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Introduction

Algebraic geometry is often described in simple terms as the study of systems
of polynomial equations. We could say likewise that intersection theory is
mainly aimed at the calculation of the number of solutions, counted with
appropriate multiplicities. A typical statement is Bézout’s theorem: two
plane curves of degrees m,n and without common components meet in mn
points, counted with multiplicities. Intuitively, a curve defined by a polyno-
mial equation of degree m can be deformed, under a continuous variation of
its coefficients, into the union of m lines in general position. Thus, some sort
of principle of conservation of numbers should convince us that, as each curve
is deformed into a union of lines, the solutions should deform continuously to
the mn intersections of the lines. Intersection theory provides us with a rigor-
ous formalization of the process of deformation as well as with a justification
for the invariance of the desired result under such permissible deformations.
Moreover, it gives us quite a machinery for the actual computation of the
number of solutions.

Blanket assumptions. Schemes will be assumed of finite type over a field,
often C, unless stated otherwise.

Variety means reduced and irreducible scheme. A subvariety of a scheme
is assumed to be closed, reduced and irreducible. The function field of a
variety V will be written R(V').



Chapter 1

Cycles

The notion of a cycle appears as a natural extension of the idea of divisor of
zeros and poles of rational functions.

1.1. Definition. Let X be a scheme. The group of cycles of dimension
k is the free abelian group generated by the closed, irreducible subvarieties
of dimension k of X. It will be denoted by CpX. The group of cycles is

the graded group
C, =PCrX.

Notice that C; X is nonzero only for 0 < k£ < dim X. We also observe
that, since the closed, irreducible subvarieties of X and its associated reduced
subscheme X,..4 are the same, we have

Cr X = CpXyea, Vk.

By definition, each k-cycle ¢ € Cy X can be written in a unique way as a
linear combination with coefficients in Z,

c= ZnVV,
%

where V' runs in the collection of closed, irreducible subvarieties of X of
dimension k. Here, the integral coefficient ny is zero except for finitely many
V’s.

The support of ¢ is defined as

= |J V. (1.1.1)

nv7$0



2 Cycles

1.2. Example. (1) If X is an irreducible variety of dimension n, then C, X =
Z-X.

(2) Suppose X = Al the affine line over a field K. The subvarieties of X
of dimension 0 correspond to the maximal ideals (p(t)) C K[t]. Hence, CoA'
is naturally isomorphic to K(¢)*/K*, the multiplicative group of nonzero
rational functions, modulo constants. If f € K(t)*, we may write f =
a]]p®, with p € K[t] monic and irreducible, a € K* and the exponents
e, € Z. We associate to the class f € K(t)*/K* the cycle Y e,Z(p), where
Z(p) stands for the subvariety defined by p.

1.3. Definition. Let Xi,...,X,, be the irreducible components (with
reduced structure) of a scheme X. The fundamental cycle of X is

(X] =) miX; (1.3.2)

where

m; = E(OX,X,-)
denotes the length of the local ring of X at the generic point of X;.

We recall that Ox x, is an artinian local ring; thus, its length m; is a
positive integer, called the geometric multiplicity of X along X;.

Similarly, we define the fundamental cycle associated to a closed sub-
scheme Z C X, either as an element of C,Z or C, X.

1.4. Examples. (1) Let F, G be plane curves with no components in com-
mon. Set Z = F'N G, scheme intersection. For each point P € Z, the local
ring Oz p is of finite length, denoted i(P, F'- G). This is also called the inter-
section index or intersection multiplicity of F, G at P (cf. (11.9.4),p.91 for a
generalization). We have, in the present case, the formula

Z(P,F . G) = dlmK OZJD,

vector—space dimension over the ground field K, assumed algebraically closed.
Indeed, if an artinian local ring O contains a field K such that the residue
field R is a finite algebraic extension, then we have £(O) = dimg O/ dimg R;
see (3.5),p.11. Since K is algebraically closed, we have R = K, hence
(0) = dimg O.

The classical theorem of Bézout asserts that

Y i(P,F - G) = deg(F) deg(G).



product of the degrees of the curves. A proof will be given later on, cf. 3.16.

(2) Let t be a constant and let Z; denote the subscheme of A* defined by the
ideal
It = <Zl§',y> N <Zaw> + (:L"—z—t,y—w>

This is the intersection of the plane
M x=z+t,y=w

with the union, call it U, of two other planes passing through the origin in
A*. We may compute the cycle

[Zt] = (07 Oa _t7 0) + (t7 07 07 0) for ¢ 7é 0

whereas

[Zo] = 3(0,0,0,0).

This example illustrates why the notion of intersection multiplicity should
not always be taken naively as the length of the local ring of the scheme in-
tersection. While the length of the scheme Zj is 3, the (not yet defined!)
intersection of the two cycles [U] and [mg] should capture somehow the num-
ber 2 suggested by the moving cycle [Z;].

Perhaps one of the most subtle points in intersection theory is the “cor-
rect” attribution of multiplicities in such a way that certain properties sup-
ported by intuition and interesting examples be always true. One such cher-
ished property is the so-called “principle of continuity”, clearly violated in
the above example were we stubbornly sticking to the naive geometric mul-
tiplicity. We shall see later that the correct intersection multiplicity is in
fact expressible as a geometric multiplicity of a different scheme, namely, the
normal cone (cf. §13, especially (13.7)). As a sort of warm up, the reader
should study carefully the exercises 3, 4 below.

Exercises

1. Let X = A", the affine space over a field K. The subvarieties of X of codi-
mension 1 correspond to the nonzero principal prime ideals (p( X, ..., X,)) C
K[X,...,X,]. Show that C,_;A" is naturally isomorphic to R(X)*/K*, the
multiplicative group of nonzero rational functions, modulo constants.

2. Let F' € K[Xy,...,X,] be a homogeneous polynomial and let 71, ..., Z,,
denote the irreducible components of the hypersurface Z(F) C P", so that
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each Z; = Z(F;) for some irreducible polynomial F;. Show the equality of
cycles,

[Z(F)] =) e

%

where [[, F'* = F' is the decomposition of F' into irreducible factors.

3. Let X be an irreducible (not necessarily reduced) scheme and let X, =
Xyea be the supporting subvariety. Show that if [X]| = m[X,] for some m € Z
then likewise [X x A" = m[X, x A"].

4. Set A = k[x,y]/(x?* zy,y?) and let X = Spec(A). Put N = X x A? =
Spec(Afu,v]). Let C C N be the subscheme defined by the ideal J =
(xv — yu). Compute the cycle [C].

5. Set B = k[x,y,z,w]/(xz, zw,yz,yw) and let I = (x — z,y — w)B. Put
R =@I"/I"" = A@PI/I*’@ - with A as in the previous exercise. Show
that there is a surjection Afu,v] - R and determine the kernel.

6. Verify the assertions in example 7./(2), p. 3 .

7. Let Z; denote the subscheme of A3 defined by the ideal (y, z) N (z, 2 — t)
(the union of two skew lines). Let m be the plane y = x. Calculate the cycle
of 7N Z, for each t € A'.



Chapter 2

Rational equivalence

The group of cycles is much too big to be interesting. We introduce now an
adequate subgroup of relations. The quotient, grosso modo, identifies cycles
that arise as fibers of a morphism X — P*.

First we discuss the notion of order of a rational function.

2.1. Definition.  Let V be a variety and let r € R(V) be a non-zero
rational function. The order of r along a subvariety W C V' of codimension
one is defined by the formula

ordyy(r) = ordyy (r) = ((A/{a)) — €(A/ (b)),
where A = Oy, r = a/b, with a,b € A.
Of course we are required to show the following.

2.2. Lemma. Let A be a noetherian ring of Krull dimension one. For each
non zero divisors a,b € A, we have

((A/{ab)) = (A/(a)) + £(A/ (D).

Proof. For any A-module M and any ideal I C A such that IM = 0, it is
clear that £4(M) = £4;(M). Since the length is additive, the result follows
from the natural exact sequence of A-modules,

R/(b) = (a)/(ab) — A/(ab) —= A/(a).
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The lemma ensures that ordy, (-) is well defined i.e., it does not depend
on the representation 7 = a/b and it is furthermore additive:

ordy, (rr') = ordy, (r) 4+ ordy, (') Vr,r" € R(V)™. (2.2.1)

2.3. Example. If A is a discrete valuation ring with uniformizer ¢, then
0(A/{a)) = e whenever a € A, a # 0 is written in the form a = ut® with u
invertible in A.
(ii) Let C, D, D’ be plane curves such that no component of C' lies in D, D'.
Then we have i(P,C - (DD')) =i(P,C - D) +i(P,C - D’). Indeed, let ¢,d,d’
be local equations for C, D, D’ at P € P2. We have

i(P,C - (DD")) = dim Op2 p/{c,dd’) = ord%(dd') =

ord$(d) + ordS(d') = i(P,C - D) +i(P,C - D').

2.4. Definition. The cycle of a rational function r € R(V)* is defined
by
[r] = Z ordy, (r) - W
W

where the sum extends over the collection of subvarieties of codimension one
of V.

We must verify that ordy, (r) = 0 except for finitely many W's.
Let U C V be an open affine subset. Write r = a/b with a,b regular
functions on U. It follows that the set

{W|WNU # 0 and ordy,(r) # 0}
is contained in
{W|W NU is an irreducible component of Z(ab)}.

Since the number of irreducible components is finite and recalling that
V' can be covered by finitely many affine open subsets, the verification is
complete.

2.5. Example. If V = A" and r € R(V)* \ K*, we may write r = [] f*
with f an irreducible polynomial. We have [r] =3 e;Z(f).

2.6. Definition. Let X be a scheme. The group of k—cycles rationally
equivalent to zero is the subgroup Ry X C C,X generated by the cycles of
rational functions of subvarieties of X of dimension k + 1.



The quotient graded group,
A(X) = BA(X) = PCX /Ri X (2.6.2)

is called the Chow group of X.
Two cycles are said to be rationally equivalent to each other when
they represent the same class modulo R, X.

2.7. Important remark. If X is of dimension n, then R, X = 0 by the
very reason that there is no subvariety of X of dimension n + 1. Hence
A, (X) =C,X holds.

Of course we also have A;(X) = 0if 7 < 0 and for i > n. If X is a variety
of dimension n, we have A,(X) =C,X = Z.

2.8. Examples. (1) A, _(A") = 0.

(2) A,_1(P") = Z - h, the free abelian group generated by h, the class of
a hyperplane. Indeed, let F; be a homogeneous polynomial of degree d and
let Z(F;) C P™ be the corresponding hypersurface. Consider the rational
function r = F;/F{ € R(P"). We may write

[r] = [2(Fa)] — d[Z(F2)].

Since h = [Z(F})] clearly is not torsion, it follows that A,_;(P™) is in fact
free, generated by the hyperplane class. We shall see later on that the other
Ay (P™) are also isomorphic to Z for k between 0 and n (cf. (5.3), p. 32), gen-
erated by the class of a subspace of dimension k.

(3) Let X be a smooth curve. Each non constant rational function r €
R(X) induces a dominant morphism 7 : X — P!, The non-empty fibers of
7 give rise to 0-cycles rationally equivalent to each other. Indeed, for each
P € X we have ordp(r) > 0 if r is regular at P and r(P) = 0. Assume 0, 00
are in the image of r. It follows that

[HO)] = [T (00)] = Ir]-

Now for any pair of distinct points Q, Q" € P! lying in the image of 7, we
may find an automorphism « of P! sending the pair to 0, co.

Exercises
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8. Show that Ay(A™) = 0 for n > 0.

9. Some properties of the length. Let M be a finitely generated A—module.
Suppose M # 0. Let P be a maximal element in the collection of annihila-
tors, {an(m)|m € M, m # 0}. Show that P is a prime ideal. Deduce by
noetherian induction that M has a filtration, M = My D> M; D --- D M, =0
consisting of submodules with quotients M; /M, isomorphic to A/P; where
each P; is a prime ideal. Show that M is of finite length if and only if each
P; is a maximal ideal.

10. Let F, G be plane curves without common component. Show that
L. i(P, F' - G), as defined in (1.4),p. 2, is equal to Lo, ,(Orna,p).
2. Show that (P, F' - (GH)) =i(P,F-G)+i(P,F - H).

11. Let Z be an irreducible component of a scheme W. Let Zy,..., 7, be
subvarieties of W distinct from Z. Show that any relation mZ +> m;Z; =0
in A, (W) implies m = 0.

12. Let K be a field and write, as customary, P! = Spec (K[t]) U Spec (K [u])
with w = t!. Let oo € Spec(KJu]) correspond to the prime ideal (u).
Show that a cycle z € CoP! is in RoP! if and only if there are irreducible
polynomials p;(t) € K[t] and integers d,m; such that z = doo + Y m; Z(p;)
with d + > m; deg(p;) = 0.



Chapter 3

Direct Image

If X denotes a closed subscheme of a scheme Y, we have a natural inclusion
of free abelian groups C, X C C,Y. We will show that it preserves rational
equivalence. More generally, given a morphism f : X — Y of schemes, we
shall define below a natural homomorphism f, : C,X — C,Y. Whenever the
morphism f is proper, we will show that f,R,X C R,Y, thereby inducing a
homomorphism A, (X) — A.(Y).

3.1. Definition. Let f:V — W be a dominant morphism of irreducible
varieties. We define the degree of f as

dog(f) = 0 if  dimV > dim W;
SUVZV [ROV): ROW) if  dimV = dim W.

In the latter case, R(V') and R(W) are finitely generated field extensions
with the same transcendence degree over the base field. Hence deg(f) is
finite. The geometric content is the following: there exists an open dense
subset U C W such that for any Q € U, the fiber f~'Q consists of deg(f)/i
distinct points, where 7 is the inseparable degree of the field extension.

Let p : X — Y be a proper map of schemes. Recall that properness
implies that p(V) is closed in Y for each closed subset V' C X. Let V C X
be a (closed irreducible) subvariety and let W = p(V'). Let f : V — W be
induced by p. We put

pV =deg(f)W in C,W. (3.1.1)

We extend it by linearity to a homomorphism p, : C,X — C,Y, called direct
image or pushforward.
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3.2. Remarks. (1) p, preserves the grading by dimension:
p*CkX g CkY Vk.
(2) Functoriality: if ¢ : Y — Z is another proper map, we have

(qp)* = (xPx-

This follows at once from the multiplicativity of the degree of finite extension
fields.

3.3. Examples. (1) If Y = Spec(K) with K a field, not assumed alge-
braically closed, then we have C,Y = CyY ~ Z. If X is a complete scheme,
i.e., proper over K, for each closed point P in X we have p, P = [R(P) : K],
the degree of the residual field extension of P over K. Of course we have
p«CiX = 0 for all £ > 0 by trivial dimension reason!

(2) Let X = Pk, Y = Spec(K) and let p : X — Y be the structure
morphism. Let r € R(X) be a rational function (#£0). Then p,[r] = 0 in
Z = CyY. To see this, write X = Al U {oo}, with A} = Spec(KTt]). We
have r = f/g for some co-prime polynomials p,q € KJ[t]. By additivity,
it suffices to verify that p,[f] = 0. By the same reason, we may assume
f irreducible in K[t]. The scheme of zeros Z(f) is therefore an irreducible
subvariety of AL, C X, consisting of a single point P, possibly non-rational
over K. We have R(P) = K|[t]/(f), a field extension of degree equal to the
degree d = deg(f) of the polynomial f. We need the values of ord,(f) at all
points of X. We may write

|1 for Q=Pr;
OrdQ(f)—{o for Qe A\ {P}.

At infinity, we have that u = 1/t is a local uniformizer. From the identity
f(t) = aqt® + -+ a1t + ag = t%(ag + ag_1u + - - - + apu?) we deduce

Ordoo<f) = Ordoo(tdf/(u)) =—d
where f’is a polynomial in u with nonzero constant term ay. We get at once
/)= P—de

whence
plf] = p. P — dp,oo = dY — dY = 0.

(3) The calculation above also shows that the structure map Al —
Spec(K) does not preserve rational equivalence.
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Our next goal is to show that rational equivalence is preserved by arbi-
trary proper pushforward. The following lemmata will be needed.

3.4. Lemma. Let B be a ring' and let M be a nonzero module of finite type.
Then M admits a composition series,
M=MyDM D---DM,=0
with quotients M;/M;y1 = B/P; where P; is a prime ideal in B.
Moreover, M is of finite length if an only iff each P; is maximal.

Proof. Consider the collection {ann(m)|m € M \ 0}. Let P = ann(v) be
a maximal member. Then P is a prime ideal. Indeed, let a,b € B,ab €
ann(v),a ¢ P. Then av # 0,ann(av) 2 ann(v), hence b € ann(av) = ann(v)
by maximality. Thus B/P sits in M as the submodule spanned by v. By
noetherian induction, M = M /{v) admits a composition series as stated, and
so does M. Now if P is a prime ideal, then B = B/P is a domain. If the
length of B is finite, then it must be a field. Indeed, pick b € B,b # 0; we
have (b")=(b""!) for some n > 1. It follows " = xb"*! for some z, hence
xb = 1. O

3.5. Lemma. (1) Let B be a ring and let M be a module of finite length.

Then we have
KB(M) = Z ng(MP)-

PeSpec(B)

(2) If « : A — B is a local homomorphism then
lo(M) =1lp(M)[R(B): R(A)] (R(A) = residual field.)

(3) Let A — B be a finite extension of one-dimensional rings. Assume
there is some ¢ € A which is a nonzero divisor in B such that cB C A. Then
(i) La(B/A) < o0 and
(i) for any a € A nonzero divisor in B we have {4(A/aA) = lA(B/aB).

3.6. Remark. The existence of the conductor ¢ in (3) holds if B is the

normalization of a domain (essentially) of finite type over a field.

