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ABSTRACT. We consider measures on {#1}Z for which the conditional
probability that the spin at n 41 takes the value +1, given the values
of all spins at sites n,n — 1,..., is specified by some a priori given
function g. We first show how the regularity of ¢ (continuity and uni-
form non-nullness) allows to construct explicitely measures with such
dependencies. We then consider the problem of extreme decomposi-
tion for the set of measures specified by g. Finally, we expose the
uniqueness result of Johansson and Oberg [15]: when the variation of
g is £?-summable, then there exists a unique invariant measure. These
notes are in progress.
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1. INTRODUCTION

Consider the product space associated to the finite alphabet {£1}, Q =
{41}Z, whose elements are the sequences w = (wy)nez. For each A C
Z, consider the set Q) = {£1}", together with the canonical projec-
tion mp : Q — Q defined by my(w)r = wrp V& € A. Then define
C(A) = {my'(A) : A C Q4}, called the algebra of cylinders with base
A. For S C Z (possibly infinite), we consider the algebra of cylinders (with
base in S), defined by Cs := [J{C(A) : A C S, finite}, and the o-algebra
generated by the cylinders (with base in S): Fg := 0(Cs). When S = Z we
simply write C = Cz and F = Fz. We denote by M the set of probability
measures on (2, F).

The shift is the invertible map T : Q2 — € defined by
(Tw)y = wpr1 VkEZ.

A probability measure u € M is invariant if poT ™1 = y, i.e. if u(T71A) =
wu(A) for all A € F. The set of invariant probability measures is denoted
M.

The object of these notes is the study of measures p for which the state
of the present, when conditionned on the past, is specified by an a priori
given function. Consider, for all k € Z, the o-algebra F(_.,x (the past
of k + 1), and define the cylinder [+]; := {w : wx = +1}. Consider the
random variable
gr(w) = p([F k1| Fiooom) (W) -

Since g is F(—ook-measurable, it does not depend on the value of wy
when k" > k. Our purpose here is, like in the Theory of Gibbs States in
Statistical Mechanics [6], to study measures for which the functions gy, are
given a priori.

Definition 1.1. Let, g = (gx)rez where for each k, g, : Q — [0,1] is

F(—oo,k)-measurable. A probability measure . € M is specified by g if, for
all k € Z,

(1.1) 11 F oo (W) = gr(w)
for p-almost allw. The set of probability measures specified by g is denoted
M(g), and Mr(g) .= M(g) N M.

We will only be interested in the case where the transition probabilities
don’t depend on k: we assume from now on that we are given a single
F(—oo,0-measurable function g, such that g, = g oT* for all k. We will use
the following abuse of notation: g(w) = g(T*w) = g(wk, Wk_1, ... ).

A function g playing the role defined above is called a g-function, and pro-
cesses with dependencies as in (1.1), i.e. the elements of M(g) (if any),
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were originally called chains with complete connections [7] or g-measures
[16]. Observe that if g depends, say, only on its first coordinate, i.e.
g = g(z1), then the process is a simple Markov Chain. We will be con-
cerned with the more interesting case where the state of the process at a
given time depends on the whole past.

Let us give examples of g-functions.

Example 1.1. A natural way of defining /o([+]541]|F(—o00k) (w), i.€. deter-
mining the state of wi,; when conditionned on the past, is to look at a
random distance R € N back in the past and, according to a certain rule
depending only on wg,wy_1,...,wr_gr+1, determine the probability that
wig+1 = +1. This is done by defining a probability distribution for the
random distance R, Q(R = n) := p,, with > ., p, = 1, and, for each n,
defining some function P,(wy, . .., wr—ns1) € [0, 1] which gives the proba-
bility that wgy1 = +1 once R = n. By summing over all possibilities for
the range R, we get:

g(u)k, We—1y - - ) = anPn(wk, . ,wk,nJrl) .
n>1

A natural choice for P, is to follow the majority, in which case {wyy1 =
+1} is favorized if most of the spins wy, . .., wg_n+1 are +1. This is natu-
rally obtained by requiring that P, is a function of the mean % ZZ;& Wh—j

n—1
1
Pn D) -n) = (_ *')7
(wk Wk—n) = n;:o Wk—j

for some non-decreasing measurable ¢ : [—1,41] — [0,1], with, say,
p(x) > 1 for x > 0 and p(z) < 1 for z < 0. For example, Bramson
and Kalikow [5] considered the function

1—€e ifz>0
1.2 _ =
(1.2) #(2) {e iz <0,

A natural class of sequences (p,,),>1 is, for example, of those in which p,
behaves, for large n, as

(1.3) Dp ~

where o > 0. In this case we have

Eq(R) {

1
nlto )

<oo ifl<a<oo,
=0 if0<a<l.

As will be seen in Section 4, Eg(R) < oo (with (1.2)) implies uniqueness
of the invariant measure specified by g.
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Example 1.2. Our second example is inspired by lattice systems of sta-
tistical mechanics. Let (J,),>1 be a summable sequence of non-negative
real numbers. Then, define g = g(wy, wg_1,...) by

e PH
(14) 9 e
where H = H(wy, wg_1,...) := — 2@1 Jpwi—nt1, and G > 0 is the inverse

temperature. Again, a natural type of sequence (.J,),>1 is the one for

which
1
(1.5) Iy ~

nity’

where v > 0. We will see in Section 4 that v > % implies uniqueness of
the invariant measure.

The purpose of these notes is to expose some general “well-known” facts
about processes described by g-functions of the type given above. In Sec-
tion 2 we start by giving a standard existence result, based on a compact-
ness argument. Rather than just giving existence of measures specified
by g-functions, it also allows to prepare measures with prescribed bound-
ary conditions, as in Statistical Mechanics. Then, in Section 3, we take a
closer look at the convex structure of the sets M(g) and M(g), by show-
ing that they are completely determined by their extreme elements. In
Section 4 we expose a robust uniqueness criterium due to Johansson and
Oberg. Section 5, still under construction, will be devoted to the problem
of non-uniqueness.

Besides two results in Section 3.6 which we take from [10], the text is self
contained. The proofs of some easy lemmas have been defered to the end
of the text, in Appendix A.

2. EXISTENCE

A first problem is to find conditions on g which ensure that M(g) # 0. As
in the Theory of Gibbs States, existence of specified probability measures
is standard, and guaranteed under natural assumptions, namely continuity
and non-nullness. We pursue this in the present section, which I originally
wrote in order to understand the second paragraph on p. 156 of [5].

Definition 2.1. A g-function g is continuous if vary(g) — 0 when k — oo,
where vary(g) is the variation of g of order k, defined by

varg(g) == sup {|g(c0) — g(c')] 1oy =0y, 1 <1 < k}.

Therefore, if a probability measure is specified by a continuous g-function,
then the dependence of the present on the remote past is weak. We verify
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that the g-functions defined in the two examples of the previous section
are continuous. In Example 1.1, we have:

(2.1) var(g) < 3 pn.

n>k
which goes to zero when k£ — oo. In Example 1.2, a simple computation
leads to:

(2.2) varg(g) < (28 Z Jn) exp (203 Z Jn) -

n>k n>k

Since (J,)n>1 is summable, this upper bound goes to zero when k — oo.

Definition 2.2. A g-function g is uniformly non-null if it is uniformly
bounded away from zero and one, i.e. if there exists € > 0 such that

(2.3) e <infg(o) <supg(o) <1—ce.

In other words, non-nullness means that uniformly in its past, a spin
always has a positive probability of changing sign. The g-functions of
Examples 1.1 and 1.2 are uniformly non-null. From now on, we shall
only consider g-functions which satisfy simultaneously the two properties

defined above:

Definition 2.3. A g-function g is regular [5] if it is both continuous and
uniformly non-null.

We start by showing that there always exists at least one probability
measure speficied by a regular g-function. The argument is standard and
follows from the compactness of M in the weak topology. The latter is
defined as follows: a sequence (fiy)n>1, tn € M converges weakly to € M
(denoted g, = p) if pn(A) — p(A) for all cylinder A € C. As well known,
this convergence turns M into a sequentially compact topological space.
In the sequel, all topological considerations about M will be with respect
to this convergence. Observe that My C M is closed, and hence compact.

