Y and the involution ∗ on Y∗. For
given u, v ∈ ∪̇w∈M+Yw, we state that u∗ = v if and only if either u 6= v and e(u) = e(v)
or u = v and e(u) ∈ Sp. Then we state that [u, i]∗ = [v, j] if and only if i = j and u∗ = v.

Next, to facilitate our exposition, let us introduce maps γ1 : Y → P and γ2 : Y → Z,
which we define according to the following rules:

• γ1([u, i]) := u and γ1([u, i]) := ug;

• γ2([u, i]) := i and γ2([u, i]) := i.

In order to fulfill all our promises, it will be enough to define a functor, F, from the
category p(A) to the category S(Y , k) and show that it respects and preserves indecom-
posable objects. This is what we do next.

In objects,

F(P •)y
x =

{
Xw,γ2(x) , if γ2(y) = γ2(x) + 1, γ1(y) = γ1(x)w,w ∈ P≥1;
0 , otherwise,

where the block F (P •)x (resp., F (P •)x) has dγ1(x),γ2(x) rows (resp., columns).

In morphisms,

F(ϕ•)y
x =

{
φw,γ2(x) , if γ2(y) = γ2(x), γ1(y) = γ1(x)w, w ∈ P ;
0 , otherwise.

It follows easily that (F(P •))2 = 0 and that F(ϕ•) is a morphism of S(Y , k) for all
P • ∈ Ob p(A) and all ϕ• ∈ Mor p(A).

Example 5.

Let (Q, I, Sp) be the skewed-gentle triple of Example 1 (see Subsection 2.4) and A =
kQsg/ 〈Isg〉 be the corresponding skewed-gentle algebra. We will use the notations of Ex-
ample 1. Firstly, we look for the set M+ of maximal paths in the algebra A+. We
see that there is only one maximal path, so that M+ = {a1b1}, and P≥1(Q

sg, Isg) =
{a1, a2, b1, b2, a1b1}. Hence, the poset Y will be

{1β < a1 < a1b1} × Z,
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and the involution ∗ will be given by [1β, j]∗ = [a1b1, j] and [a1, j]
∗ = [a1, j]. The poset Y

will be
{1β < {a1, a1} < a1b1} × Z.

We see that the differential maps correspond to the formal sums

∂j = Xa1,jp(a1) + Xa2,jp(a2) + Xb1,jp(b1) + Xb2,jp(b2) + Xa2b2,jp(a2b2).

Now, let us consider the following projective complex P •:

· · · → 0 → P 1 = Pβ
∂1→ P 2 = P2

α ⊕Pβ ⊕Pγ → 0 → · · · ,

where

∂1 =
(

2p(a1) 0 p(a1b1) p(a2)
)
.

Then we have Xa1,1 = (2 0), Xa1b1,1 = (1), Xa2,1 = (1), Xb1,1 = 0, Xb2,1 = 0,

F(P •)[a1,2]
[1β ,1] = Xa1,1, F(P •)[a1b1,2]

[1β ,1] = Xa1b1,1, F(P •)[a1,2]
[1β ,1] = Xa2,1 and F(P •)y

x is a zero

or the empty matrix in other cases.

Let U be the full subcategory of S(Y , k) defined by the objects of ImF. We can prove
the following lemma which has, clearly, the corollary that follows it. Remember that we
use the symbol Ver to denote the set of objects of a skeleton of a Krull-Schmidt category.

Lemma 5. Let F and U be as above. Then

• KerF = 0;

• X ∼= Y in U if and only if X ∼= Y in ImF.

Proof. The proof is similar to the proof of the Lemma 3 in [BeMe].

Corollary 3. Ver ImF = (VerS(Y , k)) ∩ ImF = Ver U .

5 Description of the indecomposables

In this Section, k is a field and A denotes a finite-dimensional skewed-gentle algebra
of the form kQsg/ 〈Isg〉, where (Q,Sp, I) is the corresponding skewed-gentle triple (see
Subsection 2.4 for the definition). We will identify the algebra A+ with the algebra
kQ/ 〈J〉, where J = I \ {ab | ab ∈ I, e(a) ∈ Sp}.
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5.1 Generalized strings and bands

In this Subsection we use the following notations: P := P(Q, J) and P≥1 := P≥1(Q, J).
Note that this notations are distinct from the same given in Section 4. Given an arrow a
of Q, let us denote by a−1 a formal inverse of a, and let us set s(a−1) = e(a) and e(a−1) =
s(a), and let us extend it, as usual, writing (a−1)−1 = a. For each path p = a1 . . . an we
define (a1 . . . an)−1 = a−1

n . . . a−1
1 , s(p−1) = e(p) and e(p−1) = s(p).

By a walk w (resp., a generalized walk) of length n > 0 we mean a sequence w1 · · ·wn

where each wi is either of the form p or p−1, p being a path of length 1 (i. e. an arrow)
(resp., a path of length > 0 ) in (Q, J) (= in A+) and where s(wi+1) = e(wi) for 1 ≤ i < n.
Again, s(w) = s(w1) and e(w) = e(wn). As usual, we consider inverses of a walk (resp.,
generalized walk). It is clear that passage to inverse is an involutory transformation.

If we have a closed walk (resp., closed generalized walk), i.e. it happens that s(w) =
e(w) we consider also its , rotations, w[j], which are the walks (generalized walks)
wj+1 · · ·wnw1 · · ·wj (j = 1, · · · , n− 1).

The product (= concatenation) of two walks (resp., generalized walks) w = w1 · · ·wn

and w′ = w′
1 · · ·w′

n′ is defined as the walk (resp., generalized walk) ww′ = w1 · · · wnw
′
1 · · ·

w′
n′ provided that e(wn) = s(w′

1).
We will consider two equivalence relations on the set of generalized walks, which will

be denoted by ∼=s and by ∼=r. By definition, ∼=s is the equivalence relation on the set
of all generalized walks, generated by stablishing that u ∼=s w ⇔ u = w−1; and ∼=r is
the equivalence relation on the set of all closed generalized walks which identifies each
generalized walk with its rotations and their inverses.

By definition, a string is a walk w = w1 · · ·wn such that wi+1 6= w−1
i , for 1 ≤ i < n

and such that no subword of w or of w−1 is in J . The set of all strings will be denoted
by St.

With GSt let us denote the set of all generalized walks w = w1 · · ·wn satisfying

• if wi, wi+1 ∈ P≥1 and e(wi) 6∈ Sp, then wiwi+1 ∈ 〈J〉;
• if w−1

i , w−1
i+1 ∈ P≥1 and e(wi) 6∈ Sp, then w−1

i+1w
−1
i ∈ 〈J〉;

• if wi, w
−1
i+1 ∈ P≥1 or w−1

i , wi+1 ∈ P≥1, and e(wi) 6∈ Sp, then wiwi+1 ∈ St.