Proof. Since length is additive, we may assume M = B/P. Now the first
formula is trivial. For the second formula, first note that £4(M) = £4,o(M)

Inoetherian!
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for any ideal @ C A such that QM = 0. Apply this to M = B/P, P prime
in B,Q = o 'P the contraction to A. If {g(M) = oo clearly £4(M) = oo
and the formula is trivial. In the finite case, P and () are maximal ideals
and (4 (M) = dima,q(B/P) = [R(B) : R(A)]. Hence assertion (2) follows.
To prove (3), first note that ¢ - (B/A) = 0 implies that B/A is a finitely
generated modulo over the Artin ring A/(c). Thus
(a(B/A) = Layo(BJA) < oo

Now consider the snake diagram below.

K - B/A — B/A — C

A

|

|

: B (L B — B/aB
|

|

I y o, A —~  AlaA
|

I

I ~U J

L - - L R

We find £4() O

In order to prove the main result asserting invariance of rational equiva-
lence under proper pushforward, we begin with a “reduction to the normal
7
case”.

3.7. Lemma. Let W be a variety and let v : V — W be the normalization
map. Then we have R(V) = R(W) and for each r € R(V')’

vi([rlv) = [rlw  in CW. (3.7.2)

Proof. First recall that v is a finite map. Hence it is proper. Let T' C W
be a subvariety of codimension one. We must show that the coefficient of
T is the same in either member of (3.7.2). On the right hand side, we get
ord”’ (). On the left hand side, we get the sum of the contributions over all
subvarieties 7" C V such that v(7T") = T. We are thus reduced to show the
equality

> " ord,(r)[R(T") : R(T)] = ord! (r). (3.7.3)
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Put A = Ow,r and let B denote its normalization in R(W). Since B is finite
over A, we have a natural bijection between the set of irreducible components
T" of v T and the set of maximal ideals of B,cf.3.8 below. The equality
stated is a consequence of the previous lemma. Indeed, we may assume,
without loss of generality, » € A and invoke the fact that there is a conductor

¢ € A such that ¢cB C A. Now take M = B/rB. O

3.8. Lemma. Let A C B be a finite ring extension. Let P be a prime ideal
of A. Then the set of prime ideals () of B which contract to P is in natural
bijection with the set of maximal ideals of Bp.

Proof. Let @ be a prime ideal of B contracting to P. Clearly ()p contracts
to the maximal ideal Pp of Ap. Form the diagram

Ap C Bp
L
Ap/Pp C Bp/Qp.

Since the bottom extension is finite, we see that ()p is maximal. Conversely,
if @p is maximal, its contraction to Ap is of the form P} for some prime
P’ C P. Again since the extension Ap/Pp C Bp/Qp is finite and the latter
is a field, it follows that Pp is maximal, hence P’ = P. O

3.9. Proposition. Let p : V — W be a proper, surjective map of varieties
of the same dimension. Given r € R(V')®, we have

pelr] = [N(r)]  in CW, (3.9.4)

where N(r) stands for the norm, i.e., the determinant of the R(W')—linear
map R(V) — R(V) defined by multiplication by r.

Proof. Let T'C W be a subvariety of codimension one. The calculation of
the contribution of 7" in both sides of (3.9.4) is local. Indeed, it depends only
on the degrees of residual field extensions [R(T") : R(T")| for each component
T" of p~'T. Therefore, we are allowed to replace W by any open subset W
that meet T'. We shall use this freedom to reduce the proof to the case when
p is a finite map (not just generically finite). Let

Z ={weW|dimp *(w) > 1}.
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We know that Z is a closed subset of W. Furthermore, T" is not contained in
Z, otherwise p'T = V and p is not surjective. Put Wy = W . Z. It follows
that the induced map p~ W, — W, is finite, since the fibers are finite and
the map is proper (cf.[16, EGA-II114.4.2], [20, p.280]). Henceforth we shall
assume p finite. Let

vy V=V, vy W =W

be the normalizations of V, W. There is a canonical morphism p’ induced by
p fitting into the diagram

V/ P W/
vy | L ovw
1% . 1%

In view of 3.7.2 and recalling that p,vy, = vyp. , we may as well assume
V, W normal. (In fact only the normality of W is required in the sequel).

Put A = Owr. Since W is normal, we have that A is a discrete valuation
ring. Let WY be an affine open subset that meets 7" and put V° = p W0,
Since p is finite, we have that V° is also affine. Let C be the coordinate
ring of V9. Each component of p~'T" corresponds to a prime ideal of height
one in C. Put B = C ®pmwo) A, the ring of fractions of C' with respect
to the multiplicative system O(W?°) \ P, where P denotes the prime ideal
corresponding to T'. Note that the maximal ideals of B correspond bijectively
to the primes of C' lying over the maximal ideal of A.

Back to the main argument, we may also assume r € B because both
sides in the formula are additive. Now the coefficient of T" in p,[r] is equal to

m =Y g, (B/rBg) [R(Q) : R(T)],
Q

where the sum ranges over the maximal ideals @) of B (each of which cor-
responds to a component of p~'T). Using lemma 3.5, item (2), with M =
Bg/rBg, we find

m = > ola(Bq/rBg)
== EA(B/TB)

The last equality follows from the decomposition

B/rB =] Bq/rBq
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of an Artin ring as the product of its localizations. It remains to show the
following lemma. O]

3.10. Lemma. Let A be a principal ideal domain. Let B denote a finitely
generated free A—module. Let r : B — B be an injective A-linear map. Then
B/rB is of finite length and we have

(s (B/rB) =14 (A/det(r)A).

Proof. According to the structure theorem for modules over PID’s, there
exists a basis by,...,b, of B over A and there are aq,...,a, € A such that
aiby, ..., ayb, is a ba81s of rB. Put b, = r!(a;b;). Tt follows that the ma-
trix of b with respect to the pair of basis {bg}, {b;} is the diagonal matrix
diag(ay, ..., a,). Hence we get

B/?”B ~ HA/aiA

Therefore we may compute
(s (B/rB) =) ta(Afa;A) = (a(A/([Ta;)A

Finally, det(r) = ¢]] a;, where ¢ is the determinant of an invertible matrix
over A, whence det(r)A = (J] a;)A as desired. O

3.11. Proposition. Let p: V — W be a proper, surjective map of varieties.
Suppose dim V' > dim W . Then we have

p[r] =0 Vre R(V).

Proof. The assertion is trivial for dim V' > dim W + 1. So assume dim V' =
dim W + 1. Write K = R(W) and look at the generic fiber, Vi, of p,

V xw Spec(K) =: Vi — =V

3 i
Spec(K) —— W,

Note that Vi is a complete curve over K and R(Vik) = R(V). We have a nat-
ural bijection T <> Tk between the collection of subvarieties of V' of codi-
mension one such that p(T") = W and the set of closed points in the curve V.
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In this bijection, the local rings Oy,r and Oy, 1, are canonically isomorphic
as well as the residue fields R(T") and R(Tk). This is more or less straight-
forward from the construction of the fiber product. One takes compatible
affine open subsets Spec (B) C V, Spec (A) C W. Then Spec (B ®4 K) is a
typical affine open subset of Vi. Here is the corresponding diagrams for the

affine situation:
RW) O B4 K «— B

) T
K «— A

Recall that here B ®4 K is nothing but the ring of fractions of B with
respect to the multiplicative system S = A~ {0}. Thus, the field of fractions
of Ba K is R(W) = R(Vk). The transcendence degree of of R(Vk) over
Kis1l=dimV —dimW. Also recall that the prime ideals of B ® 4 K are
all of the form S~'P where P is a prime sucht that PN A = 0. It can easily
be seen that Bp is canonically isomorphic to (S™'B)g-1p. This implies the
identifications Oy >~ Oy, 1y, R(T) ~ R(Tk).

Now, only the subvarieties T C V' of codimension one such that p(T)) = W
may occur in the cycle p,[r]. According to the previous discussion, we may
as well replace V. — W by Vi — Spec (K). In other words, we may just
assume V' is a complete curve over Spec (K). Passing to the normalization
if necessary, we may also assume V is normal. In this case, we may pick
any finite morphism f : V — PL (simply choose any non-constant rational
function f € R(V')). We have a commutative diagram,

f

vV — PL
PN ¢
W
This allows us to write
pulr] = @ filr]
= QN0 (by 39.4)
=0 (by 3.3 (2)).

]

3.12. Remark. The passage to the normalization of the curve V used at
the end of the proof above may be replaced by taking f as the map induced
by a projection. Of course one has to use then the fact that V' is projective.
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3.13. Theorem. Letp: X — Y be a proper map. Then the proper pushfor-
ward map py : C,X — C.Y preserves rational equivalence, i.e., we have

PR X CR,Y.
Proof. Since R, X is generated by the cycles of rational functions on sub-
varieties of X, the result follows from (3.9) and (3.11). O

3.14. Definition. Let p: X — Y be a proper map. The pushforward
homomorphism is the induced homomorphism of quotient groups, denoted
by the same symbol,

et Ap(X) —— A(Y), Vk=0,1,...
If Y = Spec (K), we may identify
A(Y) =7Z.

In this case, the homomorphism is also denoted by [ + or simply /. Explictly,
for each cycle class z in A, (X) we have

/z =Y miR(P) : K] (3.14.5)

where > m,;P; is the homogeneous part of dimension zero of z, i.e., the P,
denote closed points of X.

The integer [ Z is called the degree of the cycle z. By definition, the
degree of a cycle is the same as the degree of its zero dimensional part.

3.15. Important remark. Let p : X — Y be a proper map of complete
schemes over K. Then we have

I
X Y

for each z € A,(X). In fact, this is but a special case of 3.2.

We are ready to use the machinery developed thus far to recover the
classical theorem of Bézout for plane curves. See 77 for a generalization.
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3.16. Theorem. Let F,G denote plane projective curves with no common
component. Then (cf. 1.4) we have,

Y i(P,F - G) = deg(F) - deg(G).

P

Proof. Say m = deg(F'). We may assume G is irreducible in view of the
additivity of the index (cf. Ex.2.3(ii)). Let L be a linear form that is not a
multiple of G. Consider the rational function » = F/L™ € R(G). Let us
calculate the cycle

[r] = Z ord%(r)P.
For each P we choose a linear form Hp nonzero at P and write

(F/H™)

" (L/H)

By additivity, we have
ord%(r) = ord%(F/H™) — m - ord$(L/H).
Now it is clear by definition of the index (cf. 1.4) that
ordG(F/H™) = (O p/(F/H™) = €(Ops p/ (F/H™, G/H") = i(P,F - G)
Hence we get
O:/G[r] => (i(P,F-G)—m-i(P,L-G)). (3.16.6)
P

The first equality is obvious since [r] = 0 in A,(G). (In practice, we have
replaced F' by m copies of L.) We get

Y WP F-G)=m-Y i(P,L-G).

By the same token, we find

> WP L-G)=n-Y i(PL-L')=

P P

where n = deg(G) and L’ stands for a linear form co-prime with L. O
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3.17. Remark. The proof given above captures the spirit of the classical
argument that consists in deforming each curve into a union of lines in general
position.

Exercises

13. Let X be a complete scheme of positive dimension. Show that A, (X)
contains a direct summand isomorphic to Z.

14. Let X be a complete rational curve. Check whether Aq(X)=Z holds.

15. Prove a version of Bézout’s theorem for curves on P' xP!.
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Direct Image




Chapter 4

Inverse Image

Let f : X — Y be a morphism. Under appropriate conditions on f, we
shall define a homomorphism f*: C,Y — C,X induced by the inverse image
of subvarieties, compatible with rational equivalence. We also examine its
relation to the proper pushforward.

4.1. Definition. Let V C Y be a subvariety. The inverse image cycle
of V under f is given by
fv =[]
The cycle on the right hand side is the cycle (cf. 1.3) of the scheme theo-
retic inverse image. We extend by linearity to the homomorphism

f :CY — C.X.

4.2. Examples. (1) Let i : U — X be the inclusion map of an open
subscheme. For each subvariety V' of X, we have i*V = U NV. We also note
that for any r € R(V')®, we may write ¢*([r]y) = [r]y. This is immediate from
the fact that R(V) = R(V NU) for UNV # ). Thus i*(R,.X) is contained
in R, U. We obtain therefore an induced homomorphism

7 A(X) —— A,

Note that i* is homogeneous of degree zero. See 4.8 below for a more general
case.

(2) Let X, Y be varieties over an algebraically closed field. Then we know
that X x Y is also a variety. Let p: X XY — Y denote the projection. For
cach subvariety V' C Y we have p*[V] = [X x V. Let r € R(V)® be a rational
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function and consider its image p*r in R(X x V). One checks easily that the
cycles p*[r] and [p*r] are one and the same. It follows that p* induces a
homomorphism

P A(Y) —— Apn((X xY))
where n = dim X.

(3) Let X be a variety and let f : X — P! be a dominant morphism.
We may also consider f as an element 7 of the field R(X) and compute the
corresponding cycle. Indeed, let Uy C P! be the standard affine neighborhood
of 0 = [0,1] € P! and let ¢ be the coordinate function there. Put r = f*t.
We then have

[r] = [f1(0)] = [f(c0)],
where oo = [1,0]. To see this, let V' C X be a subvariety of codimension
one and put A = Oxy. Note that f71(0) and f~'(oco) are disjoint and
that r (resp. 1/r) is regular in the open subset X, = X ~ f~'(00) (resp.
Xoo =X~ f710)). Hence, if V ¢ f'(00), we have r € A. Put B = A/rA.
Then we have B = Op1(g)y. We may write

lp(B) = lA(B) = ordy (r).

Arguing the same way when V' ¢ f~1(0), we deduce that the coefficient of V
in the cycle of the rational function [r] is the same as in [f~1(0)] — [f~*(c0)].

(4) Let Y be the curve y> = 2® and let f : A — Y be the usual
parametrization f(t) = (¢?,t*). Let T, ¥ denote the restrictions of the co-
ordinate functions to Y. We have f*T = t2, f*y = t3. Note that the cycle of
the function 7 is 3Q), with @ = (0,0). On the other hand we have f*Q) = 2P,
where P = 0 € A!. Thus, in the present case, we have

F Il =3fQ=6P+#3P=1[t*] =7

This last example also shows that (¢f)* and f*¢* may not coincide for
arbitrary morphisms f : X — Y, g : Y — Z. Nevertheless we argue below
that the validity of pleasant properties such as functoriality or compatibility
with rational equivalence holds under the assumption of flatness. Let us
recall the following.

4.3. Definition. A map f: X — Y is flat if for all pairs of affine open
subsets Xo € X and Yy C Y such that f(Xo) C Yp, the ring homomorphism
of coordinate rings

[ 0(Yy) — O(Xo)
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is flat. Equivalently, for each subvariety V of X, if W = f(V) C Y, then
OX,V is flat over Oyyw.

We say f: X — Y is of relative dimension n if for each subvariety W
of Y, any component V of f~'(W) is of dimension

dimV =n 4+ dim W.

4.4. Proposition. Let f: X — Y be a flat morphism of relative dimension
n. Then for each closed subscheme Z C'Y of pure dimension k, we have

P21 =1'2]  inCunX.

Proof. We may replace X by X Xy Z with the benefit of assuming Z =
Y, X = fYZ). Let V be a component of X and set W = f(V). Put
A = Oyw, B = Ox,y. We have that B is artinian and is flat over A. We
claim that A is also artinian (and consequently W is a component of Y too).
Indeed, since A is local, B is in fact faithfully flat over A. Hence, given a
chain of ideals,

A=AD--- DA, (4.4.1)

it follows that the chain
B:A()@ABD"'DAZ(X)AB, (442)

has length ¢. Hence ¢ is bounded by ¢5(B). Assuming in (4.4.1) £ = (4(A),
we must have A;/A;11 ~ R(A), the residual field of A. It follows from 4.4.2
that

/-1

(p(B) = lp((Ai/Ai1) ®a B) = la(A) - £p (R (A) ®4 B).

0

This last formula shows that the coefficient ¢5(B) of V in the cycle [X]
is equal to £4(A) times the coefficient ¢ (R (A) ®4 B) of V in [f~'W], as
desired. O

4.5. Corollary. Let f : X =Y, g:Y—Z be flat maps of relative dimensions
m,n. Then we have

(9f) = f*9": CZ — ChyminX VEk.
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Proof. Pick a subvariety V' of Z. We have

(9f)*V = [(gfy (V)]  (by definition)
= [ g (M)
= flg (V)] (by (4.4))
— f*g*V

4.6. Proposition. (Compatibility with proper pushforward). Let be
given a cartesian diagram,

Xl $Y!

gw &

X?Y

where we assume f is flat of relative dimension n and g is proper. Then f’
(resp. ¢') is flat of relative dimension n (resp. proper) and we have

9" =g CY' —— CppnX

Proof. It suffices to verify the formula when applying to subvarieties of Y.
Thus, we may suppose Y’ is a variety. Indeed, say V' C Y’ is one such; then
g V' = Yisproper. Let ¢ : V' = Y’ fi,: X, = X xy V! = V',
/' X{, — X" and gy, : X{, — X be the induced maps. We have

g S V' = gld(f )7V = gl [(fo )7V = (g ) [(F ) V]

= (g4 )« (fi) V' = f*(gv)«[V'] (assuming true for V")

= f*g.[V'].
We may also suppose Y = ¢g(Y’) with the same dimension as Y’. Indeed, put
Z=g(Y')CY. Let

L Z =Y, f7: Xy=f"Z > Zand gy : X, =(¢)' 1 Z - X,
be the natural maps. We have X’ = X, because
@)y Tz =g 2= ()Y
Also, ¢’ factors through X, < X. Setting d = deg(g)z, we may write,
[roY') = df*[Z] = d[f7' Z] (by 4.4)
=d[(fz)Z] = d(f2)*Z = (fz)*[dZ]

= ( Zi*( 92):[Y'] = (92).(f7)"[Y"] (assuming true)

= (92):[X"T = g, (S [Y'].
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Thus we are reduced to show that
gi[X’] = d[X] (4.6.3)

where d = deg(g). Let V be a component of X and let V/,..., V! be the
components of X’ dominating V. We set for short

C =O0xy, Cl=0xy.

Note that C, C! are artinian local rings. We must now show that

> le(CHIR(C)) : R(C)] = dLe(C)

given that the left hand side above is precisely the coefficient of V' in the left
hand side of (4.6.3), and likewise for the right hand sides.