Theorem 2.1. Assume g is reqular. Then

(1) M(g) and M~(g) are closed, and hence compact.
(2) M(g) # 0, Mxz(g) # 0.

Before starting the proof, let us introduce a few notations and conventions.

IfweQ —0o<a<b< +oo, then w? 1= (Wy,wp_1,...,w,). Similarly,

wb = (wy,wp_1,...) We will use and concatenate such words in many

ways. For example, w?c.! := (wy, ..., wWa, 0a_1,...). Also, if o € {1}V,
b

then w)o := (W, ..., Ws, 01,09,...).

Analogously, [w]® = {W' : w}, = Wi, a < k < b} is called a thin cylinder.
In the degenerate case a = b, we simply write [w], = {&' : W, = w,}. We
shall use the notations [£]® when w is the constant configuration w;, = +1
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Vk. Similarly, on defines [w]® = {w' : W} = wy, Vk < b}. To avoid heavy

notations, we will sometimes write [w]%[o]¢~! instead of [w]? N [o]271.

The study of M(g) will use repeatedly the following Martingale Con-
vergence Theorem: since F(_ ) is the smallest o-algebra containing

Uis1 Fii.4), then for any A € F,

We will also use the definition of conditional probability: if u € M(g),
then for all A € F_ s,

([ i 1 A) = / (it | Fi oo

(2.5) - / g )(dw)

One can show, for example,

Lemma 2.1. Let p € M(g), where g is uniformly non-null with constant
€. Then u([c]2) > €2 > 0 for all thin cylinder [o]".

Proof of Theorem 2.1. The following is largely inspired by the proof of
Dobrushin [6] for random fields on Z¢. To show that M(g) is closed,
consider a sequence (fin)n>1, fn € M(g), and assume g, = p for some
p € M. We show that p € M(g). By (2.4), pu([+]41|F(—ook)) equals, for
p-almost all w,

([Hrr W]

] .M
lim p([+ Fi_ w) = lim =

We used Lemma 2.1. Using (2.5) for each p,,
ol (ol = [ glwhio i (do)

[W}kl

We rewrite this last integral as
() + [ [ohondh - gt m(do)
Wi

The difference in the integral can be bounded using the variation of g,
which leads to

Mn(latg?;]liﬁj)]—l) _ g<wﬁoo)‘ < varg(9g),

uniformly in n. Therefore we get

([ Hre1 Fesop) (@) = g(wh o)
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which proves the first statement. To show that My(g) is closed, let u, €
Mz (9), ptn = p. We know that p € M(g). Moreover, for any cylinder
B e,

W(T'B) = lim 1,(T7B) = lim 1, (B) = u(B).

n

The following lemma allows to conclude that u € Mr.

Lemma 2.2. Let v € M be such that v(T~'B) = v(B) for all cylinder
BelC. Thenv e Mrp.

For the second statement of the theorem, we start by constructing a mea-
sure 17 on ({£1}2+, Fz,) (Z4 :=Z N [1,4+00)), associated to a boundary
condition o € {£1}2- (Z_ := Z N (—00,0]). First, define v° on thin
cylinders:

(2.6) v (wlt) = [ [ a(wto),

k=1
where
k—1
. g(wi o) if wp =+1,
(2.7) g(who) == PR
1—gwi o) ifw=-1

By Kolmogorov’s Extension Theorem, this defines »“ uniquely. To extend
V7 to a measure on (0, F), write Q = {£1}?= x {£1}%+, and define
u’ e M by

(2.8) =0, @17,

where 0, is the Dirac mass at 0. By the compactness of M we have
existence, at least along a subsequence, of the weak limit

(2.9) P T™ = o

To show that pJ is specified by g, we fix k € Z and use again (2.4):
P kral F oo ) = T pd ((He [ Fiom)

nZ-almost surely. By Lemma 2.1,

1 ([l [w]®))
(g ([w]®))

~ lim MU(H]HHn[T_nW]]flTn)
(Tl

~ i VU([+]k+1+n[Tinw]]jTj:n)

e (Tl

1 ([F et | Flmip) (w) =
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By summing over [];""" 7!, the values of the configuration on the interval
[1, =1+ n — 1] (we are assuming n > [), we express the numerator as

ZV Hirraa[T" ]kan[nH”"’l)
=Y (T W) T o ([Tl Il ).

The same resummation for v7 ([T "w]"}" ) and

lg(T ") 7 o) — g((T7"w)i 7 0)| < var(g)
lead to
Vo ([Frg14n [T w0 ]k—}_fn)

v ([T=mw] )

—g(T7"w)*"0)| < varrul(yg) .

Since, again by continuity,

lim g((T "w)"*"0) = g(w” ),

n—oo

we have shown that ug € M(g). Finally, in order to show that Mr(g) # 0,
we use the measure u? constructed above and define the averages

Anptl = ZM* oT™",
By the following lemma and since M(g) is convex, A,ul € M(g) for all
n > 1.
Lemma 2.3. If v € M(g), thenvo Tt € M(g).
We can thus consider some accumulation point uf, € M(g) such that
(2.10) Anpil = iy
at least along a subsequence. Since
p(T™"B) — pg(B)

ping (T B) = i, (B) + lim - = i (B)
holds for all cylinder B € C, Lemma 2.2 implies that uf, € Myp. There-
fore, M(g) N My # ), which finishes the proof of Theorem 2.1. O

The probability measures pg (and uf ) constructed in the preceding proof
are said to be prepared with the boundary condition o, and an interesting
question is to understand their dependence on o. Observe that when
there exists a unique measure specified by g (see Section 4), then all these
measures coincide: u? = ug for all o,0’. This should be interpreted as a
loss of memory: all the information contained in the boundary condition
o (at —oo) is lost at +00. On the other side, when the dependence on
the boundary condition is non-trivial, i.e. when there exist two boundary
conditions o, o’ for which ;7 # 17, we say that there is a phase transition.
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This phenomenon was exhibited for the first time, for a regular g-function,
by Bramson and Kalikow [5]. It will be the subject of Section 5.

2.1. Attractive g-functions. We constructed the probability measure
wu?, in (2.9), without knowing if it was invariant (due to the fact that the
existence of the limit is guaranteed only along a subsequence), and the
averaging procedure in (2.10) was necessary. In view of getting a control
of the shift invariance after the first limit (2.9), we introduce a natural
class of g-functions, whose additional property is similar to the one of
specifications of random fields describing ferromagnets. We remind the

usual partial order on Q (or {£1}V): o < ¢’ if and only if o4, < oy, for all
k.

Definition 2.4. A g-function g is attractive ' if g(o) < g(o') whenever
o <o

The g-functions defined in Examples 1.1 and 1.2 are both attractive. Sys-
tems specified by attractive g-functions have the property that the pres-
ence of pluses in the past favorizes the presence of pluses in the future. As
will now be seen, this allows to say more about the two g-measures with
conditions ¢ = + and ¢ = — respectively.

Proposition 2.1. Assume g is reqular and attractive. Let u™ and u~ be
defined as in (2.8). Then the sequences (i~ o T™™),>1 have weakly limits,

(2.11) proT™ = uF,
and these are invariant: pE € Mqz(g).
Proof. Invariance will follow immediately from the existence of the weak

limit (2.11). We treat the case ut. We start by showing existence, for
each thin cylinder [o]%, of

(212) () = T gt (T )

This will allow to define pf(B) for any B € C, since the indicator of a
cylinder can always be written as a linear combination of indicators of
cylinders of the form [+]%. The existence of (2.12) will follow by mono-
tonicity: when k is large enough,

(2.13) p (T < pt (TF ).

