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▲✐st❛ ✾✿

❊①❡r❝í❝✐♦ ✹✻✳ ❙❡❥❛ T∞ ❛ σ✲á❧❣❡❜r❛ ❝❛✉❞❛❧ ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ s❡q✉ê♥❝✐❛ (Xn)✳
❉❡✜♥❛ Sn =

∑n

k=1
Xk✳ ❉❡t❡r♠✐♥❡ q✉❛✐s ❞♦s s❡❣✉✐♥t❡s ❡✈❡♥t♦s ♣❡rt❡♥❝❡♠ ❛ T∞

✭♦s In ⊂ R s❡♥❞♦ ✐♥t❡r✈❛❧♦s✮✳

{Xn ∈ In ✐✳♦✳} , {Sn ∈ In ✐✳♦✳} , {sup
n≥1

|Xn| = 1}

{

lim
n

Sn ❡①✐st❡
}

,
{

lim
n

Sn ❡①✐st❡ ❡ é ≤ c
}

,
{

lim sup
n

Xn < ∞
}

,
{

lim sup
n

Sn = ∞
}

,
{

lim sup
n

Sn > 0
}

,

◗✉❛❧ t✐♣♦ ❞❡ ❝♦♥❞✐çã♦ ✉♠❛ s❡q✉ê♥❝✐❛ (cn)n≥1 ❞❡✈❡ s❛t✐s❢s③❡r ♣❛r❛ ❣❛r❛♥t✐r q✉❡
{lim supn Sn/cn > x} ∈ T∞❄

❊①❡r❝í❝✐♦ ✹✼✳ ❈♦♥str✉❛ ✉♠❛ s❡q✉ê♥❝✐❛ (Xn)n≥1 ❡ ✉♠ ❡✈❡♥t♦ A ∈ T∞ q✉❡ s❛t✐s✲
❢❛ç❛ 0 < P (A) < 1✳

❊①❡r❝í❝✐♦ ✹✽✳ ❙❡❥❛ (Xn)n≥1 ✐♥❞❡♣❡♥❞❡♥t❡✱ ❡ ❞❡✜♥❛ T
′
∞ :=

⋂

n≥1
σ(Sn+1, . . . )✳

❈♦♠♣❛r❡ T∞ ❝♦♠ T
′
∞✳ ❚❡♠ ❛❧❣✉♠❛ ✐♥❝❧✉sã♦❄ ❉✐❝❛✿ ❝♦♥s✐❞❡r❡ ♦ ❝❛s♦ ❡♠ q✉❡

P (Xn = 4−n) = P (Xn = −4−n) = 1

2
✱ ❡ ✈❡r✐✜q✉❡ s❡ T

′
∞ é tr✐✈✐❛❧ ✭✐st♦ é✱ s❡

P (A) ∈ {0, 1} ♣❛r❛ ❝❛❞❛ A ∈ T
′
∞✮✳

❊①❡r❝í❝✐♦ ✹✾✳ ❆ ▲❡✐ ✵✲✶ ❞❡ ❑♦❧♠♦❣♦r♦✈ ✈❛❧❡ ♣❛r❛ s❡q✉ê♥❝✐❛s (Xn) ❞❡ ✈❛r✐á✈❡✐s
❞♦✐s ❛ ❞♦✐s ✐♥❞❡♣❡♥❞❡♥t❡s❄ ❉✐❝❛✿ ❙❡❥❛♠ ξ ❡ X2n+1 ✭n ≥ 0✮ ❝♦♠ ✈❛❧♦r❡s ❡♠ {±1}✱
t♦❞❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ✐❞❡♥t✐❝❛♠❡♥t❡ ❞✐str✐❜✉✐❞❛s✱ ❝♦♠ P (ξ = +1) = P (X2n+1 =
+1) = 1

2
✳ ❉❡✜♥❛✱ ♣❛r❛ t♦❞♦ n ≥ 1✱ X2n := ξX2n−1✱ ❡ ❡st✉❞❡ (Xk)k≥1✳

❊①❡r❝í❝✐♦ ✺✵✳ ▼♦str❡ q✉❡ ❛ ❝♦❧❡çã♦ E ❞❡ ❡✈❡♥t♦s ♣❡r♠✉tá✈❡✐s ❢♦r♠❛ ✉♠❛ σ✲
á❧❣❡❜r❛✳ ◗✉❛✐s ❞♦s ❡✈❡♥t♦s ❞❡✜♥✐❞♦s ♥♦ ❊①❡r❝í❝✐♦ ✹✻ ♣❡rt❡♥❝❡♠ ❛ E❄ ▼♦str❡ q✉❡
T∞ ⊂ E✱ ♠❛s q✉❡ T∞ 6⊃ E✳