For this task, we first replace g : Y/ — Y by a restriction to compatible
affine open subsets corresponding to a ring homomorphism ¢* : A — A’;
this is an injective map of domains of finite type over the ground field and
dim A = dim A’. Since ¢ is proper and generically finite, we may assume g
finite and Spec (A’) = g~ Spec (A). Flatness of X over Y implies that the
image of any component V' C X is dense in Y. Hence we may choose an
affine open subset Spec (B) C X that meets V' and maps to Spec (A). Put
B' = A" ®4 B. Since g is finite (hence affine), it follows that Spec (B') =
(¢')"' Spec (B). The diagram in the statement gives rise to the tensor product
diagram of coordinate rings,

B = BuA +— A
T T

Let p C B be the minimal prime corresponding to V. We have C' = B,.
Put K = R(Y), K' = R(Y’), the fraction fields of A, A’. Flatness implies
(f*7'p =0. Hence A — B — C factors through A — K — B®4 K — C.
Let p" C B’ be any prime that survives in A’ ®4 C = A’ ®4 B,. Then p’ is a
minimal prime of B’. Indeed, we have B := B/p < B := B'/p’. Since

dim B = dim B < dim B’ < dim B’ = dim B
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holds, it follows that p” is minimal. Hence the primes of A’®4 C = B’ ®p B,
correspond precisely to the minimal primes of B’ that contract to p, i.e., the
components V' C X’ that dominate V. Now observe that since A <— A’ is
finite, it follows that the ring of fractions A’ ® 4 K is a domain which is finite
over the field K, hence we have A’ ® 4 K = K'. We may write

KekC=AQUuKxC=A®,C

Since [K' : K] = d, it follows that C" := K' @ C = A’ ®4 C is a free
C—module of the same rank d. The net effect was replacing Y by Spec (K),
and also Y’ by Spec (K'). Furthermore, the prime ideals Pj,..., P! of '
correspond to the components V' of X" and C] = C%,. With this at hand,
we may now write '

dlc(C) = Lo(C) (since C" ~ C%)
= 2 le(C) (&)
= 2l (CHIR(CY) = R(C)] (by 3.5(2)).

[]

4.7. Remark. Keep the notation and hypothesis of 4.6. In view of 4.8 below,
we also get a formula expressing the compatibility between flat pullback and
proper pushforward for the homomorphisms at the Chow groups level,

IS = 190t AY) —— Apsn(X).
4.8. Proposition. (Compatibility with rational equivalence). Let
f: X—=Y
be a flat morphism of relative dimension n. Then we have
["RY C R.X,
thereby inducing homomorphisms

FAY) — Apn(X), VE.

Proof. Pick a subvariety V' C Y and r € R(V)*. We must show that f*[r]
lies in R, X . Using the special case of 4.6 with g = inclusion map V C Y, we
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may assume Y = V. In particular, f is dominant. Let Y' C Y x P! be the
closure of the graph of the rational function r : Y --» P*. We work around
the diagram with cartesian square

X xy Y’ = Z Y’ C Y xP!

Y P!

where p, g are induced by the projection maps. We note that ¢ is birational
and proper while p is flat. Also note that f’ and pf’ are dominant. We may

write
Il = fro.lr] (by 3.9)

= ["9.(p*0 —p*oo)  (4.2(3))

= g [*(p*0—proo)  (4.6)

= ¢ f)(0—00)  (45).
Now, if Z also were a variety, a second application of 4.2(3) would allow us
to write the last expression above as ¢.[pf’], thinking of pf’ as a rational
function on Z, and then using the fact that proper pushforward preserves
rational equivalence to finish the argument. However, since the fiber product
often yields non-integral schemes, all we know about Z is that it is pure-
dimensional. We will be done invoking the following.

4.8.1. Claim. Let [Z] = > m;Z;, where the Z; denote the irreducible com-
ponents of a pure dimenisonal scheme Z. Let h : Z — P! be a dominant
morphism and write h; :== hyz,. Then we have

(%) [Y(P)] = > m;[h; 1 (P)], VP € P

The formula clearly implies that g/h*(0 — 0o) belongs to R, X, thereby
completing the proof.

To prove the claim, we must compare the coefficients of each subvariety
V of Z of codimension one occurring in each side of the formula.

Put A = Ozy. Each component Z; containing V' corresponds to a min-
imal prime P; C A. Let t be a uniformizing parameter of P in P!. Thus
a := h*t is a local equation for A *(P). We may assume V C h~!(P). The
coefficient of V' in the left hand side is £4(A/{(a)). For the right hand side
we find Y mila/p, (A/ (P + (a))). The equality stated in the claim is now a
consequence of the following lemma (taking M = A and noting that presently
we have ,M = 0). O
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4.9. Lemma. Let A be a one dimensional ring. Let Py, ..., P, be the mini-
mal primes of A. Let a € A be a nonzero divisor. For each finitely generated
A-module M put

M={zeM|ax=0} and M,=M/(aM).

Then we have the following.
(1) oM and M, have finite length;
(2) e(a, M) = Ls(M,) — La(,M) is an additive function over exact
sequences of M’s;
(3) ela, M) = > lap (Mp,)lasp, (Af (P + (a))).

Proof. (1) Note that both modules are killed by a, hence they are in fact
modules over the artinian ring A/(a). This implies the first assertion.
(2) The additivity follows from the snake diagram,

*
oM’ € M’ 2 M M)
oM € M < M M,
" M C ]Wl// a ]\}// MC/L/
*
*
d
Mo M —= M —> M
{ { { 4
Mo M s M —s M,
{ { { {
M < M a M M
!

— %
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(3) Since both members are additive, we may invoke a composition series
M = My D -+ D M, = 0 and replace M by A/P where either P = P; or
P is maximal. In the first case (P = P; minimal), with M = A/P;, we have
oM =0 and M, = A/(P + (a)). In the second case, M = A/P with P
maximal, we have Mp, =0 and e(a, M) = 0. O

Exercises

16. Find examples of morphisms f: X — Y, g:Y — Z for which

(gf) # 9" : CZ — C.X.

17. Examine /.8.1 letting Z = Spec (k[z,y, z]/(zz,zy)) and h=x — z, P =
0eAl

18. Where does the hypothesis of pure dimension enter the proof of /.8.17

19. Let X,Y be complete schemes of pure dimensions. Let p,q denote the
projections from X X Y to z and Y. Let x € Ag(X) be a zero cycle. Show
that g,p*x = m[Y], where m = [ z.

20. Let X,Y be schemes, and let V' C X, W C Y be subvarieties. Define
the exterior product,

CXRCY ——= Cus(XxY)
TRY — T Xy

sending generators [V] ® [W] to [V x W].
(i) Show that for y € R, X, we have z x y € R,,s(X xY)Vy € C,Y.

(i) Let f: X - X', g:Y — Y’ be morphisms and let f xg: X xY —
X’ x Y’ be the induced map. If f,g are proper (resp. flat of relative
dimensions m,n) then f x g is proper (resp. flat of relative dimension
m + n) and the following hold.

(1) (f x g)u(x X y) = fu(x) X gi(y) for all cycles z € C, X,y € C.Y.
(2) (resp. (f x g)*(2' x ') = fr2' x g%/, Va' € C,. X',y € C.Y').
(iii) Show that the exterior product induces a homomorphism (called by
the same name),

AX)@A(Y) — A (X xY)
satisfying formulas as in (ii).
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(iv) Show that the exterior product satisfies associativity,
X (yxz)=(rxy) Xz

(v) Suppose Y complete and let p : X x Y — X be the projection. Show
that p(z x y) = ([ y)z for all z € A (X), y € A (Y).
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The excision sequence

5.1. Proposition. Leti: Z — X, j: U — X be the inclusion maps of
a closed subscheme Z and its complement U. Then we have the following
commutative diagram with horizontal exact sequences,

. %
T J

CZ — X — C.U

i i !

5%

J

A(Z) e AX) L AW

Proof. It is clear that the top sequence is exact. Now pick a cycle ¢ € C, X
such that j*c lies in R, U. Hence we may write

Jre=> milriv,

for some rational functions r; € R(V;) in subvarieties V; C U;. Let W; be the
closure of V; in X. Recalling that R(V;) = R(WV,), it is easy to see that we

must have
c= Z milriw, + ix2
for some z € C,Z. It follows that ¢ = i,z holds in A, (X). O
We have already enough tools to calculate a few Chow groups.

5.2. Lemma. Let X be a scheme and let p: X x A" — X be the projection.
Then
P A(X) —— A (X x A")
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1S surjective.
(We will see later on that it is in fact an isomorphism.)

Proof. We may obviously assume n = 1. Let V C X x A! be a subvariety.
We wish to exhibit some ¢ € A,(X) such that p*c = [V] holds. Replacing
X by the closure of p(V) we may as well assume X irreducible and p,
dominant (use 4.6).In this situation, let U be an affine open subset of X with
coordinate ring A. Now we claim that, replacing U by a smaller neighborhood
if needed, the ideal P C A[t] of V in U is principal. Indeed, let K be the
fraction field of A and pick f, fi,..., fm € P such that P = (fi,..., fm)
and P K[t] = (f). We may write each f; = ¢;f for some ¢g; € K]Jt]. Let
a € A be a common denominator for the coefficients of the g;. It is clear
that, upon replacing A by the ring of fractions A[l/a], we have got the
desired affine open subset as claimed. Put Z = X \U. Leti: Z — X
and 7' : Z x A! — X x A! be the inclusion maps. By construction we have
VN (Ux A =[f] =0in A, (U x A'). By excision (5.1), it follows that
V =i,z for some z € A, (Z x A'). By induction on dim X, we get z = ¢*z
for some z € A.(Z) where ¢ = pjz : Z x Al — Z. At last, we may invoke
(4.6) and write [V] = i\,.¢*z = p*i,x. O

5.3. Proposition. We have the following

(1) A;(A™) =0 for all i#n and A,(A™) = Z.

(2) A;(P™) = Z - [P], the free group generated by the class of a subspace
PP C P for all 0 <i < n.

Proof. (1) We already know that A, (A") = Z and that A,_;(A") = 0
(cf.2.8). By the previous lemma, the map p* : A;_,11(A') — A;(A! x A1)
is surjective. This proves (1).

(2) Let us consider the excision exact sequence,

Using (1) and induction, it follows that A;(P") = Z - [P']. It remains to be
seen that the latter group is free, a fact already proven for i = n,n —1 (2.8).
Now assume m[P!] = 0. Let Vi,...,V, be subvarieties of P" of dimension
i+ 1 and let r; € R(V;) be rational functions such that

m[P'] = Zmi[ri] in CZ
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where Z = UV;. Thus we get m[P] =0 in A;(Z). There exists a finite map
p: Z — Pt (e.g., induced by a linear projection if the base field is infinite
or by a Noether normalization argument). We find

mp [Pl =0 in AP,

which is torsion free. Hence m = 0 as desired. O]
k .

5.4. Definition. Let z = ) m;[P] be a cycle in P™. If my, # 0 we define
0

the degree of z by the formula
deg(z) = my.

If X is a subscheme of P" of dimension k£ and [X] = z as above, we define
the degree of X as
deg(X) = deg(z) = my.

5.5. Remark. We will see in 8.8 that deg(X) is the degree of the zero cycle
of intersection of X with a subspace of codimension k.

Exercises

21. Let X C P" be the hypersurface defined by some homogeneous polyno-
mial of degree d. Show that deg(X) = d.

22. Find A, (P™ x A") and A, (P™ x P").
23. Determine A, (U), U= complement of a point in P2.

24. Let p : X — P? be the blowup of a point O in P?. Show that p, :
A (X) — A, (P?) is surjective, with kernel the subgroup of A;(X) generated
by the class of the exceptional divisor E = p~!O.

25. Let Z C P™ be a nonempty subvariety. Show that [Z] # 0 in A, (P").

26. (The Chow group of G(2,4)) Let X be the grassmannian of lines in P3.
We may identify X to a quadric hypersurface X C P given by Pliicker’s
relation,

P12P34 — P13P24 + P1ap2z = 0
(cf. [50, p. 62]). Fix £y € X, say by = Z(x1,22), and let
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(vi) Show that Z is the intersection of X with the tangent hyperplane to X
at fy. Show that X \ Z ~ A%, Deduce that A3(X) is free, generated by [Z].

(vii) Verify that Z is a cone over a smooth quadric in P?, with vertex the
point £y. Prove that Z \ {{y} is isomorphic to a line bundle over P! xP!.

(viii) Show that Z \ {fo} ~ P! x P! x A'. Conclude that A,(X) is free of
rank 2, generated by the classes of
{¢ € X | ¢ is contained in a fixed plane }
and of
{¢ € X'| ¢ contains a given point }.

(ix) Show that Ag(X) is infinite cyclic generated by the class of a point
ly € X.

(x) Fix a point P in a plane 7 in P?. Show that A;(X) is infinite cyclic
generated by the class of {{ € X |P € { C 7}.



Chapter 6
The first Chern class

We start now the program to construct a product of cycles. In this first step,
one of the cycles will be a hypersurface. More precisely, we shall define the
first Chern class of a line bundle as an operator mapping cycles to cycle classes
in the Chow group. Geometrically, this can be interpreted as taking the
intersection with a hypersurface. We begin recalling some basic definitions.
The reader acquainted with the notions of vector bundles and Cartier divisor
may jump directly to §6.20.

6.1. Definition. Let X be a scheme. A Cartier divisor D on X is given
by an affine open cover {U;} of X together with a choice of an invertible
element f; in the total ring of fractions R(U;) of the coordinate ring Ox(U;)
such that f;f;! is invertible in Ox (U;;), with U;; = U;NU;, Vi, j. Bach f; is
said to be a local equation of D in U;.

The data ({U;}, fi) and ({V.}, ga) determine the same Cartier divisor if
there exists a refinement {W,} such that

(fiwy) (o) " is invertible in Ox (W)) (6.1.1)

for all i = i(\), a = a(N), W\ CU;NV,.
We are implicitly using the following elementary facts about rings of frac-
tions.

6.2. Lemma. Let A be a ring, a € A and A — A, the natural map. If b is
a nonzero divisor in A then b/1 is a nonzero divisor in A,. If P C A is a
prime ideal and b/1 is a nonzero divisor in Ap then there exists a € A\ P
such that b/1 is a nonzero divisor in A,. If R(A) is the total ring of fractions
of A then the natural map A — R(A) is injective.
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6.2.1. The natural maps R(A) — R(Ap) for P € Spec (A) show that for each
Cartier divisor on a scheme X, we are given a collection of local equations,
i.e., invertible elements f, € R(Ox.), Vo € X with the following property.
For each x € X, there exists an affine neighborhood U, together with some
invertible f € R(U,) such that f, is the image of f in R(U,) for all y € U,.
Two such collections {f.}, {g.} define the same Cartier divisor if and only if
for all z we have that f,g, ' lies in O% ., the subgroup of invertible elements.
Put in other words, a Cartier divisor is an element of H°(X, R*/O*).

6.2.2. The support |D| of D is the subset of all x € X such that f, €
R(Ox)* is not in Ox . This condition on z is equivalent to requiring that
for any representation f, = a,/b, with a,,b, € Ox, non zero divisors, we
have a,(z)b,(x) = 0.

Indeed, suppose f, € R(Ox.)* \ Ok, is written as f, = a,/b, with
az, b, € Ox, non zero divisors. If a,(x)b,(x) # 0 then both a,,b, are
invertible in Ox , and so f; lies in O% ,. Conversely, it is clear that if f, lies
in 0%, we have a representation with a, = f;,b, = 1 and so a,(v)b,(x) # 0.

6.2.3. We define the sum of Cartier divisors by multiplying their local
equations. Thus we have defined a structure of abelian group on the set
CDiv (X) of Cartier divisors, as the reader may easily check.

A Cartier divisor is said to be effective if it admits a representation by
local equations ({U;}, fi) such that f; is a regular function, i.e., f; lies in
Ox (U;) for all 4. This is the same as a closed subscheme locally defined by a
nonzero divisor.

D = ({U;}, fi) is said to be principal if f; = f; in U;;, Vi, j. In other
words, the given local equations are compatible along the intersection, thereby
yielding a global section f of the subsheaf R% of invertible elements of the
sheaf of total ring of fractions. So we may also write D = ({X}, f), a single
equation.

6.2.4. The inverse image f*D of a Cartier divisor D on X by a morphism
f: X’ — X is defined in a natural way whenever X, X’ are varieties and f
is dominant: just apply the injective homomorphism of fields of functions,
f*: R(X) — R(X’) to the local equations. Two other instances where f*D
is well defined are as follows: (1) whenever f is flat or (2) f is the inclusion
of a subvariety not contained in the support of D. See exercise 29, p.45.
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6.3. Examples. (1) Let X = P" and let F(xy,...,z,) be a nonzero homo-
geneous polynomial of degree m. Let U; be the standard affine open subset
complementary of the hyperplane x; = 0. The coordinate ring of U; is the
polynomial ring in the indeterminates zo/x;, ..., z,/x;. Put

fi=a;"F = F(xo/i,. .., 20 /1) € Ox(Uy).

Then (U;, f;), 1 = 0,...,n is an effective Cartier divisor. It is equal to the
hypersurface defined by F'.

(2) Let X be a curve and let P, ..., P, be nonsingular points of X. Let
t; be a local uniformazing parameter at P; and let U; be an open subset of
X such that ¢; is regular on U; and vanishes only at P; on U; and such that
P, & U;Vi # j. Take Uy = X \ {Py,...,P,} and set t, = 1. Pick integers
m;. Then (U;, t]"") defines a Cartier divisor on X, naturally associated to the
zero cycle my Py + - -+ +m,P,.

The last example suggests the following generalization.

6.4. Definition. Let D = ({U;}, f;) be a Cartier divisor on X. The cycle

associated to D is
(D] = ZordV(D)V,

where the sum is taken over the subvarieties of codimension one and the
coefficient is defined by
ordy (D) = ordy, (f;) (6.4.2)

with V; = U; NV # 0.

A word of caution about the meaning of subvariety of codimension one
is in order whenever X is not equidimensional. We say a subvariety V' C X
is of codimension one if the dimension of the local ring Ox y of X at the
generic point of V' is equal to one.