We denote by GSt a fixed set of representatives w of GSt over the equivalence relation
∼=s and all trivial paths, and its elements will be called generalized strings.

Call a nontrivial generalized string w symmetric if w = w−1 and asymmetric otherwise.
Call a trivial generalized string 1i symmetric if i ∈ Sp and assymetric otherwise We denote
by GSts the subset of all symmetric generalized strings and put GSta := GSt \GSts.

Similarly, we define the generalized bands in the following way.
Given the generalized walk w = w1 · · ·wn, we put, for 1 ≤ i ≤ n,

µw(0) = 0, µw(i) = µw(i− 1) + 1 (if wi ∈ P≥1) or µw(i) = µw(i− 1)− 1 (otherwise).
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After this, let us consider the set GBa of all closed generalized walks w = w1 · · ·wn

(i.e. e(wn) = s(w1)) such that w2 ∈ GSt, such that µw(n) = µw(0) and such that
they are not themselves powers. We use GBa for a fixed set of representatives of the
quotient set of GBa over the equivalence relation ∼=r and we call its elements generalized
bands. Call a generalized band w symmetric if w = w−1[t] for some t and asymmetric
otherwise. We denote by GBas the subset of all symmetric generalized bands and put
GBaa := GBa \GBas.

Remark 3. In practice, we assume that µw(0) ≤ µw(n). One is allowed to do this
(inverting w if necessary) because if µw(0) ≥ µw(n), then µw−1(0) ≤ µw−1(n).

We will need the following

Lemma 6. Let w = w1 · · ·wn be a generalized walk. Then

µw(i)− µw−1(n− i) = µw(n) for any 0 ≤ i ≤ n.

Proof. Straightforward.

We define an order relation on the set GSt by the following rule: u = u1 · · · um < v =
v1 · · · vn if and only if one of the following conditions hold:

• vi = ui for 1 ≤ i ≤ m and v−1
m+1 ∈ P≥1;

• ui = vi for 1 ≤ i ≤ n and un+1 ∈ P≥1;

• vi = ui for i < s (it is always true if s = 1), us, vs ∈ P≥1 and l(ω(us)us) < l(ω(vs)vs)
(see Corollary 2 for the meaning of the notation ω(ui));

• vi = ui for i < s, u−1
s , v−1

s ∈ P≥1 and l(ω(u−1
s )) < l(ω(v−1

s )).

5.2 String and band complexes

In this subsection we associate to generalized strings and bands certain finite projective
complexes which, as we shall see, give all the indecomposables in the category p(A).

For each i ∈ Q0 we put

P (i) :=

{
Pi ⊕Pgi , if i ∈ Sp;
Pi , otherwise.

We consider the following left and right action of the group G = {e, g | g2 = e} (see
Subsection 2.4) on A− pro : gp(w) := p(gw), p(w)g := p(wg) for all w ∈ P(Qsg, Isg).

For given w = w1 · · ·wm ∈ GSt and i = 1, · · · ,m, we define two matrices G(w, i) and
H(w, i) over kG by the following rule:
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• Case wi ∈ P≥1. Construction of G(w, i):

If s(wi) 6∈ Sp, we set G(w, i) := (e).

If s(wi) ∈ Sp and i = 1, we set G(w, i) :=
(
e g

)T
.

If s(wi) ∈ Sp, i > 1 and wi−1 ∈ P≥1, we set G(w, i) :=
(
e −g

)T
.

If s(wi) ∈ Sp, i > 1 and w−1
i−1 ∈ P≥1, we set G(w, i) :=

(
0 g

)T
provided w−1

i−1 · · ·w−1
1 ≤

wi · · ·wm and G(w, i) :=
(
e g

)T
otherwise.

• Case wi ∈ P≥1. Construction of H(w, i):

If e(wi) 6∈ Sp, we set H(w, i) := (e).

If e(wi) ∈ Sp, we set H(w, i) :=
(
e 0

)
provided i < m, w−1

i+1 ∈ P≥1 and w−1
i · · ·w−1

1 ≤
wi+1 · · ·wm, and H(w, i) :=

(
e g

)
otherwise.

• Case w−1
i ∈ P≥1. Construction of G(w, i):

If e(wi) 6∈ Sp, we set G(w, i) := (e).

If e(wi) ∈ Sp and i = m, we set G(w, i) :=
(
e g

)T
.

If e(wi) ∈ Sp, i < m and w−1
i+1 ∈ P≥1, we set G(w, i) :=

(
e −g

)T
.

If e(wi) ∈ Sp, i < m and wi+1 ∈ P≥1, we set G(w, i) :=
(
e 0

)T
provided

w−1
i · · ·w−1

1 > wi+1 · · ·wm, and G(w, i) :=
(
e g

)T
otherwise.

• Case w−1
i ∈ P≥1. Construction of H(w, i):

If s(wi) 6∈ Sp, we set H(w, i) := (e).

If s(wi) ∈ Sp, we set H(w, i) :=
(
0 g

)
provided i > 1, wi−1 ∈ P≥1 and w−1

i−1 · · ·w−1
1 >

wi · · ·wm, and H(w, i) :=
(
e g

)
otherwise.

For given i = 1, · · · ,m we define a matrix F (w, i), defining a morphism in A − pro,
by the following rule:

• F (w, i) := G(w, i)p(wi)H(w, i) if wi ∈ P≥1;

• F (w, i) := G(w, i)p(w−1
i )H(w, i) if w−1

i ∈ P≥1.

Definition 9. • For each nontrivial generalized string w = w1 . . . wn let us define a
projective complex P •

w as follows. For each i ∈ Z, let us define the projective module
at the place i by

P i
w = ⊕n

j=0δ(µw(j), i)P (c(j)),

where c(j) := e(wj) for 1 ≤ j ≤ n and c(0) = s(w), and where δ is the Kronecker-
delta.
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And, for each i ∈ Z, let us define the differential map from the module at i to the
module at i + 1 by ∂i

w = (∂i
jk)0≤j,k≤n, where

∂i
jk =





F (w, j + 1) , if wj+1 ∈ P≥1, µw(j) = i and k = j + 1;
F (w, j) , if w−1

j ∈ P≥1, µw(j) = i and k = j − 1;
0 , otherwise.