Let us verify (2.13) in the simple case where a = b = 0 (the general case
is proved similarly). We have pu(T~**V[+]g) = pu([+]r11). Then, we
condition with respect to the value taken by the spin at position k = 1:

P () = 1 (el + 2 (Hea =)

IThis terminology apparently originated in the monograph of Preston [17], and was
used again by Hulse in [13].
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By the definition of u™ and the attractivity of g,

(el = [ otk =+t

< [ otk ntont@ = [ alhrlont ),
Since [—|; = [+]{, the last integral equals

/g<w§+1oom+<dw>— / g+ )t (dw)

[+]1
By a change of variable, the first integral equals

/g<w§+£oo>n+<dw> - /y(wf-1+°_oo>n+<dw> — ().

For the second, we proceed as above to recompose
[ ot @) = (el
+)1

We have thus shown (2.13). To verify that u] is o-additive on C, consider
a decreasing family of cylinders such that (., B, = 0.

Lemma 2.4. Let {B,},>1 be a decreasing (Bn+1 C By,) family of cylinders
such that (> Bn = 0. Then B, =0 for all sufficiently large n

By Lemma 2.4, B,, = () for large enough n, which implies lim,, ., 1 (B,) =
0. The Extension Theorem of Carathéodory finishes the proof. O

The standard extension argument used above will be used again in Sections
3.4 and 3.6. More properties of the measures i can be found in [13].

3. DECOMPOSITIONS

In this section we take a closer look at the convex structure of the sets
M(g) and Mp(g), where g is a regular g-function. More precisely, we
consider the decomposition of any element of these sets into a convex
(infinite dimensional) combination of extreme elements. Although such
results are usually obtained via non-constructive functional-analytic argu-
ments (Krein-Millman Theorem, see e.g. [18]), we will follow the measure-
theoretic approach developped by Dynkin [8], simplified by Georgii [12].

3.1. Heuristics. Let P C M be any nonempty set of probability mea-
sures. Since we will later be interested in the case where P is either M,
M(g) or Mr(g), we can consider the elements of P as being the measures
of M which share a common property. In My, the common property is
“to be invariant under 7”; in M(g) it is “to be specified by ¢”.
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Since P is convex in the three cases under consideration, it is natural
to ask if it contains extreme elements, exP? C P, and if each u € P
can be decomposed into a convex combination of these extreme elements.
Since spaces of measures are infinite-dimensional, such convex combina-
tions must involve some sort of probability measure on ex P, denoted «,.
The decomposition we expect is of the following form:

(3.1) VAe F, M(A):/PV(A)%(dV).

In a finite-dimensional setting, cy, would correspond to the coefficients of
the decomposition of y, and «,(exP) = 1 reflects the fact that these add
up to 1.

In concrete cases, the common property satisfied by the measures of P has
a natural sub-o-algebra A C F associated to it, and the extreme elements
of P happen to have a simple characterization in terms of A.

Definition 3.1. Let A C F be a sub-c-algebra. A probability v € M s
trivial on A if v(A) € {0,1} for all A€ A. If P C M, define

(3.2) Pa:={p€P:pis trivial on A} .

For example, when P = M, A is the o-algebra of invariant events, which
appears naturally in the Ergodic Theorem, and the extreme elements of
P are the ergodic measures, which are trivial on A (see Section (3.4)).
Therefore, we assume from now on that the extreme elements of P are
characterized by their triviality on a sub-c-algebra A, and always denote
ex P by P4. Observe that a priori, it seems non-trivial that P4 # 0.

It happens that triviality on A is equivalent to conditionning with respect
to A, as shown in the next lemma.

Lemma 3.1. Let A C F be a sub-c-algebra, n € M. Then p s trivial
on A if and only if for all B € F, n(B|A) = u(B) p-a.s.

Therefore, the description of P4 is done by studying conditional proba-
bilities of elements of P with respect to A. So, to start with, let p € P
and assume the existence of a regular conditional distribution of pu with
respect to A. That is, assume

(33) B s Q*(B) = u(BJA)(w)
defines a probability measure for p-almost all w. At points w at which Q¥
is not a probability measure, define ¥ in an arbitrary way (For example,

define Q¥ := pg, where pg is a fixed probability measure in M.) The
identity E,(15) = E,(E,(15].A)) can then be written as follows:

(3.4) 5= [
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This integral can already be interpreted as a decomposition of y into a
convex combination of the measures Q“, w € (). Nevertheless, we need
to show that the relevant measures involved in the decomposition are, in
the sense of i, concentrated on P4. A simple argument is in favor of this:
observe that when A € A, then of course

(3.5) Q(A) =14(-) pras..
Ideally, we would like a reversed statement: that for p-almost all w,

Q“(A) € {0,1} for each A € A:
(3.6) p{w: QY ePy})=1.

We will see later that this central concentration property does indeed hold
in the cases in which we are interested. Assuming (3.6), the integral (3.4)
can be restricted to {Q" € Pa}:

1) up)= [ @),

Then, consider the measure-valued random variable X : Q@ — M, X(w) :=
@“. We can express i as the expectation of X:

(3) n= [ Xm(a)

Clearly, this requires the definition of a measurable structure on M. In
elementary probability, the expectation of a real-valued random variable
X : 2 — R can be transformed into

(3.9) [ X@utdo) = [ anx(ao),
Q R
where py is the distribution of X, defined for any Borel set I C R by

(1) o= p({w: X(w) € 1),
The same can done for (3.8): for each measurable set M C P4, define the
distribution

0u(M) i= p({e : X(w) € M}).
Since o,(P4) = 1 by (3.6), one can proceed as in (3.9) and push the
integration of X onto Py:

(3.10) l&mmmm@:/y%wy

Pa
This gives the wanted decomposition of u.

The above decomposition thus relies on the existence of the regular condi-
tional distribution @), and on the justification of the steps that led to the
definition of the probability measure c,. In particular, (3.6) is crucial.
Observe that this program cannot be guaranteed to succeed in general,
and requires that (€2, F) have some particular topological structure. In
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our case, our construction of ¢ will rely heavily on the fact that our o-
algebra F is generated by the cylinders, which are countable.

In Section 3.2 we define the appropriate measurable structure on sets
of probability measures. In Section 3.3 we make the previous informal
argument rigorous. In subsequent sections we apply this result to the
three situations of interest in this paper, namely where P is respectively

My, M(g) and Mr(g).

3.2. Measurable sets of Probability Measures. Consider a non-empty
subset My C M. A standard way of defining a measurable structure on
M, is to consider a family of real functions on M and to require each of
these to be measurable.

Definition 3.2. For each A € F, the evaluation map e : My — [0, 1] is
defined by e () := u(A). The evaluation o-algebra on My is the smallest
o-algebra of subsets of My for which each evaluation map eq, A € F, is
measurable.

Remark 3.1. In other words, e(M,) is the o-algebra generated by all the
sets of the form {v € My :es(v) < ¢}, for A€ F,ce|0,1].

It will also be necessary to consider, for each bounded F-measurable f :
1 — R, the map e; : My — R defined by e;(n) := E,(f). By expressing f
as a uniform limit of simple functions and using Dominated Convergence,
one obtains

Lemma 3.2. If f : Q2 — R is bounded and measurable, then ey : My — R
is e(My)-measurable.

We denote by M (Mo, e(My)) the set of probability measures on the

measurable space (Mg, e(My)). If a € M7 (Mo, e(My)), the integral of
an e(Mj)-measurable function F': My — R with respect to u is denoted

/MO F(v)a(dv).

In particular, by choosing for each A € F the evaluation map F = ey,
one can define a probability measure u € M, called the barycenter of a:

(3.11) VAEF, u(A) = /M v(A)a(dv).

3.3. The Abstract Decomposition. This section is without reference
to any particular structure on the underlying measurable space, besides F
being countably generated. We will nevertheless continue using the nota-
tions used so far. Our exposition follows that of Georgii [12], with slight
differences.
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Regular conditional distributions are well described by probability kernels,
of which re remind the definition.

Definition 3.3. A probability kernel from (Q2, A) to (2, F) is a map Q :
QO x F — [0, 1] satisfying the following conditions:

(1) for allw € Q, Q(w,-) € M,

(2) for all B € F, Q(-, B) is A-measurable.