The reader may object that the right hand side in (6.4.2) has been defined
only when X (and hence the U;) is a variety. It can be easily checked however
that, in view of the lemma 2.2, the same formula given in (2.1) applies.
Furthermore, ord,, (D) is well defined and is additive and nonzero only for
finitely many V'’s.

6.5. Remark. It follows immediately that the map D +— [D] is a group
homomorphism from CDiv (X) into C, X.
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6.6. Example. Any Cartier divisor on A" is principal. In fact, this is so
for any integral affine scheme X such that the coordinate ring O(X) is a
UFD. Let V' C X be an irreducible hypersurface. It corresponds to a height-
one prime p C O(X). Since O(X) is a UFD, we have that p = (p) is a
principal ideal, generated by an irreducible element. One sees at once that
the principal Cartier divisor defined by p maps to the generator V in C,,_1.X.
To prove injectivity, let D = (f;,U;)icr map to zero in C,_1X. We may
assume U; affine and A = O(U;) is a UFD, because principal open subsets of
X are UFD. Write f; = a/b with a,b € A and ged(a,b) = 1. Let p = (p) C A
be a prime of height one. For any nonzero a € A, we have that the length of
A, /(a) is the largest integer o such that p® divides a. Let the codimension
one V' C X correspond to p. Since ordy (D) = ((A,/{a)) — ((A,/ (b)), it
follows that p does not divide a nor b. Since p is an arbitrary irreducible
element of A, it follows that a, b are invertible in A. Hence D = 0.

6.7. Lemma. If X is an integral, locally factorial scheme of dimension n,
then the natural homomorphism CDiv (X) — C,,—1 X is an isomorphism.

Proof. Indeed, let V C X be an irreducible hypersurface. For any = € V|
we have that the stalk of the sheaf (V) is a height-one prime p, C O,. Since
O, is a UFD, we have again p, = (f,). For z € X \ V, put f, = 1. Then
the f, define a Cartier divisor which maps to V. For the injectivity, suppose
D = (f2)zex is a Cartier divisor such that [D] = 0. We must show that each
local equation f, is in fact a unit in the local ring O,. Let p = (p) C O, be
a height one prime. It corresponds to an irreducible hypersurface V' C X.
Write f, = a/b with a,b € O, relatively prime. Arguing as before, one checks
that the condition ord, (D) = 0 (for all V') implies that a, b are units in O,.
See [20, 11-6.11, p. 141]. O

6.8. Definition. Let D = ({U,}, f;) be a Cartier divisor on X. We write
Ox (D) for the line bundle associated to D, defined by the transition functions
fij = fif; ' on Uy (cf. Shafarevich, p.270).

Explicitly, Ox (D) is the scheme over X obtained by glueing. One takes
the disjoint union
H Uz X Al
and identify pairs
(z,v) € U; x A, (y,w) € U; x A
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if and only if
r=yelU; and v=fjx)w.

In other words, we glue the open affine subsets U; x A', U; x A! identifying
the open subsets U;; x A CU;x Al Ui; x Al C U; x A! via the isomorphism
A[T| ~ A[T] defined by T+ f;; - T, where A denotes the coordinate ring of
Ui

6.9. Example. Take X = P" and U; as in the example 6.3. Let £ C
P" x A" be the tautological line bundle over P", i.e., the fiber of £ over
each point P € P” is the line that P represents. Thus, we have

L={(Pv)eP"x A" |ve P}

Let us consider the local trivializations
@i : ‘C|UZ —_— Uz x Al
(Pv)  —  (Pw)
|

A\

,([xo,...,l,...,:cn], (:cgvi,...,vi,...,xnvi))‘

We find
gpigpjil : Uij x Al — Uij x Al

(Pt) = (P (zi/x) - 1),

Therefore, the transition functions of the line bundle £ are z;/x; on U;;. The
tensor powers L&, m € Z are given by (U;, (x;/x;)®™). Comparing with 6.3,
we see that if F' is a hypersurface of degree m, the associated line bundle
O(F) has transition functions (z; ™ F)/(z;™F) = (v;/x;)™™.

The tautological line bundle £ — P" is usually denoted by Opn(—1).
More generally, we write

Opn(m) = L2C™ m € 7.

One knows that every line bundle over P" is isomorphic to one of the Opx(m).
The transition functions computed above show that O(F) = O(m).

6.10. Proposition. Let L — X be a line bundle over a variety. Then there
exists a Cartier divisor D on X such that O (D) is isomorphic to L.
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Proof. Let {U;} be an affine open cover of X and let f;; € Ox(U;;)* be
transition functions for £. Since X is a variety, each coordinate ring Ox (U;;)
is a domain, contained in the function field R(X) = R(U) for any open subset
U # (). Fix an index ig, and write it 0 for short. Set f; = fio. It is clear
that ({U;}), f;) defines a Cartier divisor D. Furthermore, the associated line
bundle O(D) is given by the transition functions f;f;* = fiofio ' = fij,
whence O(D) is isomorphic to L. O

6.11. Remark. The result above does not hold for arbitrary schemes, cf.
Hartshorne, “Ample subvarieties of algebraic varieties”, LNM 156 Springer-
Verlag (1970).

6.12. Let us recall briefly what are the local expressions of a section of a
vector bundle 7w : £ — X of rank e. Let {U;} be an affine open cover of X
endowed with trivializations, ¢; : &y, = 7 (U;) ~ U; x A". We have the
isomorphisms of trivial vector bundles,

QDZ'ng_l . Uij x A" e Ui]’ x A"
(ZL’,U) = (ZE,fl(I)U)

where f;; is a morphism from Uj;; into the general linear group GL,,. There
are cocycle relations,

fijfix = fir-
Let s : X — & be a section. The restriction sy, composed with ¢; can be
written in the form

©; sUj(x) = (x,sj(x)), for x € U;

where the row vector s; € Ox(U;)" is the local expression of s with respect
to the trivialization ¢;. Therefore, we may write for each x € U,

pipi H(r,55(x)) = pisu;(e)
= ¥ SUi('I)'

Hence, we get
fiij = S; in Ox(Uij)n, Vz,j (6123)

Conversely, given a collection of vectors s; € Ox(U;)" satisfying the above
compatibility relations, there exists a unique section s : X — £ associated
to the local data s;.
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6.13. Definition. Let s : X — & be a section of a vector bundle of
rank n. The scheme of zeros of s is the subscheme Z(s) of X with ideal
locally generated by the local expressions of s. We say that the section s is
regular if it admits, locally around each = € X, a local expression whose n
coordinates form a regular sequence in Ox .

6.14. Remark. If X is a locally Cohen-Macaulay scheme then the regularity
of a section s is equivalent to the requirement that each component of Z(s)
be of codimension n in X.

6.15. Proposition. Let L — X be a line bundle and let s : X — L be
a regular section. Then the scheme of zeros Z(s) is an effective Cartier
divisor whose associated line bundle is isomorphic to L. Conversely, if D is
an effective Cartier divisor such that O (D) is isomorphic to L, then there
exists a reqular section whose scheme of zeros is D.

Proof. Let {U;} be an affine open cover of X trivializing £ and let s; €
Ox(U;) be a local expression of s. By hypothesis, s; is a non zero divisor,
thereby defining an effective Cartier divisor D = ({U,}, s;). The transition
functions for O(D) are s; s, *. Now, if (f;;) are transition functions for £,
we have from (6.12.3)

S; = fiij in Ox<Uz])

Thus we may write fi; = s;5;, ' in Ox(U;j). We leave the converse for the
reader. O

6.16. Proposition. Let D be a Cartier divisor on X. Then O (D) is isomor-
phic to the trivial line bundle X x A' if and only if D is principal.

Proof. Assume O(D) trivial. Say D = ({U;}, f;). The transition functions
for O(D) are therefore the f;f;~!. The constant function 1 yields a section of
O(D) with local expressions (s;) with each s; invertible in Ox (U;). In view
of (6.12.3) we deduce

fz‘fj_ISj = S; iIl OX(Uij)*-

Hence we have
fiSi_l = ijj_l il’l R(UU>
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This last relation means that there exists an f € R(X) such that
fifl = S; in OX(Uij)* Q R(UJ V1.

According to (6.1.1), we have D = ({U;},s;) = ({X}, f). The converse is
easy. ]

6.17. Corollary. Let D,D’" be Cartier divisors. If O(D) and O(D’) are
isomorphic line bundles then the associated cycles [D],[D'] are rationally
equivalent.

Proof. If O(D) is isomorphic to O(D’) then O(D — D’) is the trivial line
bundle. It follows that [D]| — [D'] = [D — D'] = [r] for some r € R(X). [

6.18. Remark. Two Cartier divisors are said to be linearly equivalent if
they differ by a principal Cartier divisor. The previous result can now be
restated thus: linear equivalence of divisors implies rational equivalence of
the corresponding cycles.

6.19. Example. Let X be the projective plane curve zy? — 2% . For any

point P in X there exists a function » € R(X) such that [r] = P — O, with
O=10,0,1]. Indeed, let F be a homogeneous polynomial defining the line
OP and let r = £. Tt can be checked that [r] = P + 20 — 30. Let D
be the Cartier divisor with local equations f; = xi_y on the open subset
U =X\{O}and fa=10n Uy = X \ {[1,1,1],[0,1,0]}. It can be checked
that D is not principal. Nevertheless, we do have [D] = [0,1,0] — [1, 1, 1],
which lies in RoX (cf. Hartshorne p. 142).

Let P(X) denote the subgroup of CDiv(X) formed by the principal
Cartier divisors. We have a natural homomorphism,

CDiv (X) /P(X) —= A,_1(X).

It can be shown to be injective (resp. surjective) if X is a normal (resp.
locally factorial) variety.

6.20. Definition. (1st Chern class) Let £ — X be a line bundle and let
V' be a subvariety of X. Let C' be a Cartier divisor in V' such that O(C) is
isomorphic to the restriction £y (cf.6.10). We define

a(L)NV =[C] inA(V).
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The ambiguity for the choice of C' in fact vanishes modulo R,V (by 6.17).
Recalling the natural homomorphism A (V) — A (X), we may define the
1st Chern class operator,

C1(£) . C*X I .A* (X)
2=y miV; + ——  c(L)Nz:=> mic(L)NV;.

(c1(L) Nz is read ¢ (L) “cap” z, from topology’s cap product.)

It follows from 6.17 that if £, £’ are isomorphic line bundles then we have

C1 (,C) = C (,C/)

6.21. Definition. Let D be a Cartier divisor on a scheme X and let V' be
a subvariety of dimension k. We define the intersection class of V' by D as

6.22. Remark. If V C |D|, the class defined just above is computed as
in the above definition 6.20. Now, if V' ¢ |D|, then local equations of D
restrict to local equations of the Cartier divisor *D, where ¢ : V' — X is the
inclusion map. In this case, the class D -V is represented by a well defined
cycle with support contained in [D|NV.

For an arbitrary k—cycle z = > n;V;, we extend (6.21.4) by linearity,
setting

D-z=> nD-Vi inAi(]z[N[D)]). (6.22.5)
Thus we have defined a homomorphism of intersection by D,

D : GX ——= A (D))

i N a (6.22.6)

One might interpret the presence of the line bundle O(D) in the definition
of D-V as a a way of placing D in general position with respect to V. This is
indeed the case whenever the space of sections of O(D) is sufficiently ample,
so that, given finitely many subvarieties Vi,...,V;, there exists a section
s € H°(O(D)) such that the divisor Z(s) does not contain any V;, 1 < i < t.

6.23. Examples.(1) Let H C P" a hyperplane. Let V' C P" a subvariety.
Then we have

H-V=[HnNV] inA_(VAH) (k=dimV),
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whre H' denotes a hyperplane that does not contain V.

(2) Let D be an effective Cartier divisor on X and let ¢ : D < X be the
inclusion map. Then *O(D) is the normal bundle of D in X. If D is a
variety (see 77 for a generalization), we have the self intersection formula,

DD =c(*OD)N[D] in A(D).

If the normal bundle admits a nonzero global section, i.e., a normal field,
we may think of an infinitesimal motion of D along the normal flow to the
position D’. The formula above can be interpreted as a relation between
D N D' and the zeros of the section of the normal bundle.

(2) Let C' be a smooth curve. Put X = C x C and let i : C' — X be the
diagonal embedding. The normal bundle of C' in X can be identified to the
tangent bundle T'C'. For projective C' we may calculate

/ a(TC) N [C) =2 - 2,

where g denotes the genus of C. Indeed, if D is a canonical divisor on C', the
corresponding line bundle O¢(D) is equal to the cotangent bundle (7°C')*.
Recalling that the degree of the canonical class is 2g — 2, the formula above
follows. In particular, if C' = P!, we have TP! = Opi(2). The formula
[ a(TP') N [P'] = 2 means that every tangent field (£0) vanishes at two
points (counted with multiplicity). This is in agreement with the well known
topological assertion for the sphere 5% = P¢.

Exercises
27. Show that the support of a Cartier divisor is closed.

28. Verify the assertions of the examples.
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29. Let A — A’ be a flat homomorphism of rings.

(i) Show that if a € A is a nonzero divisor (nzd) so remains its image in A’.
Deduce the existence of a natural induced homomorphism of total rings of

fractions R(A) — R(A’).

(ii) Show that if f : X’ — X is a flat morphism of schemes and D is a
Cartier divisor on X, then there exists a well defined Cartier divisor D’ on
X' satisfying the following requirement. If U = Spec(A), U’ = Spec (A’)
are affine open subsets such that f(U’) C U and r € R = R(A) is a local
equation of D on U then f*r € R’ is a local equation of D’ on U’, where
f**R— Risasin (i).

(iii) Show that f*Ox(D) is isomorphic to Ox/(D’).

30. Let D, D' be Cartier divisors on X. Show that O(D)® O(D') is isomor-
phic to O(D + D’). Deduce that D —— O(D) gives a homomorphism from
CDiv (X) /P(X) in Pic(X), the Picard group of isomorphism classes of line
bundles on X.
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The first Chern class




Chapter 7

Elementary properties of the
first Chern class

7.1. Proposition. The operator first Chern class satisfies the following.

(1) (Normalization) Let X be a scheme of pure dimension n and let
D be a Cartier divisor on X. Then we have

a(Ox(D)N[X]=[D] in A (X). (7.1.1)

(2) (Additivity) Let £, M be line bundles on X. Then we have
a(LdM)=ci (L) +cr(M).

(3) (Naturality) Let f : X' — X be a flat morphism. Then, for each
cycle z € A, (X) and for any line bundle L on X, we have

FlaL)nz) =a(f*L)Nnfz in AX). (7.1.2)

(4) (Projection formula) Let p : X' — X be a proper morphism.
Then, for each cycle 2" € A (X') and for any line bundle L on X, we
have

pe(cl(PL)NZ)=c(L)Np(2) in  A(X). (7.1.3)

Proof. (1) Note that if X is a variety, the formula is but the very definition
of the first Chern class 6.20. For the general case, let Xi,...,X; be the
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irreducible components of X. Write [X] = > m;[X;] with m; = multiplicity
of X along X; (cf. 1.3). Let D; be the restriction of D to X; as in 6.22. Pick
a subvariety V' of codimension one and set for short A = Ox . Let a,b € A
be nonzero divisors such that r = a/b is a local equation of D in A, i.e., at
the generic point of V' (see 6.2.1). The coefficient of V' in the cycle [D] is
Ca(A/{a)) — L4(A/(b)). Let P; be the minimal prime of A corresponding to
the component X;. Write A; = A/P; and a; = a+ P, for the residue class and
likewise for b. Thus, a;/b; is a local equation for D; in A;. It follows that the
coefficient of V' in [D;] is equal to €4,(A;/{a;)) — €4,(A;/(b;)). Recalling that
the left hand side in (7.1.1) is, by definition, > m;[D;], the asserted formula
follows from the lemma 4.9 (3).

(2) The assertion is clear from the definition in view of 6.2.3, p. 36.

(3) As usual, we may assume z = [V] for some variety V', and in fact, we
may as well suppose X = V. Thus, we have £ = Ox (D) for a Cartier divisor
D. Therefore, we have f*£ = Ox/(f*D). Now the assertion follows from the
following equality of cycles on X',

(*) fID] = [f*D].

It has already been verified for D effective (cf.4.4). For the general case,
fix a subvariety W/ C X’ of codimension one occurring in either member
of (x). By definition, W’ is a component of f~'W for some subvariety W
of codimension one in X. If we replace X by an affine neighborhood of the
generic point of W we loose no information regarding data contributing to the
coefficients. Thus we may assume D is principal and write it as a difference
of two effective Cartier divisors, in which case () is clear.

(4) Note first that the formula is an immediate consequence of the definitions
in the case when p is the inclusion of a subvariety X’ C X. For the general
case, we may assume z = [X'], with X’ a variety and replace X by p(X’),
also a variety. Now we have £ = Ox(D) for some Cartier divisor D on X.
The projection formula follows from the following version, valid at the cycle
level,

p«[p* D] = deg(p)[D] in C.X. (7.1.4)

As in the proof of (3), the verification is local on X, around the generic
point of subvarieties of codimension one. Thus, we may assume D principal,
say with equation r € R(X). Write d = deg(p). If d = 0, we have that
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dim X’ > dim X. Hence all fibers of p are positive dimensional. Therefore p
shrinks the dimension of any component of p~ 'V for any subvariety V C X,
so that we get trivially zero on both sides of (7.1.4). Assuming d > 0 we may

write
plpr] = [ (by (3.9.4))
= dlr],

as desired. O

7.2. Remark. The hypothesis of pure dimension is essential in (7.1.1),
cf. exercise 36.

Exercises

31. Let D, E be Cartier divisors on a scheme X. Show that for any z € C,. X,
we have

(D+E)-z=D-z2+FE-z in A 1((|[D|U|E])N|z|).

32. Let f : X' — X be a flat morphism of relative dimension n and let
D € CDiv(X). Given z € G X, set Z = |D|N|z|, Z' = f~'Z and let
g : Z' — Z be the induced map. Show that

g (D-2)=fD-f*z in Aprn1(Z2").