• For each trivial generalized string 1α let us denote by P •
1α

the following projective
complex

· · · → 0 → P 0 = Pα
∂0→ 0 → · · ·

Example 6. Let (Q, I, Sp) be the skewed-gentle triple from Example 1 (see Subsection
2.4) and A = kQsg/ 〈Isg〉 the corresponding skewed-gentle algebra. We will use for A the
notations from Example 1. As a typical example, we consider the generalized string

w = w1w2 · · ·w6 = (ab)(a)(a)−1(b)−1(b)(a),

which is visualized by the following diagram:

• -
ab • -

a •

³³³³³³1

a•
³³³³³³1b

• -
b

• -
a

•

The corresponding projective complex P •
w is then visualized by the following diagram:

· · · → 0 →
∂−1

w

P 0
w →

∂0
w

P 1
w →

∂1
w

P 2
w →

∂2
w

0 →
∂3

w

· · ·

Pβ
-

F (w, 1)
Pβ

-
F (w, 2)

Pα ⊕Pγ

©©©©©©*

F (w, 3)Pβ

©©©©©©*F (w, 4)

Pα ⊕Pγ
-

F (w, 5)
Pβ

-
F (w, 6)

Pα ⊕Pγ
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where F (w, 1) = p(a1b1), F (w, 2) =
(
p(a1) 0

)
, F (w, 3) =

(
p(a1) p(a2)

)
, F (w, 4) =(

p(b1) 0
)T

, F (w, 5) =
(
p(b1) p(b2)

)T
and F (w, 6) =

(
p(a1) p(a2)

)
.

It follows from Subsection 5.2 that, if w is an asymmetric generalized string, then
the projective complex P •

w is indecomposable. Projective complexes isomorphic to such
a P •

w will be called asymmetric strings. If w is a symmetric generalized string, then the
projective complex P •

w decomposes into the direct sum of two indecomposables projective
complexes P •

w,0 and P •
w,1. Projective complexes isomorphic to a P •

w,i (i = 0, 1) will be
called dimidiate strings.

Next, we consider the case of generalized asymmetric bands.

Definition 10. For each asymmetric generalized band w = w1 . . . wn and each f(x) ∈
Ind0 k[x] we define a projective complex P •

w,f as follows.
First, we consider the matrices G(u, i), H(u, i) and F (u, i) which correspond to the

generalized string

u = u1 · · ·unun+1 · · · u2nu2n+1 · · · u3n = w1 · · ·wnw1 · · ·wnw1 · · ·wn.

For each i ∈ Z, let

P i
w,f = ⊕n−1

j=0 δ(µw(j), i)P (c(j))⊗k kdegf(x),

and, also, for each i ∈ Z, ∂i
w,f = (∂i

jk)0≤j,k≤n−1, where

∂i
jk =





F (u, j + n + 1)⊗ 1degf(x) , if wj+1 ∈ P≥1, µw(j) = i and k = j + 1;
F (u, j + n)⊗ 1degf(x) , if w−1

j ∈ P≥1, µw(j) = i and k = j − 1;
(G(u, 2n)p(wn)H(u, n))⊗ Ff(x) , if wn ∈ P≥1, µw(j) = i, j = n− 1 and k = 0;
(G(u, n)p(w−1

n )H(u, 2n))⊗ Ff(x) , if w−1
n ∈ P≥1, µw(j) = i, j = 0 and k = n− 1;

0 , otherwise.

Example 7. Let (Q, I, Sp) be the skewed-gentle triple from Example 1 (see Subsection
2.4), k the field Z2 and A = kQsg/ 〈Isg〉 the corresponding skewed-gentle algebra. We will
use for A the notations from Example 1. As a typical example, we consider the asymmetric
generalized band

w = w1 · · ·w8 = (b)(a)(b)(a)(a)−1(ab)−1(ab)−1(b)−1,

which is visualized by the following diagram:

• - -

-

-

-

b a

a

• • • -
a b •

³³³³³³1

ab ab
• • •

PPPPPPq
b
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Given the indecomposable polynomial f(x) = x2 + x + 1, the corresponding projective
complex P •

w,f is then visualized by the following diagram:

· · · → 0 → P 0
w,M →

∂0
w,M

P 1
w,M →

∂1
w,M

P 2
w,M →

∂2
w,M

P 3
w,M →

∂3
w,M

P 4
w,M → 0 → · · ·

P - -

-

-

-

M1 M4

M5

P2
β P P2

β
-

M2 M3
P

³³³³³1

M7 M6

P2
β P2

β P2
β

PPPPPq
M8

where P = P2
α ⊕P2

γ and

M1 =

(
p(b1) 0 p(b2) 0

0 p(b1) 0 p(b2)

)T

, M2 =

(
p(a1) 0 p(a2) 0

0 p(a1) 0 p(a2)

)
,

M3 =

(
p(b1) 0 −p(b2) 0

0 p(b1) 0 −p(b2)

)T

, M4 =

(
p(a1) 0 p(a2) 0

0 p(a1) 0 p(a2)

)
,

M5 =

(
0 0 p(a2) 0
0 0 0 p(a2)

)
, M6 =

(
p(a1b1) 0

0 p(a1b1)

)
,

M7 =

(
p(a1b1) 0

0 p(a1b1)

)
, M8 =

(
0 p(b1) 0 0

p(b1) p(b1) 0 0

)T

.

It follows from Subsection 5.2 that if w is an asymmetric generalized band and f(x) ∈
Ind0 k[x] , then the projective complex P •

w,f(x) is indecomposable. Projective complexes
isomorphic to such a P •

w,f(x) will be called asymmetric bands.

Finally, we consider the case of a generalized symmetric band w = w1 · · ·wn. It is easy
to see that w then has the form

w = w1 · · ·wn = a1 · · · ara
−1
r · · · a−1

1 b1 · · · bsb
−1
s · · · b−1

1 ,

where e(ar), e(bs) ∈ Sp.

Definition 11. For each symmetric generalized band

w = w1 · · ·wn = a1 · · · ara
−1
r · · · a−1

1 b1 · · · bsb
−1
s · · · b−1

1 ,
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where e(ar), e(bs) ∈ Sp, and each matrix (see Subsection 3.1)

M ∈M, M =

(
A C
B D

)
∈ Mat (k, (l + l′)× (m + m′)),

we define the projective complex P •
w,M as follows.

First we consider the matrices G(u, i), H(u, i) and F (u, i) which correspond to the
generalized string

u = u1 · · ·unun+1 · · · u2nu2n+1 · · · u3n = w1 · · ·wnw1 · · ·wnw1 · · ·wn.

For each 0 ≤ j < n we set

d(j) :=





l , if 0 ≤ j ≤ r − 1;
l′ , if r + 1 ≤ j ≤ 2r;
m′ , if 2r + 1 ≤ j ≤ 2r + s− 1;
m , if 2r + s + 1 ≤ j ≤ n− 1.