In this section, the symbol ) will always denote a probability kernel from
(Q, A) to (2, F). We will also write @“(B) in place of Q(w, B), and since
the kernel defines a map that associates to each w € () a probability
measure @Q“ on (2, F), we denote it by X :  — M, X(w) := Q.

Lemma 3.3. Let M be endowed with the evaluation c-algebra e(M).
Then X : Q — M is A-measurable: X"*(M) € A for all M € e(M).

Proof. Define D := {M € e(M) : X"}(M) € A}. It suffices (see Remark
3.1) to show that D contains all sets of the form {v € M : v(B) < ¢},
with B € F. But X '({r e M :v(B) <c¢}) ={w:Q%(B) < c} € Aby
the A-measurability of w — Q% (B). O

Our discussion of Section 3.1 should make the following definition natural.

Definition 3.4. Let P C M be non-empty and A C F be a sub-c-algebra.
A probability kernel from (2, A) to (2, F) is called a superkernel for the
pair (P, A) if {Q € P} € A, and if for all u € P the following conditions
hold:

(1) VB € F, p(B|A)(-) = Q(B) p-a.s.

(2) M@ eP)=1.

Condition (1) means that the kernel () is suited for the description of the
conditional distribution of each p € P with respect to A, and Condition
(2) will be necessary to justify (3.6). Now goes the main theorem.

Theorem 3.1. Assume F is countably generated. Let P C M be non-
empty, A C F a sub-c-algebra, and let P4 denote the set of elements of P
which are trivial on A, defined in (3.2). Suppose there exists a superkernel

Q for the pair (P, A). Then

(1) Pa#0, and
(2) for all p € P, M € e(Py4), ay(M) := p(Q € M) is well defined,
a, € MT(Pa,e(Pa)), and the following decomposition holds:

(3.12) VBeF, wB)= /7> v(B)ay,(dv).

The measure o, is the unique measure of My (Pa,e(P4)) whose
barycenter is p, i.e. for which (3.12) holds.
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The following maps will be useful in the proof. For all B € F, define the
variance of Q' (B), vg : M — R, by

vp(p) =E,[(Q(B) — Eu(Q
=E.[Q(B)’] — E.[Q
=cq (p2(1) — €q () (1)

B)))’]
B))*

2

—_—

Since w +— Q¥(B) is measurable and bounded, Lemma 3.2 says that vp is
e(M)-measurable. Further,

(3.13) vp(p) =E.[(Q(B) — u(B))’] YueP.
Namely, if ¢ € P then E,[Q(B)] = E,[E,.(15|A)] = E,(15) = u(B). The

core of the proof given below is to prove the following simple characteri-
zation of P4 in terms of these variances: pu € P4 if and only if p € P and
vp(p) = 0 for all cylinder B € C.

Proof of Theorem 3.1. Denote by C the countable generator of F. The
proof is divided in three parts.
Step 1: Study of the set P4. We characterize P4 using the maps vg:

Pa={peP:VBeF, uBlA) =uB) pas.}
={peP:VBeF,Q(B)=pu(B) pas.}

(3.14) ={peP:VBeC,Q(B)=uB) pas.}
(3.15) ={peP:VBeC,ug(u) =0}
(3.16) = ﬂ{uEP:UB(u):()}.

BeC

The first equality follows from Lemma 3.1, the second from the definition
of the superkernel, and the third from the fact that {B € F : Q' (B) =
w(B), 1 — a.s.} is a Dynkin system containing C and from Theorem B.1.
In (3.15) we used (3.13). For the same reason as before, the restriction
vp : P — R is e(P)-measurable. Therefore, (3.16) shows that P4 € e(P).
Using again (3.16), we have

{Q ePa}=({Q €P,us(Q) =0}

BeC
={Q € P}n ﬂ X HueP:vp(p) =0}
Bec
(3.17) ={Q €P}n ﬂ X HueM:vg(p)=0}.
BeC

Since we assumed {@Q) € P} € A this implies, using measurability of vp
and of X (Lemma 3.3) in each of the terms of the intersection over B € C,

that {Q € P4} € A.
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Step 2: The probability measure o,. Let p € P. Let, for M € e(Pa),
(3.18)  au(M) = p({w: X(w) € M}) = (X" (M)
Let us verify that this set function is well defined, i.e. that X~1(M) € A
for all M € e(P4). We proceed as in the proof of Lemma 3.1. Let
D:={M € e(Py4) : X' (M) € A}. Since D C e(P4) and D is a o-algebra
on P4 (as can be easily verified), it suffices to see that D contains all sets
of the form {v € Py : eg(v) < ¢}, with B € F, ¢ € [0,1] (see Remark
3.1). But

XU({v € Pa: ep(v) < ch) = {Q@ € PN {Q(B) < c} € A,

by Step 1 and since w — Q¥(B) is A-measurable. This shows that a,
is well defined. It is immediate from (3.18) that ¢, is o-additive. The
point is to verify that «, is a probability, i.e. that X concentrates on P4
(remember (3.6)):

au(Pa) = p(X € Pa) = (Q € Pa) =1.

Consider the event {Q € P4} expressed as in (3.17). Since pu(Q € P) =1
by hypothesis, it remains to show that for all B € C,

pX~Hp € M:vp(p) =0}) = u(vp(Q) =0) = 1.
Since vp(Q)) > 0, it is enough to show that E,(vp(Q)) = 0. Remembering
that (@ € P) =1 and using (3.13), we get

E,(v05(Q)) = / 05(Q¥) u(dw)

QeP

- /czep[EQw(Q'(B)Q) — Q“(B)]u(dw)

(3.9 ~ [IEe(@(B7) - QB utde).
Now, observe that for all bounded measurable f: Q2 — R,
[ Ea(Putde) = [En(sLA) @l

This follows from the definition of ()". Namely, for f =15, £ € F,

[ Eetputde) = [ @Byt = [EpA ).
The extension to bounded functions is standard. Therefore, when f =
Q(B)?,

/EQw(Q'(B)z)M(dW)Z/EM(Q'(B)QIA)(W)M(W)Z/Q“(B)QM(dW)-

This shows that (3.19), i.e. E,(vp(Q")), is zero.
Step 3: The decomposition and its uniqueness. Let p € P. To represent u
as the barycenter of o, proceed as follows (the idea was already explained
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in the heuristic discussion of Section 3.1). First, express (3.18) using
indicator functions:

/PA Ly (v)ay,(dv) = /1M(Q“’),u(dw).

By a standard extension argument, this implies that for any bounded
e(P4)-measurable function F': P4y — R,

[ Folan) = [ FQu(de).

Pa

In particular, for the evaluation maps F' = eg, B € F, one gets
[ vBan = [ @),
Pa

We have thus shown (3.12). To verify that «, is the unique measure of
M (P4, e(Pa)) representing pu, observe, first, that

{Q =p} ={Q(B) = u(B)VB € C}
This follows from the Extension Theorem of Carathéodory. So (3.14) can
also be written as:

(3.20) Pa={peP:pQ =p) =1}.

Assume af, € M{ (P4, e(P.a)) also represents p. Consider any M € e(Pa)
and write

ozL(M):/P Ly (v)oy, (dv) .

Since v € Py, (3.20) clearly gives v(Q € M) = 1),(v). Since we are also
assuming that ozL represents .,

[ el = [ v(@ € M) = (@ € M) = a ).

which implies «,,(M) = o, (M). This proves Theorem 3.1. O

3.4. Extreme Decomposition for M. We apply the general result of
last section to the case where P = My, the set of measures which are
invariant under 7'

Mp={peM:poT™ =pu}.

The central ingredient, in the study of invariant measures, is the Ergodic
Theorem of Birkhoff, which we state for the sake of completeness:

Theorem 3.2. Let yu € Myg. For any f € L*(Q, F, 1), as n — oo,

(3.21) %nz_:f o T — E,(fIT) p-as.
k=0
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Here, 7 is the o-algebra of invariant sets, defined by
IT:={AeF :TA=A}.