33. Let p : X’ — X be a proper map and let D be a Cartier divisor on X

such that p* D is defined (cf. 6.2./). Pick 2’ € C, X’ and put Z’ = p~1|D|N|7/|,

Z = |D| N |psz|. Let p' : Z' — Z be the induced map. Show that
p.(p*D-2") =D -p.z in Ay_1(2).

34. Let D be a Cartier divisor on a scheme X. Suppose there exists an open
subset U of X such that |D| C U and the restriction Dy is principal. Let V
be a subvariety of dimension k. Define the cycle in Cy_1|D)|
B 0 if Vc|D|
b-v= [*D] if V¢I|D|,i:V < X.
Show that the class of D-V in A;_;(|D|) is the same as the intersection class
defined in (6.21.4).

35. Let X C A3 be the surface y = zz and let D = Z(y), D' = Z(y — z).
Compute both D - [D'] and D’ - [D] in Co(|D| N |D’|) using the recipe of the
previous exercise.
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36. Let X = V() C P3 with I = (zz,zy). Let D be defined by x = z.
Show that D is a Cartier divisor on X. Compute [D]. Compare with (7.1.1).
Repeat for I = (22, zz, zy, xy), D ==y = .
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Commutativity

A nagging aspect of the construction of the intersection cycle D - z of a cycle
by a Cartier divisor is the lack of symmetry between the roles of D and z (cf.
exercise 35). The cornerstone towards the definition of an intersection class
by cycles of codimension > 1, and in fact, for the construction of the Chow
ring, is the following important result.

8.1. Theorem. Let X be a variety and let D, D’ be Cartier divisors on X.

Then we have
(%) D-[D']=D"-[D] in A, o(|D|N|D']), (n=dimX).

Proof. The argument will be split into several steps, successively weakening
appropriate additional hypotheses.

(1) Assume X is normal and D, D’ are effective and intersect properly,
i.e., without common components.

Recall that presently, D - [D’], D" - [D] are defined as cycles, not just classes
(6.22). Let W be a subvariety of codimension two in X and set B = Ox w .
Thus B is a normal domain of dimension two, hence Cohen-Macaulay. Let
a,b € B be local equations of D, D’ respectively. The ideal I = (a,b) defines
the intersection of D and D’ in a neighborhood of the generic point of W. If
it is equal to B then W is not in the support of | D|N|D’| and the coefficient of
W in both sides of (x) is zero. If I # B, then B/ is artinian because [ is not
contained in any prime of height one. Since B is Cohen-Macaulay, it follows
that a is a nonzero divisor modulo b (cp. exc (37), p.58). The subvarieties V'
of codimension one in X which contain W correspond to the prime ideals,
P, of height one in B. The coefficient of any such V in the cycle [D'] is
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(g, (Bp/bBp). The coefficient of W in D -V is {g,p (B/ (P + aB)). At last,
the coefficient of W in D - [D'] is equal to

> s, (Bp/bBp)lpp (B/ (P +aB)) (8.1.1)

Employing (4.9) with M = B/bB =: A, we recognize (8.1.1) as the quantitiy
e(a,A) = Lla(A/aA)
since ,M = 0 because a is a nonzero divisor modulo b. Recalling that
la(A/aA) = lp(B/(a,b))

it follows at once that (8.1.1) also matches the coefficient of W in D’ - [D].
(2) Assume D, D" are effective and meet properly.
Let f: X’ — X be the normalization of X. By the first step, we have

fD-[fD]=fD-[fD].
Applying f,, we get from the projection formula,
D-flf*D] = D' flf*D]
D -|[D’] D’ | |[D]
(3) Assume D, D" are effective.

The plan now is to blowup the excess part of D N D" and reduce to the
previous case. We define the excess of the intersection of D, D" as the integer

e(D,D") = max {ord(D)ord (D) |V C X}

for all subvarieties V' of codimension one in X.

We clearly have e(D, D) > 0, with equality holding only if D, D’ meet
properly. We shall proceed by induction on the excess. In order to be able
to cut it down we will need the following.

8.2. Lemma. Let X be a variety and let D, D’ be effective Cartier divisors
Let Z = DN D' denote their scheme intersection. Let p : X' — X denote
the blowup along Z and set E = p1Z. Then the following assertions hold.
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(iv) p"D = E+ C, p*D' = E + ', with C,C" denoting disjoint effective
Cartier divisors such that the restriction of p to C (resp. C') is an isomor-
phism onto a closed subscheme of D (resp. D’).

(v) If e(D,D’) = € > 0 then e(C, E) and e(C', E) are both strictly smaller
than ¢.

Proof. (i) Recall at first some facts about the blowup. Let U = Spec (A)
be an open affine subset of X and let a,b € A denote local equations for
D, D’ so that the local ideal of the scheme intersection Z is I = (a,b). For
each ¢ € I put

(I)o = {d/c"|d € I", n > 0},

subring of the ring of fractions ( @ I™).. Then the affine schemes

n

Uz = Spec ((1e)o)

provides us with an affine open cover for U’ = p U as c varies through a set
of generators of I (e.g., {a,b}). We may write

in (IC)Q.

a
C

=10

In the above expression, { (resp. {) is a local equation for p*D (resp. E) in
(Ic)o. It follows that ¢ gives a local equation for an effective Cartier divisor
C such that p*D = E+ C'. Similarly, IZ) works for C” so that. p*D’ = E+C".

Furthermore, a relation of the form ¢ = ax + by in A implies

: % in (L)o.

1=2
C

SR~

.
1

This shows that C' and C" are disjoint. Setting ¢ = a, we see that C' N U is
empty, so that C N U’ = C N U]. The local equation for C' is a/b. We have
the following commutative diagram of coordinate rings induced by p,

A (Iy)o

]

A/CLA *ﬂ-» (Ib)()/%(]b)o‘
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The bottom map denoted by 7 in the above diagram corresponds to the
restricition of p to C'NUJ. Let us check that 7 is surjective. Pick x € I™. We
may write x = F(a,b) for some homogeneous polynomial F(x,y) = agz" +
arz" 'y -+ + a,y™ with coefficients a; € A. We then have z/b" = F(a/b,1)
in (Iy)o. Since F(a/b,1) = a, mod {(I})o, it follows that 7 is surjective.
Hence pi¢ : €' — X is a closed imbedding. This proves the final assertion in
(i).

(ii) Say ¢’ := e(C,E) > e(D,D’) = ¢ > 0. Let V' be a subvariety of
codimension one of X’ for which

holds. Since we have V' C O its image V = p(V’) is a subvariety of D of

codimension 1 in X because pjc : C AN p(C). On the other hand, we
have (by (7.1.4))

This implies
ord (D) > ordy,(C + E)

and likewise for D’. Now we may compute,

e > ordy(D)ordy(D") > ord,,(C + E)ord,.(C' + E)
> ¢(C,E)+ (ordy.(E))? > €.
The last inequality is strict because ord,,(£) > 0. This contradicts the
assumption ¢’ > e.

Let us proceed with the proof of the theorem 8.1 with the assumptions as
in step 3 on p.52. We are given effective Cartier divisors D, D’ with positive
excess intersection. Write

v (IDIN D) — [DIN|D|
for the map induced by p. Using the exercise 33 we may write

D-[D'] = p,(p*D-[p*D) in A,_(|D|N|D'))
= p,((C+E)-[C"+ E])
= P (C-[E]+E-[C']+ E-[E])

(by induction on the excess)

= PL(E-[C]+C-[E]+ E-[E])
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(reverting the previous calculation)

- D'-[D]

(3) The general case.

Let U = Spec (A) be an affine open subset of X where both D, D’ have
local equations a,b € R(X). Let

Z(U)={d € Al|da,db € A}.

It can easily be checked that this recipe defines a sheaf of ideals on X,
associated to a closed subscheme Z C X. If Z = X then D, D’ are effective.
If Z+# X, let p: X’ — X be the blowup along Z. A local argument similar
to that at the beginning of the proof of lemma 8.2 shows that the Cartier
divisors,
C=p'D+FE and C'"=p*D'+ F

are both effective. The argument may now be completed by reduction to the
previous case and performing a calculation similar to the one made there. [J

8.3. Corollary. Let Lbe a line bundle over a scheme X. If z is a cycle
rationally equivalent to zero on X then,

ca(LNz=0 in A(X).
Hence, the first Chern class induces an operator, still denoted
a(l: A(X) — A(X)
which takes classes of k-cycles to classes of k—1-cycles.
Proof. We may assume z = [r], the divisor of some rational function r €
R(V') for some subvariety V' C X. Let D be a Cartier divisor associated to

Ly (cf.6.10) and let D’ be the principal Cartier divisor defined by . We
then have,

a(L)ynz = D-[D] in A, (|D|N|D')
= D' -[D] (by 8.1)
= ¢ (Oy)N[D]=0 in A(|D])
since O(D’) = Oy, the trivial line bundle. O

Essentially the same argument also gives the following variant.
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8.4. Corollary. Let D be a Cartier divisor on a scheme X. The homomor-
phism given by intersecting with D (cf.6.21.4) passes to the quotient under
rational equivalence thereby inducing,

D : A(X) — A1 (|D)).
[
8.5. Warning! If D is principal, even though we certainly have that D-z = 0
holds in A, (X), it may well happen that D -z be non zero in A, (]D|). Check

for instance in the example 2 = X = A', D = {0} (a single point).

8.6. Corollary. Leti: D — X be the inclusion map of an effective Cartier
divisor. Then, for each cycle z € A, (D) we have

D-z=c (*O(D))Nz in A(D).
[

Once we know that ¢; defines operators on A, (X), we may compose them.
The following is an easy consequence.

8.7. Corollary. Let L M be line bundles over a scheme X. We have, for
all z € Ap(X),

alL)Nn(ccM)nNz)=ci(M)N(ci(L)Nz) in Ap_o(X).
[
This last result enables us to define new operators by taking polynomi-
als on the Chern classes of line bundles Ly, ..., L,. More precisely, given
P(ty,...,ty) € Z[t1,...,t,], we may take P(c1(Ly),...,c1(L,)) as an opera-
tor on A, (X).

8.8. Corollary. Let X C P" be a closed subscheme of pure dimension k and
degree d (cf.5.4). Put h = ¢;O(1). Then we have

d=h"n[X].
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Proof. The assertion follows from the formulas
(X] = dh"Fn [P in A (P™);
hN [P = [P in A;_1(P").
O

We shall end this section giving a proof for the agreement of the degree
a la Hilbert-Samuel with the one introduced in (5.4).

8.9. Proposition. Let X be a subscheme of P of pure dimension m> 0.

Let
S(X) =P S(X):

be the homogeneous coordinate ring of X. Let
tm

dimg S(X)y=d— +--- ,t >0,
m)!

be the Hilbert-Samuel function of S(X). Put h = c;O(1). Then we have
[(X]=dhr" ™ N[P"] in A, (P"),

i.e., d times the class of a subspace of dimension m.

Proof. We argue by induction on m = dim X. We should recall that the

coefficient d = d,,,(X), which is the degree a la Hilbert-Samuel, satisfies the
following properties (cf. [20] p.52-53):

(1) If Xy, ..., X, denote the irreducible components of X with respective
multiplicities pq, ..., fy, then

dn(X) = i (X5).

(2) If m > 0 and H denotes a hyperplane that does not contain any
irreducible component of X, then

For the reader’s convenience we sketch a proof. Noetherian induction as
in (3.4),p. 11 shows that there exists a filtration

S(X)=M">---DM'>M°=0
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by graded S—submodules, with S = K[to, . ..,t,], such that
M' /M ~ (S/P;)(n;)

for suitable homogeneous primes P; C S and integers n;. The minimal ele-
ments amongst the F;’s are the ideals of corresponding X;’s. Moreover, the
number of times that each minimal prime P occurs is equal to the length of
S(X)p as Sp—module. Indeed, it suffices to notice that (S/P;)p = 0 if and
only if P # P,. Well, the same thing holds for the localization in degree zero,
(S/P;)p, formed by all fractions with numerator and denominator of like
degree. Thus, that length coincides with the length f1; of S(X)(p), since the
latter ring is the local ring of X along the X corresponding to P. Recall-
ing that, for ¢ > 0, dimg ((S/F;) (n;)), is a polinomial in ¢ of degree equal
to the dimension of the projective variety defined by P;, it follows that the
leading coefficient d,,(X)/m! is the sum of the d,,(X;)/m!, each one of these
occurring p; times.

Exercises

37. This exercise shows that the argument at the beginning of the proof
of the theorem §&.1 fails in the absence of normality. Take a projection of
the quartic normal curve of P* to P3, say given by the parametrization
[u,v] — [v*uvd wdv,ut],€ P3. Let A be the local ring at the vertex of
the corresponding cone in A*. Set a = v*, b = u* € A. Then A/{a,b) is
artinian but a, b is not a regular sequence in A.

ring r=0,(x(0..3)),dp;ring rr=0, (x(0..3),s,t),dp;

def qg=ideal(s,t); 9=q"4;q; q= ideal(q[1..2],q[4..51);q;
for(i=1;i<=4;i++){qlil=q[i]-x(i-1);}g=eliminate(q,st);
setring r;imapall(rr);q=std(q);q;def gx=std(gq+x(0));qx;
dim(gx); quotient(gx,x(3));

reduce(_,qx); def gxl=std(gqx+x(3));qxl;

dim(_);
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The Chern classes

Let f: E — X be a vector bundle of rank e. We shall define Segre classes
si(E) and Chern classes ¢;(F) (i = 0,1,...) as homogeneous operators of
degree —i acting on the Chow group A,(X), i.e., the image of A(X) lies in
Ap—i(X).

The construction will strongly rely on the structure of the Chow group
of the associated projective bundle p : P (E) — X.

9.1. We recall briefly some basic properties of the projective bundle asso-
ciated to a vector bundle. If U C X is an open subset such that Ey =
FHU) = U x A°, we have

P(E), =p '(U)~UxP° (withe=e—1).

In particular, it follows that p is proper and flat (of relative dimension r).
The vector bundle p*E admits a tautological subbundle of rank one, written
Og(—1) (or simply O(—1) if no confusion is possible). For a point t € P (E)
put = p(t). Then t lies in the fiber P (E,) ~ P¢. The fiber of Op(—1) at ¢
is precisely the one dimensional subspace of E, that ¢ represents. The dual
line bundle Og(—1)* is denoted Og(1), and is also called the tautological
quotient line bundle of p*E*

Given a map g : X’ — X, write E' := ¢g*E. Form the cartesian diagram,

p/l lp (9.1.1)
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We have
(¢)Or(1) = Op/(1). (9.1.2)

9.2. Definition. For each cycle z € Ay (X) we set
si(B) Nz =, (e (05 ()T Np'z) € Ay i(X),
Note that p*z lies in A1 (P (F)). Hence, letting ¢; (Op (1)) act € + i times
on p*z lands in Aj_;(X).
The operator s;(E) thus defined is called the i—th Segre class of the

vector bundle F.

9.3. Remark. For a nonsingular variety X, the group A,(X) is endowed
with a product (cf. 13.14). In this case, the operator s;(E) coincides with the
multiplication by the cycle class s;(E) N [X] (cf. 13.15(3)).

9.4. Proposition. We have the following properties of the Segre class.

(1) so(E) = 1 (= identity operator) and s;(E) = 0 for i < 0 and for
¢ > dim X.

(2) (naturality) If g : X’ — X is a flat map and z € A (X) then

si(PE)Ng'z=g"(si (E)Nz).

(3) (projection formula) If g : X' — X is proper and z' € A, (X') then

g« (si (¢FEYNZ') = s; (E) N g2

(4) (commutativity) If E, F' are vector bundles over X and z € A, (X)
then

si(E)Ns;(F)Nz=s;(F)Ns;(E)N -z
(5) (normalization) If E is a line bundle then

Sl(E) = —C (E)

(cf. (9.5.3), p. 63 for higher rank).
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Proof. We write for short

e=e—1.

(1) Let V' C X be a subvariety of dimension k. By (3) we have that s;(E)NV
comes from Ag_;(V'). This group is zero for i < 0 and is equal to ZV for
i = 0. Thus so(E) NV = mV for some m € Z. In order to find m, we
apply (2) to the inclusion map U < V of an open subset trivializing £. Now
assuming F trivial we may write

c1(Op(1))N[Px V] =[H x V]
where H = P~! denotes a hyperplane. Iterating we find
so(EYNV = p, (c1(Op(1) NP x V]) =p [P’ x V] =V

whence m = 1.
(2) We may compute, with the notation as in 9.1.1, p. 59,

s(gB)Ngz = o (e (Op (1) Npg)

(9.1.2)
= 7. (e1 (905 (1) N gp2)
(7.1.2)
= Py (e (Op (1) 01p)
(prop. 4.7)

= J'Ps <01 (O (1)*' N p*Z)
= ¢ (s;(F)Nz).

The verification of (4) is similar, using now (7.1.3).
In order to prove (5) we consider the cartesian diagram

p

P(E)xxP(F) -2 P(F)

q’l Jq

P(E) — X
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Set ¢ = rank F. Using tools similar to the proof of (2) and (3), we may write

()N (F)nz = po (a0 (Op(1 ))“"ﬂp*% (e <‘9F(1”W“q*z>>
= 1 (@ (O ()T g (@ (OF (1)) Ng2) )
= p.(a (0501 >>€“mq*( v <1>>“”“ﬂp’* =)
— <c (¢*Or (1)) N ( Op (1))7% ﬂp’*q*2>>

(by 8.7) ( ( >>

= apl (e (000 (1) 1 )N
= (Cl (Op (1) mp’ N ( ™ ma*z))
= s;(F)Ns(E)Nz.

This completes the verification of (4).
(5) The formula results from the fact that
p:P(E) = X and p*E* — Og(1)
are isomorphisms. Indeed, for z € A,(X) we have

si(B)Nz = pu(e(Op (1)) Np2)
= px(a (pPEY) Np*z)
= pp*(a (E7)N2)
= —¢(E)Nz.
[

9.5. Definition. Let £ — X be a vector bundle. We define the total
Segre class of F as

S(E) = 50(E) + s1(E) +--- =Y _si(E).