For each i ∈ Z, let P i := ⊕n−1
j=0 P (i, j), where

• P (i, j) := δ(µw(j), i)kd(j) ⊗k P (c(j)) if j 6∈ {r, 2r + s};
• P (i, j) := δ(µw(r), i)((kl ⊗ Pc(r))⊕ (kl′ ⊗k Pgc(r))) if j = r;

• P (i, j) := δ(µw(2r + s), i)((km′ ⊗ Pc(2r+s))⊕ (km ⊗k Pgc(2r+s))) if j = 2r + s,

and, also, for each i ∈ Z, ∂i
w,f = (∂i

jk)0≤j,k≤n−1, where

• ∂i
jk := 1d(j) ⊗ F (u, n + j + 1) if wj+1 ∈ P≥1, µw(j) = i, k = j + 1 and j 6∈
{r − 1, r, 2r, 2r + s− 1, 2r + s};

• ∂i
jk := 1d(j) ⊗ F (u, n + j) if w−1

j ∈ P≥1, µw(j) = i, k = j − 1 and j 6∈ {r, r + 1, 2r +
1, 2r + s, 2r + s + 1};

• ∂i
jk :=

(
1l ⊗G(u, n + r)p(wr) 0

)
if wr ∈ P≥1, µw(j) = i, j = r − 1 and k = j + 1;

• ∂i
jk :=

(
1l ⊗ p(w−1

r )H(u, n + r) 0
)T

if w−1
r ∈ P≥1, µw(j) = i, j = r and k = j − 1;

• ∂i
jk :=

(
0 1l′ ⊗ p(gwr+1)H(u, n + r + 1)

)T
if wr+1 ∈ P≥1, µw(j) = i, j = r and

k = j + 1;

• ∂i
jk :=

(
0 1l′ ⊗G(u, n + r + 1)p(w−1

r+1g)
)

if w−1
r+1 ∈ P≥1, µw(j) = i, j = r + 1 and

k = j − 1;

• ∂i
jk :=

(
1m′ ⊗G(u, n + 2r + s)p(w2r+s) 0

)
if w2r+s ∈ P≥1, µw(j) = i, j = 2r+s−1

and k = j + 1;
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• ∂i
jk :=

(
1m′ ⊗ p(w−1

2r+s)H(u, n + 2r + s) 0
)T

if w−1
2r+s ∈ P≥1, µw(j) = i, j = 2r + s

and k = j − 1;

• ∂i
jk :=

(
0 1m ⊗ p(gw2r+s+1)H(u, n + 2r + s + 1)

)T
if w2r+s+1 ∈ P≥1, µw(j) = i,

j = 2r + s and k = j + 1;

• ∂i
jk :=

(
0 1m ⊗G(u, n + 2r + s + 1)p(w−1

2r+s+1g)
)

if w−1
2r+s+1 ∈ P≥1, µw(j) = i,

j = 2r + s + 1 and k = j − 1;

• ∂i
jk := (1l ⊗ G(u, n))Ap(b1)(1m ⊗ H(u, n + 2r + 1)) if b1 ∈ P≥1, µw(j) = i, j = 0

and k = n− 1;

• ∂i
jk := (1m ⊗ G(u, n + 2r + 1))AT p(b−1

1 )(1l ⊗ H(u, n)) if b−1
1 ∈ P≥1, µw(j) = i,

j = n− 1 and k = 0;

• ∂i
jk := (1l ⊗ G(u, n))Cp(b1)(1m′ ⊗ H(u, 2n)) if b1 ∈ P≥1, µw(j) = i, j = 0 and

k = 2r + 1;

• ∂i
jk := (1m′ ⊗ G(u, 2n))CT p(b−1

1 )(1l ⊗H(u, n)) if b−1
1 ∈ P≥1, µw(j) = i, j = 2r + 1

and k = 0;

• ∂i
jk := (1l′ ⊗G(u, n + 2r + 1))Bp(b1)(1m⊗H(u, n + 2r + 1)) if b1 ∈ P≥1, µw(j) = i,

j = 2r and k = n− 1;

• ∂i
jk := (1m⊗G(u, n+2r+1))BT p(b−1

1 )(1l′⊗H(u, n+2r+1)) if b−1
1 ∈ P≥1, µw(j) = i,

j = n− 1 and k = 2r;

• ∂i
jk := (1l′ ⊗G(u, n + 2r + 1))Dp(b1)(1m′ ⊗H(u, 2n)) if b1 ∈ P≥1, µw(j) = i, j = 2r

and k = 2r + 1;

• ∂i
jk := (1m′ ⊗ G(u, 2n))DT p(b−1

1 )(1l′ ⊗ H(u, n + 2r + 1)) if b−1
1 ∈ P≥1, µw(j) = i,

j = 2r + 1 and k = 2r;

• ∂i
jk := 0 in the others cases.

Example 8. Let (Q, I, Sp) be the skewed-gentle triple of Example 1 (see Subsection 2.4)
and A = kQsg/ 〈Isg〉 be the corresponding skewed-gentle algebra. We will use for A the
notations from Example 1. As a typical example, we consider the symmetric generalize
band

w = w1 · · ·w6 = (a)(a)−1(ab)−1(b)−1(b)(ab),

which is visualized by the following diagram:
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• -
b • -

ab •

•

-
a

- a

•
³³³³³³1

ab
•

PPPPPPq
b

Given a matrix

M ∈M, M =

(
A C
B D

)
∈ Mat (k, (l + l′)× (m + m′)),

the corresponding projective complex P •
w,M is then visualized by the following diagram:

· · · → 0 →
∂−3

w,M

P−2
w,M →

∂−2
w,M

P−1
w,M →

∂−1
w,M

P 0
w,M →

∂0
w,M

P 1
w,M →

∂1
w,M

0 →
∂2

w,M

· · ·

-
1lp(b2)

Pm
γ

-

1m′p(b1)
Pm′

α

-
M1

Pm
β

-

M4

Pm′
β

¡
¡

¡
¡µM2

Pl′
β

@
@

@
@RM3

Pl
β

-
1lp(a1)

Pl
α

-

1l′p(a2)
Pl′

γ

where M1 = AT p(a1b1), M2 = BT p(a1b1), M3 = CT p(a1b1), M4 = DT p(a1b1).

It follows from Subsection 5.2 that if w is a symmetric generalized band and M ∈M
(see Subsection 3.1), then the projective complex P •

w,M is indecomposable. Projective
complexes isomorphic to such a P •

w,M will be called dimidiate bands.

5.3 Bunch of semi-chains C(A)

In this subsection we associate to a skewed-gentle algebra A a bunch of semi-chains.

Initially, we recall some definitions and notations from [BoDr] in a form convenient
for our purposes.

