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ABSTRACT. It is proved that a hybridisation networks cannot in
general be constructed uniquely from its proper sub-networks, thus
negatively answering a question of Semple.

1. INTRODUCTION

Evolutionary relationships between groups of species are typically
represented by their phylogenetic trees. But it is well known that the
evolutionary history of certain groups of species is not suitably repre-
sented by a single phylogenetic tree as a result of hybridisation, hori-
zontal gene transfer, and recombination. Several authors have therefore
considered hybridisation networks (also sometimes called hybrid phylo-
genies or phylogenetic networks) for the purpose of depicting reticula-
tion events. Constructing a hybridisation network from a collection of
phylogenetic trees that represent tree-like evolution of different parts
of the genome is an NP-hard problem. Recently Semple [2] asked the
question: can a hybridisation network be constructed from local infor-
mation such as hybridisation networks on subsets of taxa? The purpose
of this short note is to present an infinite family of networks that cannot
be constructed from their collections of sub-networks. In particular, we
show that there are non-isomorphic networks P and Q that have the
same collection of hybridisation networks on subsets of their sets of
taxa, and that there are infinitely many such pairs. The constructions
are based on similar constructions for pedigrees of populations [4].

The following definition is based on [1].

A hybridisation network H(X) on a set X is a rooted acyclic diagraph
with root p in which

(1) X is the set of vertices of out-degree zero;

(2) the out-degree d*(p) of p is at least 2;

(3) for all vertices v with out-degree d*(v) = 1, the in-degree d~(v)
is at least 2.
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The set X in the definition represents the set of taxa. Suppose Y C X.
A sub-network Hy (X) of H(X) is obtained by deleting vertices that
have no descendents in Y, and then suppressing all vertices that have
both in-degree and out-degree 1. Note that all vertices in X'\Y are
deleted (since they are treated as their own descendents), and when a
vertex v is deleted, all arcs to and from v are deleted as well.

One formulation of Semple’s question may now be stated as follows:
can the hybridisation network H(X) be constructed uniquely (that is,
up to isomorphism in the graph theoretic sense,) from the collection
{Hy(X)|Y C X,|Y| = k}, where k is a fixed positive integer smaller
than | X| = n?

A general pedigree is a directed acyclic graph in which every vertex
has zero or two in-coming arcs. The vertices with no in-coming arcs
are called the founder vertices. The extant vertices have no out-going
arcs. In [4], T considered the problem of constructing the pedigree
of a population from the collection of pedigrees on its proper sub-
populations. The question for pedigrees was posed by Steel and Hein
3].

Figure 1 shows non-isomorphic pedigrees 7 and U that have identical
collections of sub-pedigrees.

T X2 x3 X1 X2 xs3

T ({x1, 2, 23}) U({x1, 22, 23})

T ({xi,z}) = Ui, 2 })Vi, g
T2U

FIGURE 1. Pedigrees that are not reconstructible from
their sub-pedigrees.

The above example was used as the base case of an infinite family
of non-isomorphic pedigrees having correspondingly isomorphic sub-
pedigrees.

Here we modify the above examples as follows. In each of the above
diagraphs, we add a root vertex p, and make all founder vertices as
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children of p. We then suppress all vertices that have both in-degree
and out-degree 1. Figure 2 shows the two hybridisation networks and
their proper sub-networks.

P P
1 T2 Tg Z1 To T3
T ({x1, 22, 73}) U({r1, 29, 73})
p p
X1 €3 x €3

T({wi,z5}) Ui, 75}1)Vi,
T2U

Ficure 2. Hybridisation networks that cannot be con-
structed from their proper sub-networks.

The infinite family of non-reconstructible pedigrees in [4] can be
similarly modified to construct an infinitely family of hybridisation
networks that cannot be constructed from their proper sub-networks,
details of which are omitted in this note.
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