Knowing already that so(E) = 1 and that the operators s;(E), s;(E) with
1,7 > 0 are nilpotent and commute, it follows that the operator total Segre

class s(F) is invertible in the ring of endomorphisms of A, (X). Thus we may
define the total Chern class of £ by

We may write
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decomposition into homogeneous components, so that
It follows from the definition that we have the identities,

CO(E) - 17
Cl(E) = —Sl(E), (953)
> Si—kcr =0, for 7> 1.

We may compute, for ¢+ > 2, the determinant

S1 S2 83 - Si—1 S5
I 81 82 -+ Sig Si1

c=(-1)"] 0 1 s -+ si3 sig|. (9.5.4)
o 0 o0 -- 1 S1

9.6. Remark. It is clear that the Chern classes satisfy properties similar to
those listed in prop. 9.4, p. 60.

More of a surprise and quite central are the following next two properties.
9.7. Proposition. (1) Let E—X be a vector bundle of rank e. Then
¢i(E)=0Vi>e.

(2) Let
E E E"

be an exact sequence of vector bundles. Then we have
(additivity) c¢(E) =c(E")c(E")
i.e., for each m,

en(E) = Y a(E)e(E").

i+j=m

Proof. The argument for both assertions is by reduction to the case of line
bundles. The technique employed is known by the name of
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9.8. Proposition. (The splitting principle.) Let (E;) be a finite family
of vector bundles over X. Then there exists a flat map f : X' — X such that

(1) the induced homomorphism f*: A (X) — A (X') is injective;
(2) each f*E; admits a filtration by vector subbundles

Efi=0C---CE! C E) = f*F,

. . _ . L
whose successive quotients are line bundles, L] = E!™"/E}.

Proof of the splitting principle. Let be given just one vector bundle
E. Let p : P(E) — X be the associated projective bundle. We have the
tautological exact sequence,

OE(—1> p*E F.

Furthermore, the map
P A(X) — A(B(B))
is injective. Indeed, setting ¢ = rank £ — 1, we have for any z € A, (X),
z2=380(F)Nz=p,(c; (Op(1) Np*z).

By induction on the rank of E, there exists a flat map ¢ : X’ — P (E) such
that ¢*F' admits a filtration as stated and with ¢* injective. Composing with
p, we have shown the assertions for the case of just one vector bundle. The
general case follows at once. [l

As a first application of the splitting principle, we have the following
important step towards the proof of 9.7 which is also of independent interest.

9.9. Lemma. Let E be a vector bundle endowed with a filtration E = E©) >
-+ D E® = 0 with successive line bundle quotients LU) = EU—V/EW) - Pyt
A= c1(LY) and define

o = ch(L(j))’
o2 = Zi<jcl(L(i))cl(L(j))a

O’e = Cl(L(l))"'Cl(L(e)>,
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the elementary symmetric functions. Then we have
e

(1) If E admits a section s which is nowhere zero then ] (c1(LW)) = 0.

1
@ (8 = 1T (L alz), i, oz = { 7 et i=h o

Proof. (1)LetV C X be a subvariety. We must show that []¢;(LY)NV =
0. Using the projection formula (7.1.3) for the inclusion map of V' in X, we
may as well assume V' = X. We form the diagram of maps of vector bundles

Ox \ (9.9.5)
r_ W E I

Let W be the scheme of zeros of s'. If W = X then the section s fac-
tors as indicated by the dotted arrow. By induction on the rank, we find
cl(L®) .- ¢ (L) = 0. So we may now assume W is an effective Cartier
divisor. Therefore, we have ¢;(L)) N [X] = [W] in A, (X) cf. (6.20),p. 42.
If W is empty then ¢;(LM) N[X] = 0 and we are done. Else, let i : W — X
denote the inclusion map. Restricting the diagram above to W, we have
i*s’ = 0, hence i*s induces a section s of F' as indicated by the dotted
arrow. By induction on the rank of F we may write

[[aGL9) =o0.
2

Hence we have

€ €

[[a@)nx] = (J[a@9) 0 (a(@) n[X])
= (JJer(9) ni[w]
(by 7.1.3,p. 47) 2

= i (J[Ja@LY)n[W]) = 0.



66 The Chern classes

We may now prove (2). Look at the projective bundle p : P(E) — X.
The tautological line subbundle Og(—1)>—— p*FE yields a nowhere zero
section of p*F ® Og(1). Thus, writing h = ¢,0p(1),\; = c1(p*LY) and
using (1) we may compute

e

0 = Hcl(pL ® Og(1))

1
e

= [[(n+X) (9.9.6)
1

= Zh’”*ka,;,
1

where o7 denotes the kth elementary symmetric function on the A}, Mul-
tiplying by h*! with ¢ > 1, ¢ = e — 1 and applying p,, we find for any
z € A (X),

0= Zp*(heﬂ"ka;gﬂp 2z Zp* (R Fp* (o N 2)) ZS’ K(E)or, N z.

Comparing with (9.5.3), p. 63, the result follows easily. [
We may put the pieces together and finish the

Proof of 9.7. By the splitting principle, in order to prove the statement
(1) in 9.7 we may assume E admits a filtration as in 9.9. Therefore, we find
¢i(E) =0 for all ¢ > rank £. Finally, for the proof of 9.7(2), we may build
a filtration for F joining filtrations of £’ and E”. The formula of additivity
results from the calculation of ¢(E’), ¢(E") and ¢(FE) using 9.9(2). O

The splitting principle may be rephrased roughly as follows: in order
to prove formulas involving Chern classes of vector bundles FEy, ..., E,, it
suffices to prove it whenever each Fj; is a direct sum of line bundles. In fact,
we have the following.

9.10. Proposition. Let E1, ..., E, be vector bundles over a scheme X. Then
there exists a flat map f : X' — X of some relative dimension m such that
[ AdX) = A (X') is injective and there are line bundles L;; such that
c(f*E;) = c(®L;,) foreachi=1,...,n

Proof. The assertion follows easily from prop. 9.7 (p.63) together with 9.8
and 9.9. O]
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The key to many interesting geometrical applications of Chern classes is
the following generalization of (7.1.1) and of 9.9(1).

9.11. Proposition. Let E be a vector bundle of rank e over a scheme X of
pure dimension n. Let s be a reqular section of E (see6.13). Then

c(E) N [X] = [2(5)] in An_o(X).

Proof. For e = 1 the formula is a special case of (7.1.1). Assume now
e > 2. By the splitting principle, we may pick a flat map f : X’ — X of
some relative dimension m such that f*: A,(X) — A,(X’) is injective and
f*F fits into an exact sequence of vector bundles,

FHf*EHL

with rank L = 1. The section f*s induces a section s’ of L and both are
regular. Let i : Z(s’) < X’ be the inclusion map. The restriction i* f*s over
Z(s") factors through a section s of i*F' as in (9.9.5) which is also regular.
By induction, we have

e (FF) N[Z(S)] = [2(5)] in An_o(2(5)).

Note that we have Z(3) = Z(f*s) = f1Z(s). Write g : Z(3) — Z(s) for
the (flat) map induced by f. Let j : Z(5) — Z(s') and k : Z(s) — X be the

inclusion maps. We have

FRZ(s)] = ijeg’[2(s)]
(by4.4,4.7)

- Z*j*[z(g)]

= Qe (FF)N[Z(S)]

(by induction)

(by 7.1.3)
= e (F)Na(L)X]
(9.7(2))
= c(f[*E)N f1X]
(7.1.2)

= [ (c(BE)N[X]).

Since f* is injective, the verification is complete. m
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9.12. Example. Let E F (@ be an exact sequence of vector
bundles over a pure dimensional scheme X. Write p : P(F) — X for the
structure map. Study the diagram of natural vector bundle homomorphisms,

Op(-1)

(_
F PQ-
It yields a section s of p*@Q ® Op(1). The scheme of zeros of s is equal to

P(E) C P(F). Restricting to an open subset where the bundles become
trivial, it can be seen that s is regular. Therefore we have

p*E

[P(E)] = ¢ (prQ © Op(1)) N [P (F)]

in A, (P (F)), with r = rank Q.
For instance, if X is just a point, we retrieve the class of a subprojective
space P"" C P as ¢,.(O(1)%") N [P"] = ¢1(O(1))" N [P™].

We end this chapter giving a characterization of Chern classes.

9.13. Proposition. The Chern classes operators are uniquely determined
by the following requirements:

(1) (normalization) If L is a line bundle over a variety X and D is Cartier
divisor such that O(D) ~ L, then

(2) (projection formula) If p : X' — X is a proper map and E is a vector
bundle over X, then for each i we have

P (i (PP EYNZ) = ¢;(E)Np2' Ve A(X).

(3) (naturality) If f : X' — X s flat of some relative dimension and E is a
vector bundle over X, then for each i we have

ffla(B)Nnz)=c¢(ffE)N ff2Vze A(X).
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Proof. The splitting principle 9.8 together with property (3) above and
additivity 9.7 reduce the verification to the case of line bundles. This case
is covered by the recipe (1). Since 9.7 depends only on (1),(2) and (3) just
above, the uniqueness follows readily.

O

Exercises
38. Compute the total Segre class s (Opn(1)).

39. With the notation as in 9.9, show that any symmetric polynomial on
the Chern classes of L™, ... L) can be expressed as a polynomial on the
Chern classes of E. In particular, find a formula for Y ¢;(L9)? in terms of
the ¢;(E).

40. Let L,Ly,...,L. be line bundles and put £ = L; & --- & L. (i)
Compute ¢(E ® L) in terms of ¢1(L) and ¢, (F). (ii) Show that the second

symmetric power S2E is isomorphic to @ L; ® L;. (iii) Use the previous
i<j

item to express ¢(SoF) in terms of ¢, (E). (iv) Show that A E is isomorphic

to L1 ® - - - L.. Deduce that cl(/c\ E) = ¢1(F) for any vector bundle of rank
e. (v) Show that ¢;(E*) = (—1)'c;(E) whereE* = dual of E.

41. Let E, F be vector bundles of rank 2. Compute ¢,(E ® F') in terms of
Ce(E), c(F).

42. Let E be a vector bundle of rank e endowed with a nowhere zero section.
Then c.(F) = 0.

43. Let X be a complete scheme. Let C' be an operator on A,(X) and pick
z € A(X). Write [C := [Cz, the degree of the zero cycle part of C'z

(cf.3.14.5). Now let E,F be vector bundles over complete varieties V, W
respectively. Show that

Jp e Brewn = ([em)( [ om)

where p, ¢ denote the projection maps from V x W.
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44. Let E be a vector bundle of rank e = ¢ + 1 and let L be a line bundle
over a scheme X. Let p: P(F) - X, q: P(E® L) — X be the structure
maps. Show that there exists an isomorphism i : P(F) ~ P(E ® L) such
that gi = p and *Oggr(1) = Op(1l) ® L*. Deduce the formula

(B0 1) = 31 (T By



Chapter 10

Computing some Chow groups

We describe in this chapter the Chow groups of vector bundles and of pro-
jective bundles. We also study the Grassmann bundles.

10.1. Proposition. Let f : E — X be a vector bundle of rank e = e+ 1 and
let p:P(FE) — X be the associated P*~bundle. Put h = ¢1(Og(1)). Then the

map

ap : @Ak—eﬂ-i(X) — A(P(E)) (10.1.1)

(a;) — > hNpta;.
s an isomorphism.
Proof. Assume at first £ = A%, the trivial bundle of rank e. Let
1P P and i Ay — P

denote the natural inclusions. Look at the excision exact sequence (5.1),

Ar(PE) = Ag(P) 2 A(A%)

A

.Aka(X)

Let us show that ap is surjective. Given z € Ag(P%), we have j*z = f*a
for some a € Ay_(X) by virtue of 5.2. Hence z — p*a = b for some
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be A (]P’E;l). By induction, we may write

e—1
b= Cl(O]pe—l(]_))i N q*az»

0

for suitable a; € A.(X), r = k — (e — 1) + 1, with ¢ = pi : P¢' — X the
structure map. Hence we get

e—1

z = prfa+ i %: c1(Ope-1(1))' N q*a;
e—1
= pra+ ; h' N g a;
= pa+ 2 hi N p*a;.

The last equality is justified by the following
10.1.1. Claim: g a=hNpa, Vae A (X).

Indeed, it suffices to verify the formula just stated for a = [V], class of a
subvariety. In this case, we have ¢*[V] = [¢7'V] = [P{']. The formula now
reads ¢, [P '] = h N [P, which follows from (7.1.1).

Back to the proof of the surjectivity of ag in the general case, we argue
by induction on m = dim X. If m = 0 then X = Spec (A) for some artinian
ring A. Since every locally free A—module of constant rank is free, it follows
that E is trivial. For the inductive step, we note that there exists an open
dense subscheme U C X such that Ey ~ Oepy. Indeed, let U C X be a
(non empty) open subscheme trivializing E. Suppose there is an irreducible
component X’ of X disjoint from U’. Take an open subscheme U” of X
contained in X' trivializing E. It is clear that U'UU” trivializes E. This way,
we eventually achieve U dense. Put Y = X \ U. Then we have dimY < m.
The diagram,

Ap(P (E)y) Ar(P (E)) A (Py)

ap,y ap aBy

@Ak—e-‘ri(y) @Ak—e—I—i (HD (E)) @Ak—e+i (]P)§]>



73

is commutative in view of the remark 9.6. Now ap, (resp. ag,) is surjec-
tive by induction (resp. by the previous case), thereby implying that agp is
surjective too.

For the proof of injectivity, suppose we have a relation

Zj: hiNp*a; = 0.
Applying p, and recalling 9.4 (1),(2), we find a. = 0. Multiplying by h and
repeating the argument, injectivity follows. O]

The next result is fundamental for the construction of intersection classes
for codimensions bigger than one.

10.2. Corollary. Let f: E — X be a vector bundle of rank e. Then
[P AR(X) —— Apse(E)

is an isomorphism for all k.

Proof. Put F = FE ® O. Consider the diagram,

J

E P(F) < P(E)

N
]\ gl A (10.2.2)

X

where j (resp. i) denotes the natural open (resp. closed) immersion. Pick
2 € Agie(F). There exists y € Agi(P (F)) such that z = j*y. Put

h = Cl(OF(]_))
Let us express y according to the recipe (10.1.1), namely,

Y=gTp +hN (¢ Tpp1 + - +FRTIN g rpye), with 2; € Ai(X).

Invoking (10.1.1), we see that the term AN (---) in the above expression can
be written as i,w for some w € A,(P(F)). Therefore, since j*i, = 0 (5.1),
we have j*y = j*g*x) = f*xp. This shows that f* is surjective. Finally, if
f*xr = 0 then g*x, = i,w = hNw' as above. Hence x;, = 0 in view of 10.1.1
applied to F. O

We list below some useful formulas for the inverse of f*.
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10.3. Corollary. Let V C X be a subscheme of pure dimension k and let
s:V — E be a section. We have

(Y 's V] = co(B)N[V] in Ap_n(V).

Proof. We may assume V = X. The formula now reads

s X] = frle(E)n[X])
= Ce(f*E>m[E]

in A (F). Well, s induces a section s of f*E =FE X E defined by
v (v,0 = s(f(e))).

One checks at once that s is regular and is zero precisely on s(X). The result
now follows from (9.11). O

10.4. Corollary. With the notation as in (10.2.2), let @ denote the tauto-
logical quotient of rank e of g*F. We have

g« (ce(Q) Ny) = () 5"y, for all y € A(P(F)).

Proof. As in the proof of (10.2), we may write
Y = g x +i,c.

On the other hand, by definition of () and using additivity of Chern classes,
we have

c(Q) = Z hice_i(g*E).
0
Therefore, using 9.4,

gx (ce(Q) Ng*z) = g, (KN g*z) = 2.

Now notice that if we restrict to P(E) C P (F') the tautological exact se-
quence of P (F'), we find the following diagram of vector bundles,

OE ( — 1) p*IE Yj
#Op(~1) PF 0
Apy = My
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wherefrom we deduce ¢, (i*Q) = 0. Hence, ¢ (Q)i*c = 0. Piecing it all
together, we finally get

9x (ce(Q) Ny) =z = (f*)'5*y.

We describe in the sequel the Chow group of a Grassmann bundle.
We recall that the Grassmann variety,

G = Grs(A°)

parameterizes the family of vector subspaces of dimension s of A®. Equiva-
lently, the points of G can be thought of as projective subspaces P$~! C e,

By construction, the variety G is endowed with a tautological vector
bundle

S={(W,w) € G xA°|we W},

subbundle of the trivial bundle G x A°.

The fiber Sy of S over a point W € (G is naturally identified to the
subspace of A" that W represents. In symbols,

Sw = W.

(Strictly speaking, we should write Sy = {W} x W C{W} x A®...)
More generally, let be given a vector bundle f : £ — X of rank e. Then
we have the Grassmann bundle

p:Gry(E) — X. (10.4.3)
If U C X is an open subset trivializing F, then we have
p H(U) ~ Gry(A®) x U.

We have likewise a tautological vector subbundle S of p*E. It fits into the
tautological exact sequence

Sp— p'E —> Qp. (10.4.4)

We write for short S = Sg, ) = Qg if no confusion is possible. The fiber
of S over a point y € Gry(FE) is the subspace of f~1(p(y)) that y represents.
The rank of S is of course s.

We also recall that the scheme structure of the Grassmann bundle is
characterized by the following universal property. Let g : ¥ — X be a
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morphism. Let h : Y — Grg(E) be a morphism such that ph = ¢ holds.
Then we get a vector subbundle of rank s of g*E, to wit, h*S>—— ¢*F.
The correspondence h — h*S is a functorial bijection onto the the set of
vector subbundles of rank s of g*F.

Y
gl \h
s {WS—— ¢*E}
X —  Gry(F)

p

10.5. Proposition. The Chow group A,(Gr(E)) is isomorphic to the quo-
tient of the group

(A.(X)) [a,b] := (A(X)) @ Z[a, b]

by the relation
ay - b, = ¢, (E). (10.5.5)

Here a := (ay,...,as), b:=(by,...,c.), (r =e —s) denote vectors of inde-
terminates and a, = 1+ay1+---+as, by = 1+by+-- -+ b, stand for operators
described below.