We set

Y(1) := Y \ Y∗,Y(2) := {x ∈ Y∗ |x∗ = x},Y(2) := {x̄ |x ∈ Y(2)},
Y(3) := {x ∈ Y∗ |x < x∗},Y(4) := {x ∈ Y∗ |x > x∗},

Yw(i) := {γ1(x) |x ∈ Y(i)} ∩ Yw,

where γ1 is as in Subsection 4.
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Definition 12. We associate to the given skewed-gentle algebra A a complete bunch of
semi-chains C = C(A) := {I, Ei, Fi,

∗ }, where

• I = (M+ × Z) ∪ (Y(1)× {−, +});
• F(w,i) = {u[i]1−, v[i]1−, v[i]0− | u ∈ Yw(1), v ∈ ∪4

j=2Yw(j)};
• E(w,i) = {u[i + 1]1+, v[i + 1]1+, v[i + 1]0+ | u ∈ Yw(1), v ∈ ∪4

j=2Yw(j)};
• Fx[j],− = {x[j]0−}, Fx[j],+ = ∅;
• Ex[j],+ = {x[j]0+}, Ex[j],− = ∅;

• u[i]j− < v[i]k− if and only if either u < v or u = v and j > k;

• u[i]j+ < v[i]k+ if and only if either u < v or u = v and j < k;

• (u[i]1+)∗ = (u[i]∗)1
+, (u[i]1−)∗ = (u[i]∗)1

− and (u[i]0+)∗ = (u[i]∗)0
− for all u[i] ∈ Y∗;

• (u[i]1−)∗ = u[i]0− and (u[i]1+)∗ = u[i]0+ for all u[i] ∈ Y(1).

Let us define a map f : |C(A)| → Y × N by the following rules:

f(x[i]1+) =





(x[i], 2) , if x[i] ∈ Y(1);
(x[i], 3) , if x[i] ∈ Y(2);
(x[i], 4) , if x[i] ∈ Y(3) ∪ Y(4);

f(x[i]0+) =

{
(x[i], 2) , if x[i] ∈ Y(2) ∪ Y(4);
(x[i], 3) , if x[i] ∈ Y(3);

f(x[i]0−) =

{
(x[i], 2) , if x[i] ∈ Y(2) ∪ Y(3);
(x[i], 3) , if x[i] ∈ Y(4);

f(x[i]1−) = (x[i], 1), f(x[i]1+) = (x[i], 3), f(x[i]1−) = (x[i], 1).

Now, if T is an indecomposable representation of the bunch of semi-chains C(A), we
define an Y-matrix B = B(T) as follows.

The horizontal and vertical bands of B will be partitioned in a compatible way into
narrower bands Bxk and Bxk, where x ∈ Y and k assumes the following values: k = 1, 2
if x ∈ Y(1), k = 1, 2, 3 if x ∈ Y(2) ∪ Y(2) and k = 1, 2, 3, 4 if x ∈ Y(3) ∪ Y(4).

The blocks Bys
xk are defined as follows:

Bys
xk = T t

r , if (x, k) = f(r) and (y, s) = f(t),

Bys
xk = −Bys

xk, if x ∈ Y(2),
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Bys
xk = Bys

xk, if y ∈ Y(2),

and Bys
xk = 0 otherwise,

where the sizes of zero blocks are the smallest such that conditions in the definition of
S-representations are satisfied.

We define a map λ : |C(A)| → P by

λ(x[i]βα) := x

for any α ∈ {−, +} and any β ∈ {0, 1}.
Definition 13. We denote by Ωim the set of all C(A)-words w = w1w2 · · ·wn such that
the following conditions hold:

• n ≥ 2;

• if w1 ∈ E, then λ(w1)[1] ∈ Y(1);

• if w∗
n ∈ E, then λ(wn)[1] ∈ Y(1);

• if wi ∈ E, then λ(w∗
i−1) < λ(wi), where 1 < i ≤ n;

• if wi ∈ F, then λ(w∗
i−1) > λ(wi), where 1 < i ≤ n.

We set Ωim
a := Ωim ∩ Ωa and Ωim

s := Ωim ∩ Ωs.

Definition 14. We denote by Ωim
p the set of all periodic C(A)-words w = (wi)i∈Z such

that the following conditions hold:

• if wi ∈ E, then λ(w∗
i−1) < λ(wi) for all i ∈ Z;

• if wi ∈ F, then λ(w∗
i−1) > λ(wi) for all i ∈ Z.

We set Ωim
ap := Ωim

p ∩ Ωap and Ωim
sp := Ωim

p ∩ Ωsp.

The next theorem follows from Theorem 3 in [BoDr] and Theorem 1.

Theorem 2. The Y-matrices B(T(δ)), where

δ ∈ Ωim
a q Ωim

s × {0, 1} q Ωim
ap × Ind0 k[x]q Ωim

sp ×M,

constitute an exhaustive list of pairwise non-isomorphic non-zero indecomposable Y-matrices
in ImF.

For a given generalized walk u = u1 · · · un in GSt and m ∈ Z, we define a sequence
τ((u,m)) := w1 · · ·wn+1, where wi ∈ |C|, by putting
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• wi := ω(ui−1)ui−1[µu(i− 1) + m]0+ if 1 < i < n + 1 and ui−1, ui ∈ P≥1;

• wi := ω(u−1
i−1)[µu(i− 1) + m]0− if 1 < i < n + 1 and u−1

i−1, u
−1
i ∈ P≥1;

• wi := ω(u−1
i−1)[µu(i− 1) + m]1− if 1 < i < n + 1 and u−1

i−1, ui ∈ P≥1;

• wi := ω(ui−1)ui−1[µu(i− 1) + m]1+ if 1 < i < n + 1 and ui−1, u
−1
i ∈ P≥1;

• wi := (ω(u1))
∗[m]1− if i = 1, u1 ∈ P≥1 and ω(u1)[1] ∈ Y∗;

• wi := (ω(u−1
1 )u−1

1 )∗[m]0− if i = 1,u−1
1 ∈ P≥1 and ω(u−1

1 )u−1
1 [1] ∈ Y∗;

• wi := ω(u1)[m]0− if i = 1, u1 ∈ P≥1 and ω(u1)[1] ∈ Y(1);

• wi := ω(u−1
1 )u−1

1 [m]0+ if i = 1,u−1
1 ∈ P≥1 and ω(u−1

1 )u−1
1 [1] ∈ Y(1);

• wi := ω(un)un[µu(n) + m]0+ if i = n + 1, un ∈ P≥1 and ω(un)un[1] ∈ Y∗;
• wi := ω(u−1

n )[µu(n) + m]1− if i = n + 1,u−1
n ∈ P≥1 and ω(u−1

n )[1] ∈ Y∗;
• wi := ω(un)un[µu(n) + m]1+ if i = n + 1, un ∈ P≥1 and ω(un)un[1] ∈ Y(1);

• wi := ω(u−1
n )[µu(n) + m]1− if i = n + 1,u−1

n ∈ P≥1 and ω(u−1
n )[1] ∈ Y(1).

And, for a given closed generalized walk u = u1 · · · un in GBa and m ∈ Z, we define a
Z-sequence τc((u,m)) := (vi)i∈Z, where vi ∈ |C|, by putting vln+i := wi for any l ∈ N and
any 0 < i ≤ n, where wi are as above.