It is well known (see e.g. [3]) that the extreme elements of My are the
invariant measures which are trivial on Z. We therefore define

(3.22) MZE = {p € My : pis trivial on Z} .

In the notations of the previous section, M7* = (Mr)z. The elements
of M7® are called ergodic measures. We can now state the well-known
result saying that each invariant measure can be decomposed into a convex
combination of ergodic measures.

Theorem 3.3. Let iy € M. Then there exists a unique probability mea-
sure a,, € MT(MZE e(MT?)), such that

(3.23) VBeF, wuB)= /Merg v(B)oy,(dv) .

FEach integral in (3.23) is called the ergodic decomposition of ji(B).

This theorem is a direct application of Theorem 3.1, once we have a superk-
ernel for the pair (Mg, Z). As in the construction of measures specified
by a given g-function, we will rely on the compactness of (2.

Proposition 3.1. There exists a superkernel for the pair (Mqp,T), de-
noted Q).

Proof. For each w, n > 1, define the empirical measure

n—1
w 1
Q= n E Ok s
k=0

where ¢, is the Dirac mass at w. Taking B € F, one can also write

3
—

1
(3.24) Q“(B)=~) lpoTH(w).
[
Consider the set
(3.25) Qo= () {weQ: lim Q(B) exists} .

BeC

The following can be verified easily: for each w € €, lim,, . Qr;f*l“(B)
exists for all B € C and equals
(3.26) lim Q7 “(B) = lim Q“(B).

n—oo

In particular, Qy € Z. Let pug be an arbitrary probability measure in
My (for example, a product measure). Define, for each w € Q and each
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cylinder B € C,

lim, o Q¥(B) ifwe€Qy,
to(B) otherwise .

Lemma 3.4. For all w, Q¥ can be extended uniquely to a probability
measure on (2, F).

Proof. When w € Qf, there is nothing to show: just set Q“(B) := uo(B)
for all B € F. When w € €y, we see that @)“ is finitely additive by
considering, for two disjoint cylinders By, Bs,

Q“(B1U By) = lim Q7 (B U By)
= lim Q7(B) + lim @7(Bz) = Q“(B1) + Q% (Bz) .

To verify o-additivity, consider a decreasing family of cylinders such that
N,>; Bn = 0. By Lemma 2.4, B,, = () for large enough n, which implies
lim, o @“(B,) = 0. By the Extension Theorem of Carathéodory, there
exists a unique extension of (Q“. O

Let B € C, ¢ € [0,1]. By (3.26), {w : Q“(B) < ¢} is invariant. This
shows that w — Q¥(B) is Z-measurable. Since, as can be easily verified,
{B € F:w+— Q¥DB) is T-measurable } is a Dynkin system containing
the cylinders, and since the cylinders are stable under intersection, this
shows that w — Q¥(B) is Z-measurable for all B € F (Theorem B.1).
Therefore, @ is a probability kernel from (Q,7) to (Q, F).

We must then verify that the kernel () provides, for each p € My, a
regular conditional distribution with respect to Z. So take p € My, let
B € C and write Q' (B) as in (3.24). By the Ergodic Theorem, as n — oo,

Qn(B) - M(B|I) ,  H-a.s.

Therefore, p(B|Z) = Q(B) p-a.s. This also implies u(€y) = 1, and
again, since {B € F : u(B|Z) = @ p-a.s.} is a Dynkin system containing
the cylinders, we have u(B|Z) = @ (B) p-a.s. for all B € F, which is
Condition 1 of Definition 3.4. Now

(3.27) {Q e M} = ({Q(T7'B)=Q(B)}.

BeC

This identity follows from Lemma 2.2. Since {Q (T'B) = Q' (B)} € T
and u(Q (T'B) = Q(B)) = 1 for each B € C, (3.27) implies {Q €
Mr} €T and pu(Q € Mr) =1, which is Condition (2) of Definition 3.4.
We have thus shown that () is a superkernel for the pair (M, 7). O

The kernel ) constructed above will be used again in Section 3.6.
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3.5. Extreme Decomposition for M(g). In this section, we consider
the case where P is M(g),

M(g) :={pn € M : puis specified by g},

where ¢ is a regular g-function. We will adapt the method exposed by
Georgii in [12] for Gibbs measures and specifications on Z.

The property defining elements 1 € M(g) involves a conditionning on
each of the pasts F(_ ). Therefore, a natural candidate for the o-algebra
which we need to study extreme elements of M(g) is the left-tail-o-field:

Tfoo = ﬂ f(foo,fk]u
E>1

It was shown in [10] that indeed, the extreme elements of M(g) are char-
acterized by triviality on 7_.:

exM(g) = {p € M(g) : pis trivial on 7_}.

Theorem 3.4. Let u € M(g), where g is reqular. Then there exists a
unique probability measure 7, € M7 (ex M(g), e(ex M(g))), such that

(3.28) VBeF, uB)= / v(B)m,(dv).
ex M(g)
In particular, ex M(g) # 0.

Again, this theorem is a direct application of Theorem 3.1, once we have
a superkernel for the pair (M(g),7_ ).

Proposition 3.2. Let g be regular. Then there exists a superkernel for
the pair (M(g),7_w), denoted I1.

In the last section, the central ingredient in the construction of the su-
perkernel for the pair (Mr,Z) was the Ergodic Theorem. Here, the key
convergence result will be the Backward Martingale Convergence Theo-

rem: for all A € F,
(3.29) AT o) = lm (Al F( oo —n)  p-as.

Proof of Proposition 3.2: Let w € 2, n > 1, b > —n. Define first, for a
cylinder [o]%, 4,

b
(3'30) fon([a]b—n—H) = H /g\<oj—n+1wﬁoo)’
j=—n+1

where g was defined in (2.7). Then, for any thin cylinder [0]°, —n < a < b,
(3.31) I, (lo]h) = Y 2 (olalm®ta) -

a—1

[W}_n-ﬂ
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The definition of II¥  extends immediately to any cylinder B € C whose
base lies in [—n + 1, +00). Then, define

0y = ﬂ {w: lim II¥ (B) exists} .

Clearly, w +— 11 (B) is F(_co,—n-measurable for each thin cylinder, and
so {w : lim, . [1¥ (B) exists} € 7_, for each B € C, which implies that
0 € T . Let pug be an arbitrary probability measure in My. To be
precise, take a product measure for which po([—]x) = 1 — po([+]x) = € for
all k£, where € is the constant that appears in the uniform non-nullness of
g. Define, for each w € Q2 and each cylinder B € C,

o) o [ TE(B) ifwe
" po(B) otherwise .

As was done in the proof of Proposition (3.1), I1* can be uniquely extended
to a probability measure on (€2, F). To verify that w +— I1¥(B) is 7_ -
measurable for each B € F, start by writing, for B € C and ¢ € [0, 1],

{wI¥(B) <c} = fw:I¥(B) <} N) U ({w: I¥(B) < c} N
= ({w:po(B) <} N) U ({w: lim 11, (B) < ¢} NQY),
from which w + I1¥(B) is obviously 7_.-measurable. As in the proof of
Proposition (3.1), it can be shown that this measurability extends to all

B € F. 11 is therefore a probability kernel from (Q,7_.,) to (2, F). We
show in a few steps that IT is a superkernel for the pair (M(g), 7 ).

Claim 3.1. Let p € M(g). ThenVA € F, u(A|7_») =1I'(A) p-a.s.