Sketch of proof. We start by making explicit the meaning of the statement!
The elements of the group (A,(X)) [a, b] are polynomials in a, b with coeffi-
cients in A, (X). We think of a,, b, ¢, = ¢(E) as operators on (A.(X)) [a, b]
in a most natural way: the a; and b; act by multiplying variables whereas
¢, operates on the coefficients. The a; will play in fact the role of ¢;(S) and
likewise for the b; vis-a-vis ¢;(Q).

The quotient of (A,(X))[a,b] modulo the relation a, - b, = ¢, means
modulo the subgroup generated by the images of the operators ¢, — > a;bg_;.

Having said all that, let us consider the homomorphism of groups,

0:(A(X))[a,b] —— A, (Grs(F)) (1056)
zal--oabbl — a(9)1 e (Q)r Np*a. -

We proceed to show that 6 is surjective and its kernel is equal to the
subgroup just described.
We notice at once that 8(ab—c) = 0 as we see from the relation (9.7)(2),

(7 E) = e(8)e(Q).
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We argue by induction on s.
The verification of the case s = 1 consists in comparing (10.1.1) with the
new recipe. In fact, (10.1.1) can be written in the form

(AN [+ et 4 e) - A(P(E)
>zt — > RiNp*z.
To see this, notice that now we have S = Og(—1), h = ¢,(S*) and
c(Q®S)=h+cth® 4 +c. =0
holds because rank @ = e — 1 (see also 9.9.6). The Euclidean division algo-
rithm allows us to write any element of (A,(X))[t] as a polynomial of degree

< e—1modulo t*+ ¢t ' +- - - +¢.. On the other hand, the relation (10.5.5)
now reads ¢, = by + by_1a1, (k=0,1,...). We have

(A*()X)[al,bl, RN ,br]/<b1 —|—&1 — Cl,bz + b1a1 — Co, .. .,bT + be,1@1 — Ce>

~ (A, (X))[a1, ba, . ... br]/(bg 4 (1 — an)ar — Cay ey b+ borar — )

~ (AX))ar] /(0 = eras™ + -4 (1)),
The isomorphisms are gotten by successively replacing

b1 — Cc1 — ai,
by —— 9 —aiby, etc...

Let us indicate briefly how the inductive step works, leaving the details
for the reader. Assuming e > 2, we construct the projective bundle

q:P(Sp) —— Gry(E).
Write the corresponding tautological exact sequence,

L——- q*SE > QSEa
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where L = Og(—1). We put it together with (10.4.4) thus obtaining the
fundamental diagram,

L Sk Qsy (10.5.7)
L ¢pE gT
T Qr = ¢Qp.

Here the middle horizontal sequence comes from pullback of the tautological
sequence of P (E) via the map ¢ indicated in the diagram below:

P (S5) ———— Gr(E) x P(E)

A N

Gr,(E) P(E)

Thus L is identified as ¢*Og(—1). The vector bundle T" is equal to the quo-
tient K*E/ (Og(—1)). Now the main point is to see that the exact sequence

QSE>—> g*T - q*QE

defines a map
P(Sg) —— Gr,1(7) (10.5.8)

which is in fact an isomorphism, thanks to the universal property of Grass-
mann bundles. Thus, we may identify P (Sg) and Gr,_1(7T), so that the
diagram (10.5.7) exhibits the relations between the respective tautological
vector bundles. In particular, the tautological subbundle St of ¢*T is iden-
tified to s, and the quotient bundle Q7 is the same as ¢*Qg.

By induction, the structure of A,(Grs_1(7T)) is known to be given by the
recipe (10.5.6) in terms of the Chow group A, (P (E)) of the new base and
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the Chern classes of T. In order to dig out the structure of A,(Grs(E)), we
look at the diagram of homomorphisms,

*

A(Gry(E)) > A(P(S)) = A(Gry(T))
A(X) = AP (E)).

We recall that in the diagram above ¢ : P (S) — Grs(F) is a projective bundle
whereas g : Grs_1(T) — P (F) is a Grassmann bundle with lower subspace
dimension.

To see that 6 (10.5.6) is onto, pick a cycle y € A,(Grs(F)). By induction
on s, we may write

gy = P(c1(St),...,c(Qr)) N g p*z,

where P denotes a polynomial with integer coefficients in
(s=1)4+r=e—1

variables. Recalling the identifications Sy = Qg, and Qr = ¢*Qg, the above

expression can be expressed as

¢y = P (c1(¢"Sk) —a(L),...,c.(¢"Qr)) N g2,
Next, setting t = ¢;(L*) we compute,
y = q.(t"' N qy). (10.5.9)

Using projection formula and the identity ¢(Sy) = ¢(¢*Sg)s(L), one checks
that the right hand side above lies indeed in the image of 6.

The proof that the kernel of € is precisely as described for the general
case requires more combinatorial subtleties than we wish to do here. The
reader may consult [15].

10.6. Example. Let us work out in details the Chow group of the grassman-
nian G = Gry(A?). Recall that the family of 2 dimensional vector subspaces
of A* is the same as that of projective lines in P3. The proposition tells us
that

A (G) = Z[ay, ay, by, b2]/<a1 + by, a1by 4 ag + ba, arby + asby, ashy).
(10.6.10)
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The above relations simply express the identity ¢(S)c(Q) = ¢(A®?) = 1.
We will render explicit the isomorphism, describing natural generators for
A (G).

Fix a point, a line and a plane in P, denoted by O, ¢, and 7. Fix in
addition some point P € w. We define subvarieties of G as follows:

P
Zy={leG|lCmand Pcl} %
™

Zy={leG|lCr} / /S S/
[ /L S S

Zh={leG|t> 0}

0
Zy = {l € G| the line ¢ meets {y} w ’

We also set Zy = {{y} and Z, = G. We proceed to show that
A (G) ~ 7%°

is the free abelian group generated by the classes of Zy, Z;, Zs, Z}, Z3 and Zj.
We start by showing that, with the notation as in (10.4.4) with F = A%,
we have
[Z5] = c1(Q) N [G]. (10.6.11)
To see this, let us represent the line ¢y by a linear immersion, still denoted
ly : A’>—- A* For each ¢ € G, the condition that ¢ be incident to the
line 4y, i.e., £ N Ly # (, is equivalent that the corresponding 2 dimensional
subspaces Sy, Sy, (fibers of S over ¢, ¢y) contain both a nonzero subspace.
This can be better expressed by the following diagram of maps of vector
bundles over G,

AZ (10.6.12)
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The homomorphism ¢ defined in the diagram just above is of rank < 1 on
the fiber over ¢ € G if and only if there is a nonzero vector lying in both

2
Se, S, 1t follows that Zs = Z(Ao), at least as sets. But it can easily be
checked that in fact that scheme of zeros is a variety. By 9.11,p.67 (or by
the very construction of ¢;!), we have

Zs) = e (AQ) N [G].

Since cl(/Q\Q) = 1(Q) (cf. exc.40,p.69), the formula (10.6.11) follows. We
also note that Z(s) = Zy = {{y} holds. Since s: A% — @Q is a section of the
vector bundle,

Homg (A%, Q) = (AZ)" ®Q = Q& Q,
it follows from (9.11) and (9.7)(2) that

[Z0] = al@oeQ)N[G]
= C2(Q)2 N [G]
Next, let the linear immersion 7 : A3>—— A* represent a plane. It is
clear then that for each ¢ € G we have

(Crme S Cm(A?).
Therefore, studying the diagram

A3, (10.6.13)

a moment of reflection should convince us that Z, = Z(0). We also have
Z(0) = Z(0o*) where o* denotes the dual section. The latter is a section of
S*. Therefore, we have

[Z2] = ¢2(57) N [G] = 2(5) N [G]

(cf. exc.40).
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Arguing in a similar way, we obtain

[Z5) = e(Q)N[G],
[Z1] = a(9)e(Q) NG
It follows from 10.5 and 10.6.10 that A;(G) = Z - [Z;] for i = 0,1,3,4
and Ay(G) = Z - [Zsy] + Z - [Z}]. The same proposition implies that A,(G)
is in fact freely generated by these cycles. We give also a direct argument
to show that A;(G) is free. For i = 0, this follows from the epimorphism

given by degree, [ : A¢(G) — Z. For i = 1 we invoke the operator
1(Q) : A1(G) = Ap(G), and use the fact that ¢;(Q) N [Z1] = [Zo]. Indeed,

2
with the notation as in the diagram (10.6.12), the restriction of Ao to Z;
vanishes precisely on a unique ¢; € G, to wit, the line joining O and the
point of intersection of ¢, and 7 as indicated in the picture below.

9/\%

By the same token, the relation

(Q) N [Zs] = [Z1]
shows that A3(G) is free. Finally, the relations

2(Q) N [Zo] = e2(5) N [Z3] = 0
2(Q) N [Z3] = 2(S) N [Zo] = [Zo]
imply that [Z5], [Z}] are linearly independent. In short, we have seen that

A, (G) is free of rank 6. We leave as an exercise for the reader the verification
of the formulas

(10.6.14)

fcl(Q)4 N [G] =2,
[ 1(@Pex(@) N 1G] = [ ex(SP N [G] = [ (@) N (6] = 1.

10.7. Application: chords of a curve in P3. Let C' C P? be a smooth
projective curve. We consider the variety ¢’ C G = Gry(A*) which is the
image of the map f : C x C'— G which associates to each pair of points P, ()
in C the bi-secant line (or chord) AB. We clearly have dim C" = 2. Taking
into account the previous example, we may write the cycle
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[C'] = m[Zs] + n[Z)] in As(G). (10.7.15)
Let us show that

{ m = number of chords contained in a general plane; (10.7.16)

n = number of chords passing through a general point.

P

To compute the coefficient m, we restrict the diagram (10.6.13) over C’. We
deduce that c2(S) N C" is the class of the zero cycle formed by the points of
("’ that represent chords of C' contained in a given plane 7. By (10.6.14) and
(10.7.16), we get

/CQ(S) NC" =m.

Thus, it is plausible to expect that

m = <Z>, (d = deg(C))) (10.7.17)

since a general plane 7 intersects C' in d distinct points which, combined two
at a time, yield the chords of C in 7.

To give a rigorous argument for (10.7.17) with the tools at our disposal,
we bring the calculation to C' x C' via f : C' x C' — C". Note to start with
that deg(f) = 2 because the general chord is not tri-secant. The projection
formula allows us to write

flea(f7S)NC x C) =2c5(S) N C".

It remains to calculate S’ = f*S. We are required to find a subbundle S’
of rank 2 of O* whose fiber over (P,Q) € C x C' is the subspace P’ + @’
of O*, where P, Q" C O* denote the one-dimensional subspaces represented
by P,Q € C C P3. Let L£; (resp. T;) be the pull back via the projection
pi: CxC — C CP? (i =1,2) of the tautological subbundle O(—1) (resp.
quotient bundle 7)) of Ogs. Off the diagonal, the image of £1 ® Lo — O,
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is equal to the sought for bundle S’. The map of vector bundles £; — 7T
defined by composition,

['1 Oé‘xc

\ |

72

vanishes exactly along the diagonal A C C' x C'. This means that the image
of the map 73* ® £, — O} is equal to the line bundle O(—A). Dualizing, we
get an injective map

L1 O(A)—— Ts.

This produces a quotient vector bundle @ of rank two fitting into the fol-
lowing diagram.

L120(A)
T—> Ol T
frS———>0¢yc Q.
L

In short, the pullback bundle f*S appears as an extension of £;(A) by
Lo. Hence we may compute,

c(f*S) = c(L2)e(L1(A)).
In particular, we have
e (f*S5) = al(L2) (a1(L1) + c1O(A))) .

Thus we may write, using exc. 43

| atedaen = ([ aoy,

/Cxccl(ﬁz)cl((’)(A)) — /Cl(£2> AA
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:/cl(L)OC:—d

(by (8.8)) whence we find

/ e (F°S) = d — d
CxC
as asserted.

In order to determine n in (10.7.16), we invoke (10.6.14) thereby obtaining

n = /c2(g) ne'.

By the previous discussion, we transfer the calculation to C' x C', where we
find

n = [e(Q)N[C x O
= [(@(f*S)? —a(f9)n[C xC]
= [(er(L2) + 1 (L) + aO(A)* N [C x C]
= 2d* —4d +2 — 29 — (d* — d)
= (d—1)(d-2) - 2g.

We finally get

n= W —_ (10.7.18)

This is the so called number of apparent double points of the curve C'. It is
equal to the number of double points of a general plane projection of C' (cf.
11.3).

Exercises

45. Let C be a curve of degree d in P3. Let C' C Gry(O*) be the collection
of lines incident to C'. Show that C’ is a hypersurface and that, with the
notation as in (10.6.11), [C'] = d[Z3]. Deduce that there exist 2d lines
incident to C' and to three other given lines in general position.

46. Find natural generators for Gra(5), the grassmannian of projective lines
in P4. Compute the class of the variety of chords of a smooth curve in P4
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Chapter 11

The Chow ring

We describe in this chapter the construction due to Fulton for the intersection
class of a cycle by a regularly embedded subscheme of arbitrary codimension.
It enables us, in particular, to define a product

AY) @ A(Y) — A(Y)

for the Chow group of a nonsingular variety Y, which endows A, (Y) with a
ring structure satisfying the expected properties.

11.1. We will work with the basic diagram,

J

CcN —— w Ly

gl L (11.1.1)
X — Y

7

where
(1) 7 denotes a regular immersion of codimension r (i.e., the ideal of X
in Y is locally generated by a regular sequence of length r);

(2) V denotes a scheme of pure dimension ;

(3) W= f1(X)

(4) N = g*NxY, the pullback of the normal bundle of X in Y and
(5) C' = CwV denotes the normal cone of W in V.



88 The Chow ring

With these data, we shall define the intersection class of V by X inY,
written

XV in Ak_T(W).

Note that, whenever W is of the expected pure dimension k£ — r, the class
X -V is represented by a well defined cycle, to wit, a linear combination of
the irreducible components of W, simply because Cy_,W = A_.(W).

In particular, if f: V < Y is the inclusion of a subscheme of Y and the
intersection X NV is proper, we’ll have X -V written as a linear combination
of the irreducible components of X NV

11.2. The normal cone.

Let I denote the sheaf of ideals of X in Y and write J = f~'I for the
idealsheaf of W in V. The normal cone of W in V is the scheme

CwV = Spec (&J"/J") .
We have the epimorphisms of Oy —modules,
g (")) = g i1t —— I =J" /T n=0,1,... (11.2.2)
It yields the closed embedding

into the pullback of the normal cone of X in Y under g.
Now the hypothesis of regular immersion implies that

D/ =@s. (1/1)

(cf.[?] p. 110) so that the cone CxY is equal to the normal bundle
NxY = Spec (@Sn (I/IQ)) )

Let us set for short

./\/:g*NXY:CXY§W

This is a vector bundle of rank r = codim(X,Y). Thus C:= CyV is a
subcone of N
C C N

N (11.2.3)
w
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11.3. Definition. The intersection class of V by X in Y, written
XV (or X }V or V)

is the only class in A, (W) such that
(X -V)=[C] in A,(N).

The existence and uniqueness come from the corollary 10.2.
In fact X -V lies in Ag_,.(IW) because C is of pure dimension k as the
next lemma tells us.

11.4. Lemma. Let V be a scheme of pure dimension k and let W CV be a
subscheme. Then the cone Cyw'V is of pure dimension k.

Proof. We may assume V is affine. Let J be the ideal of W in V. Set
R=aJ"/Jv

We have C' = Spec (R). Form the product C' x A! = Spec (R]t]). We look at
the projectivization P (C x Al) := Proj R[t]. Note that the standard affine
open subset of Proj R[t] corresponding to the dehomogeneization (R[t]) ) ~
R is isomorphic to C. This is dense in Proj R[t]. Indeed, recall that for
r(t) € J*/J"™ C R we have Spec ((R[t])(r))) is a nonempty open subset
of Proj R|t] if and only if r(¢) is not nilpotent, and therefore the intersection
Spec ((R[t]) () is nonempty. Thus dimC' = dimP (C' x A') holds. Now
P(C x A') is the exceptional divisor of the blowup M of V x Al along the
nowhere dense subscheme W x {0}. It follows that M is of pure dimension
k + 1 and the exceptional divisor is of pure dimension k as desired. O

11.5. Examples. (1) Suppose X is of pure dimension k and take V = X
and f =4din (11.1.1). Then W = X and C is the image of the zero section
of N'. By corollary 10.3, we get the

Self-intersection formula: X-X = ¢, (N)N[X] in A;_.(X).
(2) If also W — V is a regular embedding of the same codimension r,

then C' = N holds. Indeed, the epimorphisms (11.2.2) have source and target
locally free sheaves of the same rank. It follows that

XV =[W]in A (W).
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That is, in the present case, the intersection class coincides with the class of
scheme intersection. This occurs notably whenever dim W =k —r and V' is
Cohen-Macaulay along each component of W.

11.6. Lemma. If in the basic diagram (11.1.1) X = D is a Cartier divisor
in Y and V is a variety, then the intersection class X -V defined in (11.3)
is equal to c1(f*O(D)) NV, In particular, it is consistent with (6.21.4).

Proof. Assume first W = V = C. Thus W embeds in N by the zero
section. It follows that C' is the scheme of zeros of the regular section of

TN =N xN
w

given by v — (v,0), v € N. Therefore, we may write

C] = a(@N)NN] in AWN) (k=dimV) (7.1.1)
= 7 (aWN)N[W]) (7.1.2)

whence, by the definition 11.3, we have
X -V=cN)NW] in Ay_1(W),

just as in (6.21.4).
Next, if V' £ W then W is a Cartier divisor in V. This is a situation as
envisaged in 11.5(2), so that

XV = [W] in A (W)
= ¢ (OX)NV),

matching the prescription of (6.21.4) (with X = D). O

11.7. Lemma. With the notation as in (11.1.1), let C:= P(C x A!) C
P (N x Al denote the projective closure of the cone C. Let

7PN x A - W
be the structure map and let Q denote the tautological quotient of rank r of
TN xAL. Then we have the formula

XV = 7 (c(QnN[C]) in Ay, (W).
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Proof. The assertion follows from corollary 10.4 (applied to & = N) once
we observe that

CNN =C.
Indeed, with the notation as in (10.4), we have y = [C], j*y = [C]. O

11.8. Remark. Even if dim W is correct (=k—r), the intersection class X -V
in general, will be a cycle “smaller” than [W], as shown by the example 1.4 (2)
(with ¢t = 0).