Lemma 7. Let u = u1 · · · un ∈ GSt. Then

1. τ((u,m)) is a C(A)-word for any m ∈ Z;

2. If u ∈ GBa, then τc((u,m)) is a periodic C(A)-word for any m ∈ Z;

3. τ((u−1,m)) = (τ((u,m + µu(n))))∗ and τc((v
−1,m)) = (τc((v, m + µv(n))))∗ for any

u ∈ GSt, v ∈ GBa and any m ∈ Z ;

4. τc((u[i],m)) = τ((u,m + µu(i)))[i] for any u ∈ GBa and any m ∈ Z;

5. If u ∈ GSt is symmetric (resp., asymmetric), then τ((u,m)) is symmetric (resp.,
asymmetric) for any m ∈ Z;

6. If u ∈ GBa is symmetric (resp., asymmetric), then τc((u,m)) is symmetric (resp.,
asymmetric) for any m ∈ Z.
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Proof. 1. Let τ((u,m)) = w1 · · ·wn+1. We are going to show that w∗
i |wi+1 for any

1 ≤ i ≤ n. We distinguish the following cases.

(a) i = 1, u1 ∈ P≥1 and ω(u1)[1] ∈ Y∗.
Then w1 = (ω(u1))

∗[m]1−, w∗
1 = ω(u1)[m]1− and w2 = ω(u1)u1[m + 1]s+ for some s ∈

{0, 1}. Therefore w∗
1 ∈ F(m(u1),m) and w2 ∈ E(m(u1),m), hence w∗

1|w2.

(b) i = 1, u−1
1 ∈ P≥1 and ω(u−1

1 )u−1
1 [1] ∈ Y∗.

Then w1 = (ω(u−1
1 )u−1

1 )∗[m]0−, w∗
1 = ω(u−1

1 )u−1
1 [m]0+ and w2 = ω(u−1

1 )[m − 1]s− for
some s ∈ {0, 1}. Therefore w∗

1 ∈ E(m(u−1
1 ),m−1) and w2 ∈ F(m(u−1

1 ),m−1), hence w∗
1|w2.

(c) i = 1, u1 ∈ P≥1 and ω(u1)[1] ∈ Y(1).
Then w1 = ω(u1)[m]0−, w∗

1 = ω(u1)[m]1− and w2 = ω(u1)u1[m+1]s+ for some s ∈ {0, 1}.
Therefore w∗

1 ∈ F(m(u1),m) and w2 ∈ E(m(u1),m), hence w∗
1|w2.

(d) i = 1, u−1
1 ∈ P≥1 and ω(u−1

1 )u−1
1 [1] ∈ Y(1).

Then w1 = ω(u−1
1 )u−1

1 [m]0+, w∗
1 = ω(u−1

1 )u−1
1 [m]1+ and w2 = ω(u−1

1 )[m − 1]s− for some
s ∈ {0, 1}. Therefore w∗

1 ∈ E(m(u−1
1 ),m−1) and w2 ∈ F(m(u−1

1 ),m−1), hence w∗
1|w2.

(e) 1 < i ≤ n and ui−1, ui ∈ P≥1.
Then wi = ω(ui−1)ui−1[µu(i−1)+m]0+, w∗

i = (ω(ui−1)ui−1)
∗[µu(i−1)+m]0− and wi+1 =

ω(ui)ui[µu(i)+m]s+ for some s ∈ {0, 1}. Since ui−1ui ∈ GSt, we have m((ω(ui−1)ui−1)
∗) =

m(ω(ui)ui) = m(ui) and therefore w∗
i ∈ F(m(ui),µu(i−1)+m) and wi+1 ∈ E(m(ui),µu(i−1)+m),

hence w∗
i |wi+1.

(f) 1 < i ≤ n and ui−1, u
−1
i ∈ P≥1.

Then wi = ω(ui−1)ui−1[µu(i−1)+m]1+, w∗
i = (ω(ui−1)ui−1)

∗[µu(i−1)+m]1+ and wi+1 =
ω(u−1

i )[µu(i)+m]s− for some s ∈ {0, 1}. Since ui−1ui ∈ GSt, we have m((ω(ui−1)ui−1)
∗) =

m(ω(u−1
i )) = m(u−1

i ) and therefore w∗
i ∈ E(m(u−1

i ),µu(i)+m) and wi+1 ∈ F(m(u−1
i ),µu(i)+m),

hence w∗
i |wi+1.

(g) 1 < i ≤ n and u−1
i−1, u

−1
i ∈ P≥1.

This, in a sense, is the dual of case (e).

(h) 1 < i ≤ n and u−1
i−1, ui ∈ P≥1.

This, in a sense, is the dual of case (f).

2. Since u, u[1] ∈ GSt, this statement follows from the statement 1.

3. Let τ((u, m)) = w1 · · ·wn+1, (τ((u, m)))∗ = w∗
n+1 · · ·w∗

1 = x1 · · ·xn+1 and τ((u−1,m +
µu(n))) = y1 · · · yn+1. It is necessary to prove that xi = yi for all i. We distinguish the
following cases.

(a) un ∈ P≥1, ω(un)un[1] ∈ Y∗.
Then y1 = (ω(un)un)∗[m + µu(n)]0− and x1 = (wn+1)

∗ = (ω(un)un[µu(n) + m]0+)∗ =
(ω(un)un)∗[m + µu(n)]0−, hence x1 = y1.

(b) u−1
n ∈ P≥1, ω(u−1

n )[1] ∈ Y∗.
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Then y1 = (ω(u−1
n ))∗[m + µu(n)]1− and x1 = (wn+1)

∗ = (ω(u−1
n )[µu(n) + m]1−)∗ =

(ω(u−1
n ))∗[m + µu(n)]1−, hence x1 = y1.

(c) un ∈ P≥1, ω(un)un[1] ∈ Y(1).
Then y1 = ω(un)un[m + µu(n)]0+ and x1 = (wn+1)

∗ = (ω(un)un[µu(n) + m]1+)∗ =
ω(un)un[m + µu(n)]0+, hence x1 = y1.

(d) u−1
n ∈ P≥1, ω(u−1

n )[1] ∈ Y(1).
Then y1 = ω(u−1

n )[m + µu(n)]0− and x1 = (wn+1)
∗ = (ω(u−1

n )[µu(n) + m]1−)∗ =
ω(u−1

n )[m + µu(n)]0−, hence x1 = y1.

(e) u1 ∈ P≥1, ω(u1)[1] ∈ Y∗.
Then yn+1 = ω(u1)[m + µu(n) + µu−1(n)]1− and xn+1 = (w1)

∗ = ((ω(u1))
∗[m]1−)∗ =

ω(u1)[m]1−, hence xn+1 = yn+1 by lemma 6.

(f) u−1
1 ∈ P≥1, ω(u−1

1 )u−1
1 [1] ∈ Y∗.