Proof. Let u € M(g). Consider a thin cylinder [¢]®. By the Backward
Martingale Convergence Theorem (3.29),

w014 T ) = lim (o) Fioo ) poas.
By summing over the possible values of the configuration on [—{+ la — 1],
poBF ) = 32 ORI ) s
[77} l+1
Lemma 3.5. Let p € M(g). Then for all thin cylinder [o]”,,_,,
(332) M([O]b—n—i—llf(*w,*n]) = ’Y—n([a]b—n—i-l) ) H-a.s.
Therefore, p-a.s.,

> nllola i Fiose ) Z vallelaln)i) = T((ola) -

[n] (i?i 1 (%7 l+ 1
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This gives
(333)  p(ol|Tw) = Im I (jo]}) =TT (jo]}) p-as.

l—o0 @
This extends to all cylinder B € C. It can easily be verified that D =
{AeF:pu(Al7T_) =1I'(A) p-a.s.} is a Dynkin system. Since it contains
the cylinders, the claim is proved. O

An important consequence of (3.33) is that p(€;) =1
Claim 3.2. For allw € Qy, II¥ € M(g).
Proof. Let w € ;. By (2.4) we have, for II*-almost all o,

I (k1 | F oo ) () = lim I ([ He 1 [ Fiom) (0)

= lim lim I ([Hre1[0]%)
oenee 12, ([o]2)

The quotient is well defined by
Lemma 3.6. For all w, I1¥([0]%) > eb=oF1 > 0.
As can be verified by direct computation using the definition of II¥

11« 110 ]31 n
e = g0t )] < o),

uniformly in n. This shows that

(k1| Fleoom) = 90t o)
and therefore I1¥ € M(g). O
Claim 3.3. {II' € M(9)} € T_

Proof. Express {w : II¥ € M(g)} as follows:

N N {wzﬂ“’<[+]k+1ﬂA>= /A g(aﬁm)ﬂwa)}

k€Z AEF(_ o k)
N N {w:H“([HkHﬂB):/g(akoo)l'[w(da)}.

k€Z BEC(_ oo 1) B

This identity follows from the fact that for all £ and all w, the collection

Dt i= {4 € i T4 1 4) = [ g(o" I (o)}

is a Dynkin system. But it is then easy to verify that

{w ([ N B) < / g(afm)ﬂw(da)} €T .,

B
which follows from the 7_ . -measurability of II'. The other set with > in
place of < belongs to 7_, for the same reason. O

(3.34)
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Claim 3.1 shows that II satisfies (1) of Definition 3.4. Moreover, since
w1(21) = 1 and since @ C {II' € M(g)} by Claim 3.2, we have p(II' €
M(g)) =1, which is (2) of Definition 3.4. This finishes the proof. O

3.6. Extreme Decomposition for Mr(g). Finally, we consider the case
where P = Mr(g), whose extreme elements we denote by ex Mr(g). Sur-
prisingly, we won’t need to go through the construction of a new superk-
ernel.

Theorem 3.5. Let p € My(g), where g is reqular. Consider the proba-
bility measure o, € M (MTE, e(MF8)) of Theorem 3.3. Then

(3.35) VBeF, wuB)= / o )I/(B)au(dl/).

In particular, ex Mz (g) # 0.

The fact that the measure o, can be used follows from the fact that the
o-algebras Z and 7_.,, which appeared naturally in the constructions of
() and II respectively, are intimately related. This will be the content of
Lemma 3.8 below.

Proof of Theorem 3.5: Let u € Mr(g). Since p is invariant, we can use
Theorem 3.3 to decompose g into its ergodic components:

(3.36) VBeF, u(B)= / v(B)ay,(dv).

M
We will see in Lemma 3.7 that o, concentrates on M(g): a,(M(g)) = 1.
Therefore,

(3.37) VBeF, u(B)= / V(B)ay(dv),

MEAM(g)
But M72NM(g) = ex M1(g), as was shown in [10]. This gives (3.35). O
Lemma 3.7. Let p € My(g), with g reqular. Then a,(M(g)) = 1.

Proof. Remember that «,(M) = u(Q € M) for all M € e(M7F®), where
() is the superkernel of Section 3.4. We compute, for Q“-almost all o,

Q° ([+rs11F(—som)) () = lim Q“([+]ks1lo]®)

—oe Q¥([o]F))
Since p € Mrp,
Q([Hralolty) _ pl(Hes[o]%|T) (@) s
Q“([o]*)) p([o]®)T)(w) -

The following can be found in [10], [12].

Lemma 3.8. Let p € My. Then T C T o, p-a.s. That is there exists,
for all A€ T, aset B €T o such that u(AAB) = 0.
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Therefore, we can write

pl[Hen[015)1T) = p(u((Hen0)5) o) |T) - peas.

Since 1 € M(g), we can describe p([+]x11[0]*;|7 o) With the superkernel
IT:

(e [o]5| Toe) = T ([Hlerilo]ty)  pras.
(3.38) = lim 1T, ([+]gs1]0)®;) p-as.

n—oo

But, as we already saw in (3.34),

I, ([+erlo]®) = [Q(Ulioo) + O(Vark—l—l(g))]n.—n([o-]]il) .

Using the same identity as above in the other way, lim, ... II", ([o]*,) =
w([o]* 1T o) p-a.s., we get

Qw([+]k+1|f(foo,k])(o-) = g([o-]]ioo) 5
which proves that Q“ € M(g). O

4. UNIQUENESS: THE JOHANSSON-OBERG CRITERIUM

In this section, we consider a kind of condition that g must satisfy in order
to guarantee | Mr(g)| = 1. We have seen, in Section 2, how the continuity
of g, i.e. vari(g) — 0, implies existence of measures specified by g. Since
the dependence on the past is weaker when varg(g) converges to 0 faster,
a natural problem is to understand if uniqueness of the invariant measure
can be obtained by imposing some condition on the speed at which varg(g)
goes to zero.

The uniqueness problem was considered by Doeblin and Fortet in their
pioneering paper [7] (see also [14]), via a coupling argument, under the
condition that (vary(g))i>1 € ¢}, i.e.

(4.1) Zvark(g) < 00.

In Example 1.1, the bound (2.1) shows that
D var(g) <> Q(R> k) =Eq(R).
k>1 k>1

Therefore, [7] gives uniqueness when Eg(R) < oo, and Eg(R) = +00 is a
necessary ingredient for non-uniqueness.

Other significant results on uniqueness were obtained by Bowen [4] , Wal-
ters [19], Berbee [1] and Hulse [13]. More recently, Johansson and Oberg
[15] gave the following criterium:
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Theorem 4.1 ([15]). Assume g is reqular and (varg(g))g>1 € 2, i.e.

(4.2) Zvark(g)2 < 00.

k>1
Then there exists a unique invariant measure specified by g: |[Mr(g)| = 1.

Since ¢! C (2, this result is a significant improvement of [7]. It was shown
recently by Berger, Hoffman and Sidoravicius [2] that when regarding
summability of variations, Theorem 4.1 is optimal in the following sense:
for any € > 0, there exists a g-function with (varg(g))r>1 € £>7¢ which has
at least two invariant measures specified by g 2.

Consider the g-function of Example 1.2. Since

1

Z I~ H ’

n>k
the upper bound (2.1) and Theorem 4.1 show that uniqueness is guaran-
teed when v > % This might seem surprising since the one-dimensional
Ising model with long range ferromagnetic interactions given by a sequence
(Jn)n>1 with the asymptotic behaviour as in (1.5), exhibits a phase tran-
sition at low temperature for all values 0 < v < 1 [9]. As a matter of fact,
it was shown recently by Ferndndez and Maillard [11], using [9], that if

invariance is dropped, then the Johansson-Oberg Criterium does not hold.

Theorem 4.1 is a corollary of

Proposition 4.1. Assume g is uniformly non-null and (vary(g))i>1 €
. Then any two measures u,v € Mqg(g) are absolutely continuous with
respect to the other: p < v and v < p.

Proof of Theorem 4.1: By the decomposition Theorem 3.5 for Mr(g), we
know that the extreme elements of M(g), which are ergodic, determine
Mr(g) completely. But if p,v are two distinct ergodic measures, then
they are singular [3]. By Proposition 4.1, this is impossible. Therefore
there can exist at most one ergodic measure specified by g, proving the
theorem. U

Proof of Proposition 4.1: Since (4.2) implies continuity of g, there exists
at least one invariant measure specified by g (Theorem 2.1). Assume
w, v € Mr(g). To show that u < v (v < p is obtained in the same way),
the idea is to compare these measures on cylinders with large bases, by
considering the following random variables:

n

L N([W]l)
M) = Jia

2Observe, nevertheless, that the alphabet considered in [2] contains more than two
letters.
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The variables M,, are often called likelihood ratios; they are well defined
by Lemma 2.1. The starting point is the content of the following lemma.