11.9. Definition. FEach irreducible component of W with dimension k& —r
is called a proper component of the intersection of V' by X.

We may write
X-V=>i2)Z in A (W), (11.9.4)

where Z runs through the subvarieties of dimension k — 7.

Recalling exerc. 11, p. 8, we see that the coefficient of a proper component
in the above expression is unambiguous. Accordingly, we may define the
multiplicity or index of intersection of V by X in Y along a proper component
Z as the coefficient of Z in X -V, written i(Z, X - V;Y) = i(Z) (for short).

11.10. Proposition. (1) With the notation and assumptions as in (11.1.1),
we have that each irreducible component of W is of dimension > k — r.
(2) If Z is a proper component of W then we have

1 <i(Z) < l(Owz).
(3) i(Z) = £(Ow.z) holds with Z as in (2) if and only if the ideal of W is

generated, locally at Oy, z, by a regular sequence of length r = codim(X,Y).

Proof. (1) Let Z be an irreducible component of W. Let V° denote the open
subset of V' obtained by taking the complement of the remaining components
of W. Put Z°=2ZnVe, We=WnVe. Thus Z° is the sole component of
We. Furthermore, it can be easily verified that

C°:=Cy.V° =CyV V>[</ Wwe.



92 The Chow ring

(Quite generally, the formation of normal cones commutes with flat base
change.) Now the inclusion C° C N°:= Nyy. immediately implies the
inequality £ = dim C° < dim Z + r. This proves (1).

(2) Preserving the above notation, look at the commutative diagram

*

g
A (W) - Ar(N)
W*
Ag—r (W) Gl Ay (N°)

where w : W° < W denotes inclusion. One checks at once that
wH(X-V)y=X.V°

and
W2, X -V)=i(Z°,X-V°).

This allows us to suppose that Z is the sole component of W. Consequently,
N,z is the sole component of N and of C' as well. Therefore, we have,

[C] =i-[N], for some i € Z,
[N] = ¢+ NIz

We obviously have
1< <4

Since g*[Z] = [N|z], we must have i = i(Z). Finally, we also have ¢ = {(Oy,z)
in view of (4.4) (with f =m : N — W) or by an easy direct inspection.

(3) If the ideal J of W in Oy z is generated by a regular sequence of length
r, the maps (11.2.2) are isomorphisms in a neighborhood of the generic point
of Z. Hence C' = N holds over some open subset of W, thereby implying
1 = £. The converse is left for the reader. [

11.11. Remarks.(1) The previous result indicates to what extent the “naive”
definition of intersection multiplicity, ¢(Ow. z), differs from the “correct” one,
via normal cones. The actual calculation of multiplicities of the components
of the normal cone is non-trivial, in general.
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(2) A sufficient condition for the equality ¢ = ¢ in 11.10(3) is that Oy
be Cohen-Macaulay (e.g., V' smooth).

(3) The lower bound for dim W given in 11.10 (1) may fail in the absence
of regularity, e.g., take X,Y,V as the subvarieties of A* defined by x =y =
0, xz = yw and z = w = 0 respectively.

11.12. Proposition. (Criterion for multiplicity one.) Let Z be a proper
component of the intersection of V by X in Y. Put A = Oy z and denote by
M the mazimal ideal of A. Let J be the ideal of X in A. Then i(Z) =1 holds
if A is reqular and J = M.

Proof. With the notation as in 11.10, we have Ow,z = A/J. Hence, if
J = M it follows that i(Z) = ¢(A/J) = 1. Note that the requirement that A
be regular follows from J = M, since we are then saying that the maximal

ideal is generated by r = dim A elements. m
11.13. Remarks.(1) The converse is true if V' is a variety. See [15] for a
proof.

(2) If X and V are subvarieties of ¥ and the maximal ideal of Oy is
the sum of the ideals of X and V' then i(Z) = 1. If Oy z is regular (e.g., Y
nonsingular), this last condition is equivalent to the requirement that X and
V' be generically transversal along Z.

The next topic is to show that the formation of intersection class preserves
rational equivalence.
Keeping the notation as in (11.1.1), we define homomorphisms

i CV —— Ay (W)

by the formula

for subvarieties Z; of dimension m in V. Note that each X - Z,, is in fact a

class that comes from A, (X 3>/< 7).

11.14. Theorem. i' preserves rational equivalence, i.e., iR,V = 0 thereby

inducing homomorphisms ' : A, (V) ——= A,,_.(W). In particular, for

V =Y and f = identity, we get homomorphismsi' : Ay (Y) —— Ay (X).
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For each pure-dimensional subscheme Z C V we have that the normal
cone Czaw Z is a subscheme of C' = Cy/ V' of pure dimension m = dim Z. We
define the homomorphism

o: CnV — C,C

One checks at once that the composition

CV e ColN —— An(N) ——= Ap (W)

coincides with
it CV = A (W).

The crucial point is to show that o preserves rational equivalence. The case
r =1 is taken care of by (8.4). The general case will be dealt with using the
important technique of deformation to the normal cone.

11.15. Lemma. (Deformation to the normal cone) Let W be a closed
subscheme of a pure dimensional scheme V. Then there are maps

P
Wx Al < M= MyV

N
Al
such that

(1) ¢ is a closed immersion,

(2) ¢ is a flat of relative dimension dim V;

(3) fort # 0 in A' the immersion ¢y : W x {t} — M;:= ¢~ '(t) is isomorphic
to the given inclusion W — V', whereas g is isomorphic to the embedding
of W =W x {0} as the zero section of the normal cone C := Cy'V = Mjy;

(4) the complement of Cin M is isomorphic to V- x Al \ {0};

(5) for each pure dimensional subscheme Z C 'V we have that Mzaw Z is a
subscheme of Myw/V which intersects Cy'V in Czaw Z.
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Assume the lemma for the moment and let us proceed with the proof of
the theorem 11.14.
Let

a:C =M, B:M~NC=VxA'\{0} =M, ~:VxA'\{0} —V

denote the natural maps. Consider the diagram with top exact sequence
(5.1)

Cons1C —— 2 Copt M S CrV X AT\ {0} (11.15.5)
a* _ - // - ’Y*T
o - (0%
An(C) - CV

The homomorphism a* is intersection by the Cartier divisor C (cf.6.21.4;
see also 8.4). The dotted arrow ' arises from the fact that a*a, = 0. This
is due to (8.6) given that O(C) is trivial since C' C M is principal. Now it is
clear that o/~4* preserves rational equivalence. It remains to be seen that o/y*
coincides with the map induced by o. For this end, pick a pure dimensional
subscheme Z C V. We then have

V2] = B [Mzow Z]

in view of (4) and (5) of the lemma. Therefore,

oV Z] = oF[MzawZ]
== C . [MZQWZ]
= [CzowZ] (by (5) of the lemma)
= o[Z] in A(C)
as desired. O

11.16. Proof of the lemma 11.15.
As in the proof of lemma 11.4, let
M:M::MWV — > V x Al

be the blowup of V' x Al along W x {0}. We present in the diagram below the
main players; the description of their respective roles will give us the sought
for properties (1)...(5).



96 The Chow ring

M:=M\V
N
P(C x Al) ¢ z M < My=P(CxA")+
W {0} S ] <—>sz\ \

11 16.6)
The normal cone of W x {0} in V x Al is equal to C'x A'. The exceptlonal
divisor of the blowup M — V x Al is the projectivization P (C x A') of that
cone. This sets the role of o in the above diagram. Since W x {0} is a
Cartier divisor in W x A! the blowup of the latter is naturally isomorphic
to itself, thereby explaining the embedding 3 : W x Al — M. We show
next that ¢ factors through M := M \ V, where V' denotes the blowup of
V x {0} along W x {0}. Indeed, we have ¢! (P (C' x A')) = W x {0}, since
the exceptional divisor of a blowup along a Cartier divisor coincides with
that Cartier divisor. The pullback to M of the coordinate function ¢ on @/1
is a nonzero divisor, hence the fiber My is a Cartier divisor. Clearly M,
contains the exceptional divisor P (C x A'). We see that V sits over 0 € A!
and embeds in M (cf.11.17). We claim that

(i) My=P (C'x AY) +V, sum of Cartier divisors;
(i) VAP(CxA)=P(C);
(iii) P(C x AH\P(C)=C.

(iv) (W x AY)YNP(C x A') ~ W < C, embedded by the zero section.

For the verification of the claim, we may go affine. Say V' = Spec(A)
and I C A denotes the ideal of W. Thus V x A! = Spec (A[t]). Now
the ideal of W x {0} € V x Alis J:= (I,t). The open sets of the form
Spec (J(c)) (with ¢ € J running through a set of generators) cover M. We
have also that {Spec (I (C)) }eer cover V. Furthermore, the natural map Ji.) —
I (¢ is surjective, with kernel given by the principal ideal (t/c). Recalling
that ¢/1 is the local equation of the exceptional divisor, the relation ¢/1 =
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(¢/1)(t/c) in J(.) shows that My =P (C x AY)+V thus proving (i). Assertion
(ii) is clear from the fact that the image of ¢/1 in I is the local equation
for the exceptional divisor P (C') of the blowup of V' x {0} along W x {0}
(see also (11.17)). The total transform of W x A’ in Spec (J(.)) corresponds
to the ideal I.J) = (c/1), that is, the full exceptional divisor restricted to
the present neighborhood. Hence the strict transform, image of v, is empty
there. However, choosing now the affine neighborhood for ¢ = ¢, we find in
turn V NSpec (J(t)) empty. This shows that ¥ (T x A!) is disjoint from V. In
particular, (W x {0}) is disjoint from P (C'); hence it sits in the complement
C =P (C x AY)\P(C). To see how it sits therein, we check affine.

Put B = A/I. The embedding 1) corresponds in this neighborhood to a
ring map

J(t) — R:= B[t].

Here we use the canonical identification of the Rees algebra R (t) @ (¢)? - - -
with the polynomial ring R[u| in a fresh variable. Recall that we have to
start with % : @J" — R[u] = &(t)", the Proj of which is ¢; for f € J"
we have ¢¥#(f) = fu" where f is the image under the natural surjection
A[t] — BIt]. Note that f = agt™ + --- + a,, where a; € (I[t])?, so that
V7 (f) = apt"u™. We have ¢#(t) = tu in degree one. Look next at the map
induced at the corresponding dehomogeneizations. We get an induced map
Y# : Jy — R, sending ap/1+4 a1/t +- -+ a,/t" to @y. The equation of the
exceptional divisor, t/1, is sent to ¢t. The induced map

V' Jy [(t/1) = @I /I — R/(t) ~ B

corresponds to the zero section embedding of W into its cone C.
The assertions (1) ...(5) of the lemma 11.15 follow from the construction

of M. For instance, formula (5) comes from the fact that MzewZ embeds
in My, Z in such a way that

(MzwZ) NP (C x A1) =P (C" x A1),
where C' = Cyznw Z, in view of general properties of blowups recalled just
below. O]
11.17. Remark. Given a cartesian diagram
W — Vv

1 \
W — V
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there arises a commutative diagram induced by blowups.

P(CyrV") € BV’
7 ~
W l v
P(CyV) ¢ BwV

Here, the faces are fiber products, except for the left and right ones (cf. [20],
pp. 164,165).

11.18. Proposition. (Compatibility with pullback and pushforth.)
Given a diagram with cartesian squares and i: X — Y as in (11.1.1),

R

Vv —2 >V Y

we have the following.
(v) If p is proper then, for each z' in Ax(V') we have

qi'? =i'p.2 in A (W).
(vi) If p is flat of relative dimension n then, for each z in Ai(V') we have

¢ itz =i'p*z in Apn_r(W).

Proof. (i) As usual, we may assume z = V', the class of a variety, and
V =p(V'"). Let M = My V,M" = MyV’, be as in (11.16.6). In view of
the above remark on blowups, we obtain a cartesian diagram induced by the
map f,

C'=P(C' x Al) —= '

a ip

G:ZP(CXAl) > M.
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We also have the comutative diagram

~

w! iP(q*j\/xAl)<—)

l |

W PN x Al) <—

Q)

<7
Q

Ql

T
We may compute

/

iV = g7 (cT(H*Q)ﬂ[GD (11.7)
= 7 (cr(Q)mH*[U'D
— 7 (e(Qnd),  d=deg(F).

This last equality comes from

/

H,]C = G,[C] in C,C
— E[FC]  (7.14)
d[C).

(ii) Flatness implies the favorable behavior of the normal cones, to wit,
CW/V/ =W ‘;(/ CwV.

The assertion now follows upon reducing to the case z = V. O]

11.19. Lemma. Let s : X — E be a section of a vector bundle m : . — X
of rank r. Then the homomorphism s' : A(E) — Ax_(X) (11.14) is equal
to the inverse isomorphism of 7 : Ap_.(X) — Ap(E) (10.2).

Proof. Pick a subvariety V' C X of dimension k& — r. We are required to
show that s'7*V = V holds in A;_.(X). By construction of i', we refer to
the fundamental diagram (11.1.1), taking ¢ = s, f = inclusion map of 7 'V
in &,

V. ——glv

!

X 45>E.

Now it is obvious that Cym 'V = E)y and therefore, s'm*V =V as asserted.
[
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11.20. Proposition. Notation as in (11.1.1), suppose X is the scheme of
zeros of a reqular section, s, of a vector bundle E — Y. Then we have

WX -V)=c.(fFEYNV in A_.(V).

Proof. We work around the diagram of fiber products,

Sf*E

V — fFE
CWV—>W—>V
4>Y

where sgp denotes the zero section. A moment of reflexion plus recollection
of the definition 11.3 should convince us that

X V=iV = (fs)(spp)V.

Indeed, i'V (resp. (f*s)'(ss+g).V) is computed walking through the frontal
(resp. top) face of the diagram. In both cases, the pullback on W of the
normal bundle is j*f*E and the normal cones coincide. Now applying the
lemma 11.19 to the section f*s, we find

3e(f*8) (spep) V= () N (spem)eV
= o(ffE)NV (10.3).

]

11.21. Lemma. Notation as in (11.1.1), suppose p : V' — V is a proper
and flat map which induces an isomorphism q : W':= p*W — W. Then we
have

X fV = q*(X : V/) m .Ak_r(W)

fop
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Proof. Flatness yields ¢*i'V = i'p*V in A, (W’). Now apply ¢, which is
licit since p is also proper. O

11.22. Example. Intersection with the diagonal. Let Y be a smooth
variety and let f; : V; = Y, (i = 1,2) be maps. Assume V; is a variety. Let
fiz : Vi x Vo = Y x Y be the induced map. The diagonal embedding is
regular and induces the cartesian diagram

Vi = Vix1,
2 + o
Y = VXY

Let 0 : Y xY — Y x Y switch factors and denote by the same symbol the
induced isomorphism Vi x Vo o~ V4 x V;. Then we have §'V; x V, = 0,6'Va x V4.
Since o induces the identity map on Vis = V5q, it follows that we have in fact
§'Vi x Vo = 6'Va x V4. In particular, if the f; are closed embeddings, we have
g : Vis = Y and we get a well defined class V; - Vo = ,6'V; x V. We then
have Vi - Vo = V5 - V.

11.23. Lemma. (Compatibility with Chern classes.) Notation as in
(11.1.1), let € be a vector bundle on V. Then for all z in A, (V') we have

i (em(E) N 2) = cn(5*E)Ni'z  in A (W), m=0,1,....

Proof. Since the formation of ' commutes with pushforward, we may as
usual assume z = V, the class of a subvariety. We proceed by induction
on the rank of £. Suppose £ is a line bundle and m = 1. Assume further
that &€ = Oy (D) for an effective Cartier divisor. With the notation as in the

diagram of deformation to the normal cone (11.16.6), the blowup MWV of
V x Al along W x {0} contains Myy~pD as a Cartier divisor with line bundle

wO(D) ® O(nE) for some n, with £ =P (Cy'V x Al). We may write
[MprwD] = 1 (-O(D)) N [MywV] +n[E]  in A*(JTJWV).
Multiplying by ¢;(O(E)) and using commutation of ¢;’s, we have

[Ep] = e (O(D)) N [E] +nE-[E] in A,(E),
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where Ep is short for P (Cpaw D x A'). Restricting to the open subscheme
CwV = My V N E, we get

[CmeD] =C (,LL*O(D>> N [va] + nC’WV . [va] n .A*<va>
= (LO(D))N[CwV] (=0 as in p. 95)

Thus, we may write

™ (X (¢ (E)NV)) = 75X -D)
= [CDHWD]
c1 (m*O(D)) N [Cw V]
o (m*O(D)) N7 (X - V)
= m(a(E)(X-V)).

This proves the present case in view of (10.2).
Still assuming & = O(D) but D not necessarily effective, we may proceed
as in the proof of (8.1), step (3) on p.55 and find a birational proper map

p: V' — V such that p*D = C — E with C, E effective. Hence, by the case
already proved, we get

a((f)pE)n(X-V) =X (a@Ee&)nV)

in A, (W), where 5 : W := p'W — V', Applying p, and using (11.18), the
result follows for the case of rank one.

For higher rank, we take a proper flat base change p : V/ — V such
that p*€ fits into an exact sequence S>—— p*£ —— Q where S, Q are of
lower rank. Now ¢,,(€) is a polynomial in the ¢;(S),¢;(Q), for which the
compatibility with X is ensured. Thus we may write

(P E)N(X - V) =X (cn(p&) NV’

and we are done as in the previous case with the help of the proposition
(11.18). O
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