Then yn+1 = ω(u−1
1 )u−1

1 [m+µu(n)+µu−1(n)]0+ and x1 = (w1)
∗ = ((ω(u−1

1 )u−1
1 )∗[m]0−)∗ =

ω(u−1
n )u−1

1 [m]0+, hence xn+1 = yn+1 by lemma 6.

(g) u1 ∈ P≥1, ω(u1)[1] ∈ Y(1).
Then yn+1 = ω(u1)[m + µu(n) + µu−1(n)]1− and xn+1 = (w1)

∗ = (ω(u1)[m]0−)∗ =
ω(u1)[m]1−, hence xn+1 = yn+1 by lemma 6.

(h) u−1
1 ∈ P≥1, ω(u−1

1 )u−1
1 [1] ∈ Y(1).

Then yn+1 = ω(u−1
1 )u−1

1 [m+µu(n)+µu−1(n)]1+ and xn+1 = (w1)
∗ = (ω(u−1

1 )u−1
1 [m]0+)∗ =

ω(u−1
1 )u−1

1 [m]1+, hence xn+1 = yn+1 by lemma 6.

(i) u−1
n−i+2, u

−1
n−i+1 ∈ P≥1, where 1 < i < n + 1.

Then we have yi = ω(u−1
n−i+2)u

−1
n−i+2[µu(n) + m + µu−1(i − 1)]0+ and xi = (wn−i+2)

∗ =
(ω(u−1

n−i+1)[µu(n− i + 1) + m]0−)∗ = ω(u−1
n−i+2)u

−1
n−i+2[µu(n− i + 1) + m]0+), hence xi = yi

by lemma 6.

(j) u−1
n−i+2, un−i+1 ∈ P≥1, where 1 < i < n + 1.

Then we have yi = ω(u−1
n−i+2)u

−1
n−i+2[µu(n) + m + µu−1(i − 1)]1+ and xi = (wn−i+2)

∗ =
(ω(un−i+1)un−i+1[µu(n − i + 1) + m]1+)∗ = ω(u−1

n−i+2)u
−1
n−i+2[µu(n − i + 1) + m]1+), hence

xi = yi by lemma 6.

(k) un−i+2, un−i+1 ∈ P≥1, where 1 < i < n + 1.
This, in a sense, is the dual of case (i).

(l) un−i+2, u
−1
n−i+1 ∈ P≥1, where 1 < i < n + 1.

This, in a sense, is the dual of case (j).

4. Evident.

5. The statement follows from 3.

6. The statement follows from 4.
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Corollary 4. The map τ (resp., τc) is a map from GSt×Z (resp., GBa×Z) to Ω (resp.,
Ωp).

We denote by GStnt
a (resp., GStnt

s ) the set of all nontrivial asymmetric (resp., sym-
metric) generalized strings.

Lemma 8. 1. The maps τ : GSt× Z→ Ωim and τc : GBa× Z→ Ωim
p are bijections;

2. We can choose GSt and Ωa such that τ(GStnt
a × Z) = Ωim

a ;

3. We can choose GSt and Ωs such that τ(GStnt
s × Z) = Ωim

s ;

4. We can choose GBa and Ωap such that τc(GBaa × Z) = Ωim
ap ;

5. We can choose GBa and Ωsp such that τc(GBas × Z) = Ωim
sp .

Proof. 1. We define maps τ ′ : Ωim → GSt× Z and τ ′c : Ωim
p → GBa× Z by the following

rule.
Let w = w1 · · ·wn+1 ∈ Ωim, where n ≥ 1. Suppose first that wi+1 ∈ E, where 1 ≤ i ≤

n. Since w∗
i |wi+1 and λ(w∗

i ) < λ(wi+1), we have w∗
i = xi[mi]

si− and wi+1 = xiyi[mi + 1]ti+
for some xi ∈ P , yi ∈ P≥1, mi ∈ Z and si, ti ∈ {0, 1}. Then we set ui := yi.

Suppose finally that wi+1 ∈ F. Since w∗
i |wi+1 and λ(w∗

i ) > λ(wi+1), we have w∗
i =

xiyi[mi]
si
+ and wi+1 = xi[mi − 1]ti− for some xi ∈ P , yi ∈ P≥1, mi ∈ Z and si, ti ∈ {0, 1}.

Then we set ui := y−1
i .

We will show that u = u1 · · ·un ∈ GSt, that is that uiui+1 ∈ GSt for 1 ≤ i < n. As
for this, we distinguish four cases.

(a) wi+1, wi+2 ∈ E, where 1 ≤ i < n.
Then ui, ui+1 ∈ P≥1. Since wi+1 = xiui[mi + 1]ti+, w∗

i+1 = xi+1[mi+1]
si+1

− and wi+2 =

xi+1ui+1[mi+1 + 1]
ti+1

+ (see above), we have (xiui)
∗ = xi+1 and hence e(ui) = s(ui+1). If

e(ui) 6∈ Sp, then xiui 6= xi+1 and therefore uiui+1 ∈ J becose of xi+1ui+1 6∈ J and A is
skewed-gentle. Hence uiui+1 ∈ GSt.

(b) wi+1 ∈ E, wi+2 ∈ F, where 1 ≤ i < n.
Then ui, u

−1
i+1 ∈ P≥1. Since wi+1 = xiui[mi + 1]ti+, w∗

i+1 = xi+1u
−1
i+1[mi+1]

si+1

+ and

wi+2 = xi+1[mi+1 − 1]
ti+1

− (see above), we have (xiui)
∗ = xi+1u

−1
i+1 and hence e(ui) =

e(u−1
i+1) = s(ui+1). If e(ui) 6∈ Sp, then xiui 6= xi+1u

−1
i+1 and therefore uiui+1 ∈ St. Hence

uiui+1 ∈ GSt.

(c) wi+1, wi+2 ∈ F, where 1 ≤ i < n.
This, in a sense, is the dual of case (a).

(d) wi+1 ∈ F, wi+2 ∈ E, where 1 ≤ i < n.
This, in a sense, is the dual of case (b).

Then we set τ ′(w) := (u, m1).
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Let v = (vi)i∈Z be a periodic C(A)-word from Ωim
p and n + 1 be the period of it.

Then w = v1 · · · vn+1 ∈ Ωim and we set τ ′c(v) := τ ′(w). Since τ ′(ww) ∈ GSt, we have
τ ′c(v) ∈ GBa.

It is easy to see that ττ ′, τ ′τ , τcτ
′
c and τ ′cτc are identity maps.

The others statements follow from the statement 1 and lemma 7.

5.4 The main theorem

For a walk w = w1 · · ·wn let us write µ(w) for the minimum of the µw(i), i = 0, · · · , n
and let us introduce also the following additional notations.