Lemma 4.1. Let A € Fj1,,. Then, for alln > m

(4.3) ,u(A):/AMndl/.

In particular, the sequence (My),>1 is a martingale with respect to the
filtration (Fj1n))n>1 and to the measure v.

Proof. Clearly, M, is Fj; -measurable. If (4.3) holds, then in particular

(4.4) /M dy_/M dv,

which implies that (M, ),>1 is a martingale with respect to (Fi1,))n>1
and to v. To show (4.3), we decompose A into thin cylinders [wp]}* with
wo € {£1}m and for each wy, we resum over all configurations w; in

{E1}mHLnl;
. = N Allwownl) y
[wo] T And Z/OM]l M wzl y<[w0w1]?) /[wowl]? !
= Z#([wowlh)
= p([wo]")

which yields

/AMndV:%;

proving (4.3). O

My dv =" p(lwol?) = u(A),

[wol T

The identity (4.3) is interesting for the following reason: M, is a candidate
for the construction of a density of p with respect to v. The strategy of
the proof is thus the following. We shall first show how the Johansson-
Oberg Condition (4.2) implies that the martingale (M,),>1 is uniformly
integrable, leading to the r-almost sure existence of the limit M,, — M.
This will imply, by taking n — oo in (4.3), that

(4.5) / Mo dv

for all cylinder A whose base lies in the half space [1,+00). In order to
extend (4.5) to any cylinder (i.e. with base in Z), we will average translates
of M., by constructing

— 1
(4.6) My = lim = My oT",
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whose existence is guaranteed by the Ergodic Theorem. M, will then
be shown to be the Radon-Nikodym derivative of p with respect to v,
concluding the proof.

Let us show that (M,,),>1 is uniformly integrable with respect to v, which
means (remember that M, > 0)

lim sup/ M,dv=0.
M, >K

K—oo n>1

By taking A = {M,, > K} in (4.3), we have

/ M, dv =u(M, > K).

M,>K

Uniform integrability with respect to v is thus equivalent to tightness with
respect to u:

(4.7) lim sup pu(M, > K)=0.

K—00 n>1

Lemma 4.2. If g satisfies the Johansson-Oberg Condition (4.2), then
(M) n>1 is tight with respect to .

Proof. Since M,, > 0, it suffices to show that
(4.8) lim sup p(logM,, > K)=0.

K—00 n>1

Consider the decomposition:
p(wlt) = [T me(n),
k=1

where the m (1) = 7 (1) (w) are defined by (use again Lemma 2.1)
m(p) = (Bl k=20,

and 71 (u) := p(jw]r). We define g (v) similarly.

Lemma 4.3. We have inf, 7(-) > € > 0 and

sup [y (1) — mi (V)] < 2varg(g) .

w

Proof. We use the fact that p and v are specified by g, which is assumed
to be regular. For example, in the case where wy, = +1, (2.5) gives

s = ; W] 1o]° o
) = ey [ o e

(4.9) = g(w) + O(vari(g)) .

Doing the same with 7 (), we obtain the result. O
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Now, write

log M,, = Zlog ’Z Z]Og (1 + %)
k=1

() — m(v)
k=1 (V) ’

:\

(4.10)

IN

since log(1 + z) < x for all x > —1.

Remark 4.1. Using Lemma 4.3 in (4.10), we get

2 — 2 —
log M,, < - E varg(g) < — E var(g)
€ €
k=1 k=1

Therefore, if one assumes that the variation of g is in ¢! (the condition of
Doeblin and Fortet), one obtains immediately tightness of (log M,,),>1.

The key to Johansson and Oberg’s generalization is to consider the fol-
lowing identity:

zn: () — me(v) zn: (1) — T (V) N Zn: (m(p) = mi(v))? .

o omr) = m(w) —~  m(p)m(v)

The second term is bounded using (4.2):

Z (mi(p) — mﬂ < 62 Zvar 2 < %Zvaurk(g)2 < 00.

k=1 (1) Tk € =

The point is that in the first term, which we denote by

Z . zn: T () — 7k (V)

~  m(p)

the measure appearing in the denominator is p in place of v. This is
convenient, since we need to show tightness with respect to .

Lemma 4.4. (Z,),>1 is a martingale with respect to the filtration (F1 p))n>1
and to p.

Proof. We show that
(4.11) E,.((Zk — Zj—1)| Frp-y) =0
for all £ > 1. Denote by [w/]¥! j =1,2,...,2%! the atoms generating

Fiik-1y- On [w?]f~!, we have

B I () = (V)
Eu((Zk Zk71>|f[17k‘*1]) - ,u([uﬂ]lf*l) /[wj]k 1 (1) s
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This last integral can be computed explicitely:

m(p) — mp (v
/Hk1 k(1) — i ( >dﬂ

(1)
= el ool
> oty el
= ul ) ST (sl — wllalel ) = 0.

Notice the cancellations of the terms involving p, which occured precisely
because Z, was defined with y in the denominator. 0

Now, since log M,, < Z,, + C, C < oo, tightness of (Z,),>1 (with respect
to p) implies tightness of (log M,,),>1. To show that (Z,),>1 is tight, it is
sufficient to show that it is bounded in L*(Q2, F, n), i.e. sup,> || Z, |2 < oo.

Indeed, for any K > 0,
(Zy > K) = ! K2dp < — / Z2dp < — 12,13
N’ n — _K2 ZusK :u_KQ ZusK n”—KQ nif2 -

Now, setting Zy := 0 and writing Z,, = > ,_,(Zx — Zy—_1), we get

1Zall3 =D Eul(Ze — Z)”) 42> Eul(Z = Z3-1)(Zk — Zra)) -

=1 1<j<k<n
By the definition of Z; and Lemma 4.3,

2 mi Bl ()]

4 4
< = ;Vark(g)Q < = zzvabrk(g)2 < 00.

k>1

For each pair j < k, Z; — Z;_1 is Fji p—1-measurable since Fj; ;1) C
Fi,51 C Flie—1), and so

E(Z; = Zj1)(Zk — Zi-1))
= B, [B,((Z; — Z-)(Zk — Zir)| Firie) |
= E,(Z; = Zj- ) Eu((Z — Zi-1)|Fpp-11)] = 0

by (4.11). We have thus shown that sup,; ||Z,|2 < oo, which in turn
implies that (M,),>1 is tight, and proves Lemma 4.2. 0

Since (M,)n>1 is tight with respect to u, it is uniformly integrable with
respect to v, as we have seen. Therefore (see [20]), there exists an Fpy 4o0)-
measurable random variable M, > 0 such that M, — M, in L*(Q, F,v).
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Taking the limit n — oo in (4.3), we get

(4.12) / M., dv

for all cylinder whose base lies in [1, +00), i.e. for all A € 5, Fj1m). To
obtain a similar representation for a generic cylinder A € C, we use the
Ergodic Theorem: since v is invariant,

1< _
=3 MyoTH— M, inLNQF,v),
n

M ., is a version of the conditional expectation of M., with respect to Z.
Now for any cylinder A € C, we compute

n—1

— 1
4.13 M, dv = lim = /Mooodey.
(4.13) > :

A n—oo N

Assume k is large enough so that the base of T7*A lies in [1, +00). By a
change of variable, (4.12) and the invariance of p,

/ My oT*dy = Moo dv = p(T7*A) = pu(A)
A T-+A

Since this can be used for essentially all the terms in the sums appearing

n (4.13), we get
:/Moody.
A

But the cylinders generate F, and so this shows that p is absolutely con-
tinuous with respect to v, with density M ., which finishes the proof of
Proposition 4.1. U