❊①❡r❝í❝✐♦ ✺✶✳ ❈♦♥s✐❞❡r❡ ❞♦✐s ♣❛ss❡✐♦s ❛❧❡❛tór✐♦s s✐♠♣❧❡s s✐♠étr✐❝♦s ❡♠ Z
d✱ (Sn)n≥0✱

(S ′
n)n≥0✱ ✐♥✐❝✐❛❞♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡♠ x ❡ y✳ ❙❡❥❛ I :=

∑

m,n 1{Sn=S′

m
} ♦ ♥ú♠❡r♦

❞❡ ✐♥t❡rs❡çõ❡s ❞❛s ❞✉❛s tr❛❥❡tór✐❛s✳ ▼♦str❡ q✉❡ P (I = ∞) ∈ {0, 1}✳ ❖❜s✿ P♦❞❡
s❡r ♠♦str❛❞♦ q✉❡ q✉❛s❡ ❝❡rt❛♠❡♥t❡✱ I < ∞ s❡ ❡ s♦♠❡♥t❡ s❡ d ≥ 5✳

❊①❡r❝í❝✐♦ ✺✷✳ ❈♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ([0, 1),B([0, 1)), λ)✱ ♦♥❞❡ λ é
❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✳ P❛r❛ t♦❞♦ ω ∈ [0, 1)✱ ❝♦♥s✐❞❡r❡ ❛ s✉❛ ❡①♣❛♥sã♦ ♥❛ ❜❛s❡ 2✿
ω = (ω1, ω2, . . . )✱ ♦♥❞❡ ωk ∈ {0, 1}✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ ❡❧❡♠❡♥t❛r ❞❡ ω é tr♦❝❛r
✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ωk ❡♠ 1− ωk✳ ❖ ♦❜❥❡t✐✈♦ ❞❡ss❡ ❡①❡r❝í❝✐♦ é ❞❡
♠♦str❛r q✉❡ s❡ ✉♠ ❇♦r❡❧✐❛♥♦ B ⊂ [0, 1) t❡♠ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♣♦s✐t✐✈❛✱ ❡♥tã♦
q✉❛s❡ t♦❞♦ ω ∈ [0, 1) ♣♦❞❡ s❡r ❧❡✈❛❞♦ ♣❛r❛ B ✈✐❛ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❡❧❡♠❡♥t❛r✳

✭✶✮ ❈♦♥str✉❛✱ ♣❛r❛ t♦❞♦ k ≥ 1✱ ✉♠❛ ❢✉♥çã♦ Rk : [0, 1) → {0, 1} q✉❡ ❞ê ♦ ✈❛❧♦r
❞♦ k✲és✐♠♦ ❞í❣✐t♦ ❞❡ ω ✶✳ ▼♦str❡ q✉❡ (Rk)k≥1 é ✐✳✐✳❞✳

✶❆s ❢✉♥çõ❡s Rk✱ k = 1, 2, . . . ✱ ❝❤❛♠❛♠✲s❡ ❢✉♥çõ❡s ❞❡ ❘❛❞❡♠❛❝❤❡r✳
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✭✷✮ ❈♦♥str✉❛✱ ♣❛r❛ t♦❞♦ k ≥ 1✱ ✉♠❛ ❢✉♥çã♦ Tk : [0, 1) → [0, 1) t❛❧ q✉❡ Tk(ω)
s❡❥❛ ♦ ♥ú♠❡r♦ ♦❜t✐❞♦ tr♦❝❛♥❞♦ ♦ k✲és✐♠♦ ❞í❣✐t♦ ❞❡ ω✱ ωk✱ ♣♦r 1− ωk✳

✭✸✮ ▼♦str❡ q✉❡ ✉♠ ❇♦r❡❧✐❛♥♦ B ∈ B([0, 1)) s❛t✐s❢❛③ B ∈ σ(Rn+1, Rn+2, . . . )
s❡ ❡ s♦♠❡♥t❡ s❡ Tk(B) = B ♣❛r❛ t♦❞♦ k = 1, 2, . . . n✳ ❉❡❞✉③❛ q✉❡ s❡
Tk(B) = B ♣❛r❛ t♦❞♦ k ≥ 1✱ ❡♥tã♦ λ(B) ∈ {0, 1}✳

✭✹✮ ❙❡❥❛ T ∅ := id✱ T {k} := Tk✱ ❡ ♣❛r❛ q✉❛❧q✉❡r Z ⊂ Z ✜♥✐t♦✱ TZ∪{m} :=
TZ ◦ Tm✳ ▼♦str❡ q✉❡ s❡ λ(B) > 0✱ ❡♥tã♦

λ
(

⋃

Z⊂Z,
✜♥✐t♦

TZ(B)
)

= 1 .

■♥t❡r♣r❡t❡ ♦ r❡s✉❧t❛❞♦✳