• Qc = {a ∈ Q1 | ∃ a1, . . . , am ∈ Q1 such that s(ai+1) = e(ai), s(a1) = e(am), a1 = a,
aiai+1, ama1 ∈ I};

• GStc = {w ∈ GSt| l(w) > 0 and ∃ a ∈ Qc such that aw ∈ GSt, and µ(w) = 0};
• GSt

c
= {w ∈ GSt| l(w) = n > 0 and ∃ a ∈ Qc such that wa−1 ∈ GSt, and

µ(w) = µw(n)};
• GStc = {w = w1 . . . wn ∈ GStc| if w1 ∈ Qc then w2 . . . wn 6∈ GStc};
• GStc = {w = w1 . . . wn ∈ GSt

c| if w−1
n ∈ Qc then w1 . . . wn−1 6∈ GSt

c};
• GStcc = GStc ∩GStc.

Given w = w1 · · ·wn ∈ P≥1(Q, J), we set

w̌ :=

{
a, if ∃ a ∈ Q1 such that aw1 ∈ I;
0, otherwise.

Lemma 9. Let A be a skewed-gentle algebra and let w ∈ P≥1(Q, J). Then we have

1. If s(w) ∈ Sp, then Ker
(
p(w) p(gw)

)T
= A(w̌,−w̌g) + A(gw̌,−gw̌g);

2. If s(w) 6∈ Sp, then Ker p(w) = Ker p(wg) = Aw̌ + A(gw̌);

3. β(P •
w)• = P •

w for any w = w1w2 such that w−1
1 and w2 are in P≥1(Q, J).

Proof. 1 is obvious and, for 2, let us observe that, since A+ is gentle, we have Ker p(w−1
1 )∩

Ker p(w2) = Ker p(w−1
1 g) ∩Ker p(w2g) = 0.

As consequence we obtain the following

Lemma 10. Let A be a skewed-gentle algebra. Then we have

1. For every w ∈ GBaa and f ∈ Ind0 k[x], β(P •
w,f )

• = P •
w,f ;
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2. For every w ∈ GBas and M ∈M, β(P •
w,M)• = P •

w,M ;

3. In order that P •
β(P •w)• 6∈ Kb(A−pro) for some w ∈ GSt it is necessary and sufficient

that w ∈ GStc or w ∈ GStc.

The complexes in Db(A) isomorphic to T i(β(P •
γ )•), where γ ∈ GStc ∪GStc, i ∈ Z and

P •
γ is an asymmetric (resp., a dimidiate) generalized string , will be called asymmetric

(resp., dimidiate) periodic string.

Now we are in a good position to state and proof our main theorem which gives all
the indecomposable objects of the derived category.

Theorem 3. Let A be a finite-dimensional skewed-gentle algebra and let us keep our
foregoing notations. Then each indecomposable object of Db(A) is a string (asymmetric
or dimidiate) or a periodic string (asymmetric or dimidiate) or a band (asymmetric or
dimidiate). The complexes T i(P •

δ ) and T i(β(P •
γ )•), where

δ ∈ GSta qGSts × {0, 1} qGBaa × Ind0 k[x]qGBas ×M, (3)

γ ∈ GStc q (GStc \GStcc) and i ∈ Z, (4)

(T being the translation functor) constitute an exhaustive list of pairwise non-isomorphic
indecomposable objects of Db(A).

Proof. A straightforward calculation, which we omit, shows that for any nontrivial δ
satisfying (3) and any i ∈ Z we have F(T i(P •

δ )) ∼= B(T(τ(δ, i))). Therefore it follows
from Lemma 5, Theorem 2 and Lemma 8 that, for δ satisfying (3), the complexes T i(P •

δ )
constitute an exhaustive list of pairwise non-isomorphic indecomposable objects of Kb(A−
pro).

We end up our proof with the following observation. It follows from Lemma 10 that
{β(M•)•|M• ∈ Ver p(A) and P •

β(M•)• 6∈ Kb(A−pro)} = {T i(β(P •
γ )•) | γ ∈ GStcq(GStc\

GStcc) and i ∈ Z}.
As consequence we obtain the following

Corollary 5. Let A be a finite-dimensional skewed-gentle algebra. Then

(i) A is derived tame;

(ii) A is derived discrete if and only if GBa = ∅;
(iii) A is derived finite if and only if |GSt| < ∞.

Remark 4. If A has finite global dimension, the statement (i) of the corollary follows
from [GePe].
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Zap. Naučn. Sem. LOMY 57 (1977), 24–41; English transl.: J. Soviet Math. 20
(1982), 2515–2528.

[BeMe] V. Bekkert, H. Merklen, Indecomposables in derived categories of gentle algebras,
preprint RT-MAT 2000-23, University of São Paulo (2000); to appear in Algebras and
Representation Theory.

[BeDr] V. Bekkert, Yu. Drozd, Derived categories for some classes of algebras, in prepa-
ration.

[CB] W. W. Crawley-Boevey, Functorial filtrations II: Clans and the Gelfand problem,
J. London Math. Soc. (2) 40 (1989), 9–30.

[De] B. Deng, On a problem of Nazarova and Roiter, Comment. Math. Helv. 75 (2000),
368–409.

[Dr] Yu. A. Drozd, Tame and wild matrix problems, In: Representations and quadratic
forms, Kiev (1979), 39–74; English transl.: AMS Translations 128 (1986), 31–55.

[GaRo] P. Gabriel, A. V. Roiter, Representations of finite-dimensional algebras, Algebra
VIII, Encyclopedia of Math. Sc. 73, Springer (1992).

[GeKr] Ch. Geiss, H. Krause, On the notion of derived tameness, Preprint 00-079, Uni-
versity of Bielefeld (2000), www.matem.unam.mx/ christof/preprints/derived.ps.

[GePe] Ch. Geiss, J. A. de la Peña, Auslander-Reiten components for clans,
Bol. Soc. Mat. Mexicana (3) 5 (2) (1999), 307–326.

35



[Ha] D. Happel, Triangulated categories in the representation theory of finite-dimensional
algebras, Cambridge University Press, Cambridge (1988).

[Har] R. Hartshorne, Residues and Dualities, Springer LNM 20 (1966).

[HaRi] D. Happel, C. M. Ringel, The derived category of a tubular algebra, Springer
LNM 1177 (1984), 156–180.

[KoZi] S. König, A. Zimmermann, Derived equivalences for Group Rings, Springer LNM
1685 (1998).

[NaRo] L. A. Nazarova, A. V. Roiter, On a problem of Gel’fand,
Funkts. Anal. Prilozhen. 7 (1973), 54–69.

[ReRd] I. Reiten, Ch. Riedtmann, Skew group algebras in the representation theory of
Artin algebras, J. Algebra 92 (1985), 224-282.

[Ri] C. M. Ringel, Tame algebras and integral quadratic forms, Springer LNM 1099
(1984).
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