5. NON-UNIQUENESS

The Johannson-Oberg Criterium described in Section 4 shows that when
the variation of g decreases fast enough, i.e. at least when (varg(g))g>1 €
(2, then there exists a unique invariant measure specified by g¢. It had
actually been an open problem for some time to decide whether conti-
nuity of g was enough to guarantee this uniqueness, without requiring
anything on the speed of convergence of the variation to zero. For the
first time in [5], Bramson and Kalikow showed the existence of regu-
lar g-functions for which there exist at least two invariant measures, i.e.
|IM1(g)| > 1. We will describe their result in Section 5.1 below. More re-
cently, Berger, Hoffman and Sidoravicius [2] constructed another example
of non-uniqueness, showing the optimality of the Johannson-Oberg Cri-
terium. In [11], Ferndndez and Maillard exhibited g-functions which sat-
isfy the Johannson-Oberg Criterium, but for which there exist at least two
measures specified by g; such measures being necessarily non-invariant.
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5.1. The Bramson-Kalikow Mechanism. Consider the type of g-function
described in Example 1.1 of the Introduction:

(5.1) g(why) = anw(% ni whs)

n>1

where ¢ is a non-decreasing and bounded away from zero and one, in order
to guarantee regularity of g. Bramson and Kalikow considered

1—¢ ifz>0
5.2 _ =5
(5:2) () {e ifr<0,

where € > 0. Functions of the type (5.1) are clearly attractive, and so we
can construct two measures pF, prepared respectively with the boundary
condition ¢ = + and ¢ = —, as in (2.11).

Theorem 5.1. [5] Let ¢ be as in (5.2) with 0 < € < %. There exists a
sequence (pn)n>1 (depending on €) such that uf # u; .

The mechanism leading to non-uniqueness invented by Bramson and Ka-
likow relies on the use of a sequence (p;,),>1 with a highly lacunary struc-
ture, i.e. such that

1 mp—1
mr <
k>1 7=0

where (my)r>1 is a rapidly increasing sequence of integers. Let us sketch
the argument showing why non-uniqueness can be obtained under this
assumption.

APPENDIX A. PROOFS OF AUXILIARY RESULTS

Proof of Lemma 2.1: We proceed by induction on the size of the base. For
a thin cylinder whose base is of size one, say [o]p with o = +1, one has

by (2.5):
u((oli) = / G p(dw) > €

EbfaJrl b+1

a

If one assumes that p([o]%) > , then for the cylinder [o]

easily, in case 0,11 = +1,

one gets

pullolet) = pl[olor N [o]a) :/[ Pt | Foo ) di

14

Z GM([U]b) > eeb—a-i-l — Eb-‘rl—a-i-l’

al) —

which proves the lemma. 0
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Proof of Lemma 2.2: Define £ = {B € F : v(T™'B) = v(B)}. By hy-
pothesis, C € £ C F. Moreover, if B, € €, B,, /' B, then

v(IT7'B)=v(|JT7'B,) = lim »(T7'B,) = lim v(B,) = v(B),

n—00
n>1

i,e. B € £ The same can be done for decreasing sequences of cylinders.
By the Monotone Class Theorem, £ = F. O

Proof of Lemma 2.3: For v o T~ !-almost all w,

voT 1 1[w]®,
v o T N [+]k1| Flooom) = Rl T([—Tilfiyz[g] |

Now v o T ([+]js1[w]®) = v([+]pea[T'w]*T},), which equals

Aol o) = [ o ) ol vian)
W41

= [9(T7'w)E5) + Ovarpp(g) v (1T~ w] )
= [9(w) + O(varppi(g))]v o T7H([w]E))
O

Proof of Lemma 2.4: Let i1,1s,... be an enumeration of Z and define, for
all w,w’ € Q,
d(w,w') = ZZ_"do(win,w;n) :
n>1

where dy(a,a’) = 0 if a = a/, 1 otherwise. This metric turns 2 into a
compact metric space. Observe that in this topology, cylinders are at the
same time open and close.

Assume B, # () for all n. Then (), Bn # 0 for all finite non-empty set
N C N. This implies that {B,},>; has the finite intersection property.
Since cylinders are closed and €2 is compact, this implies that (), -, B, # 0,
a contradiction. - U

Proof of Lemma 3.1: Assume p is trivial on A. Fix some B € F. Then
for all A € A,

[ #(B)d = (B 4) = (B A) = [ AV = (B0 A),

where the second inequality follows from the triviality of u. Conversely,
assuming that for all B € F, u(B|A) = u(B) p-a.s., we get, for B=A €
A,

p(A) = (A0 4) = [ w(ALAY = [ (A= (AP,

and therefore p(A) =0 or 1. O
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Proof of Lemma 3.5: W verify for example that
(A1) P(HIF o) (W) = g(+102 ) g(wl )

for p-almost all w. As usual, p-a.s.

P F o) (w) = lim 1([w]°)

But, since p € M(g),

el = [ gt hutao)

= [g(11[w]’) + (;(varm(g))}u([Hl[W]O—z) :

In the same way, one gets

p([+hlw]?) = [9(w? ) + O(vari(g)) | u([w]y) -

This shows (A.1). The general case is done in the same way. O

Proof of Lemma 3.6: For simplicity, consider a cylinder [+]°. Then since
g=e€

I, (40 = 3 2 ()

[77 —n+1

=D D (T b
()

uniformly in n. O

APPENDIX B. DYNKIN SYSTEMS

Let © be any non-empty set. We denote by 2 the family of all subsets of
), including the emptyset.

Definition B.1. A collection D C 2% is called a Dynkin System (or simply
D-system) if the following conditions hold:

(1) QeD.
(2) If A,Be D, AC B, then B\A € D.
(3) If A, €D foralln>1, A, /A, then A€ D

Observe that D-systems are stable by complementation since A € D im-
plies A° = Q\A € D. Since in general B\A = B N A¢, o-algebras are
D-systems. The only property which D-systems might not have in com-
parison to g-algebras is stability under intersections.

Lemma B.1. A collection F C 2% is a o-algebra if and only if it is a
D-system stable under intersection.
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Proof. The “only if” part is trivial. Then, assume F is a D-system stable
under intersection. Let A, B € F. We have AU B = (A°N B¢ =
ON\(A°N B°) € F. Let A, € F, B, := J;_, As. Since B, € F and
B, /" U,>; Bn, we have that |J,.; B, € F. This shows that F is a
o-algebra. N O

As can be easily verified, the intersection of an arbitrary family of D-
systems is a D-system. Therefore, given any collection C C 2%, one can
define the smallest D-system containing C, called the D-system generated
by C, denoted D(C). In practice, it is interesting to compare the D-system
D(C) with the o-algebra o(C). One clearly has D(C) C o(C). The reverse
inclusion is obtained by imposing that C be stable under intersections, as
seen in the following lemma.

Theorem B.1. IfC C 2% is stable under intersection, then D(C) = o(C).

Proof. To simplify the notations, denote D(C) by D and o(C) by F. We
already saw that D C F. To show that D D F, it suffices to verify that D
is a o-algebra. By Lemma B.1, it suffices to verify that D is stable under
intersection.

Define Dy := {B € D: BNC € DVC € C}. We verify that D; = D.
By definition, D; C D. To verify that D; D D, it suffices to see that D,
is a D-system containing C. Now D; D C follows from the fact that C is
closed under intersection. This also implies that 2 € D;. Let By, B, € Dy,
By C By, C € C. Then

(BQ\Bl) NC=B,NCnN (Bf U CC) = (BQ N C)\(Bl N C) eD

Then, if B, € Dy, B, /' B, then BNC =J,(B,NC) € D, logo B € D;.
This proves that D is a D-system.

Define Dy :={A € D: ANB € DVB € D}. We verify that Dy = D,
which will show that D is stable under intersection. By the first step, Dy
contains C. As before, one can show that Dy, = D. This shows that D is
stable under intersection, and finishes the proof of the theorem. O
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