
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 00, Number 0, Pages 000–000
S 0002-9939(XX)0000-0

GENERIC QUASILOCALIZED AND QUASIBALLISTIC
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Abstract. We derive sufficient conditions for the presence of generic sets of
discrete Schrödinger operators on l2(Zd), d ≥ 1, with both quasilocalized and

quasiballistic dynamics, and apply them to three operator spaces, that is, with

uniformly bounded, analytic quasiperiodic and unbounded potentials. It is
concluded, for these spaces, that the dynamics is typically (from the topological

viewpoint) nontrivial, whereas quantum intermittency is exceptional.

1. Introduction

We study aspects of the dynamics of discrete Schrödinger operators acting on
the Hilbert spaces l2(Zd), d ≥ 1. If T is an instance of such self-adjoint operators,
its dynamics is given by the one-parameter unitary group R 3 t 7→ e−itT , and our
emphasis is on the very localized initial condition δ0. Thus, e−itT δ0 is the unique
solution to the Schrödinger equation ∂tψ = −iTψ, with ψ(0) = δ0.

More specifically, our interest is in operators T = Hv with action

(1.1) (Hvψ)n =
∑
|j|=1

ψn+j + vnψn ,

where the potential v = (vn) is a real multisequence. We have denoted the

norm |n| =
∑d
p=1 |np|.

It is known that the spectral properties of T have important influence on the
long time asymptotics of e−itT δ0, and it is common to probe the localization versus
transport behavior through the lower β−(q) and upper β+(q) power-law exponents
of the (time) average 〈Mq

T 〉(t) of the q-moment Mq
T (t) of the position operator,

for q > 0 (we recall relevant definitions in Section 2). The larger β±, the faster the
transport; localization is associated with null exponents.

Under suitable conditions (see Section 2 for detailed statements), it is known
that 0 ≤ β−(q) ≤ β+(q) ≤ 1, and we say that the dynamics is

• localized, or T has dynamical localization, if the function t 7→ Mq
T (t) is

bounded for each q > 0;
• essentially localized if β+(q) = 0 for all q;
• quasilocalized if β−(q) = 0 for all q;
• quasiballistic if β+(q) = 1 for all q;
• ballistic if β−(q) = 1 for all q.
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There is a vast literature concerning the dynamics of such operators, with studies
and techniques that go beyond the pure spectral properties, with different proposals
of generalized dimensions and direct inspections of the transfer matrices; see the re-
view [5] and references therein. It is worth mentioning that “pathological” examples
with pure point spectra and quasiballistic dynamics have been found (see [4, 6]).

The possibility of nonconstant functions q 7→ β±(q) has been referred, in the
physical literature, as quantum intermittency (see [9]). Theoretical and numerical
simulations (see [8, 11]) indicate that quantum intermittency is a common phe-
nomenon. However, we are going to show here that three classes of potentials (vn),
i.e.,

(1) |vn| ≤ a for all n (with the topology of pointwise convergence),
(2) vn = u(νn), ν ∈ Rd/Zd, and u a real analytic function on the d-dimensional

torus (with metric
∑

1≤p≤d | sin(νp − ν′p)/2|),
(3) arbitrary multisequences (vn) (with pointwise convergence),

give rise to spaces of operators with generic (i.e., a set that contains a dense Gδ
subset) quasilocalized and quasiballistic dynamics, so that generically we have non-
trivial dynamics (i.e., 0 = β− < β+ = 1) but with constant lower and upper expo-
nents; hence, for such systems, intermittency is the exception from the topological
viewpoint (see Section 4).

Let us discuss an application of our results. In [6], it was proved that given a
Schrödinger operator in l2(Z) (or in l2(N), satisfying in this case a phase boundary
condition at n = 0), if there exist a positive γ and N0 ∈ N such that ‖A(E,N)‖ ≤
C(E)Nγ for every E ∈ S (with S ⊂ R some set of positive Lebesgue measure)
and N ≥ N0, then, for every f ∈ C∞0,+(R) (compactly supported positive smooth
functions) such that f = 1 on S, one has

β−T ;f (q) ≥ 1− 2γ

q
;

that is, if the norms of the transfer matrices

A(E,N) :=

N∏
n=0

(
E − vn −1

1 0

)
do not grow faster than polynomially inN on a set of energies E of positive Lebesgue
measure, then there is a nontrivial lower bound of the dynamics. Note that the
result is independent of the nature of the spectrum and of the Hausdorff (or packing)
dimension of the spectral measure µδ0 . See also [2] for related results, although with
different techniques.

Examples of classes of one-dimensional bounded operators with a nontrivial lower
bound of β−(q) are random operators with decaying potential and sparse operators
(see [6] for definitions and details), as well as some substitution, Sturmian, hierar-
chical and moderately sparse potentials (as the prime model; see [2]). According to
Theorem 4.2 ahead, this phenomenon can only occur for Schrödinger operators in
a meager set (i.e., of Baire first category) of the metric spaces Xa of operators (1.1)
with potentials satisfying |vn| ≤ a, for all n ∈ Zd (Xa is endowed with the topology
of pointwise convergence).

Precise statements of the above mentioned results are described in the next sec-
tions. After presenting some necessary details of dynamical quantities in Section 2,
an abstract result showing that suitable subsets of self-adjoint operators are Gδ
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is discussed in Section 3; this abstract result is the base of our applications to
discrete Schrödinger operators in Section 4. It is worth emphasizing that some
results in these sections can be adapted to continuous Schrödinger operators, that
is, operators defined in L2(Rd).

Given a self-adjoint operator T acting on the Hilbert space l2(Zd), its spectrum
will be denoted by σ(T ), and for a vector ξ, the corresponding spectral measure will
be indicated by µTξ , whereas PT (I) will denote its spectral projection of T related

to the interval I. For a nonempty open interval I ⊂ R, let C∞0,+(I) be the set of
smooth functions compactly supported on I and taking positive values.

2. Some dynamical quantities and results

In this section, we collect dynamical quantities often used to characterize the
(quantum) dynamics generated by a self-adjoint operator T acting on the Hilbert
space H = l2(Zd), with d ≥ 1, and add remarks suitable for the next sections. Let I
be, unless explicitly stated, a nonempty open interval in R. Here we consider wave
packets represented by the initial state ψ = f(T )δ0, usually for some f ∈ C∞0,+(I),
or even by ψ = δ0 in some situations.

2.1. Moments and escaping probabilities. First, we discuss the power-law
growth of the time-average q-moments 〈Mq

T ;f 〉(t) of the position operator x, which
are of physical interest since they are used to characterize the spreading of initially
localized quantum states. Let {δn}, δn(k) = δn1k1 · · · δndkd , be the canonical basis
of H.

Such growth is described by the lower and upper transport exponents, given
respectively, for each q > 0, by

β−T ;f (q) := lim inf
t→∞

ln〈Mq
T ;f 〉(t)

q ln t
, β+

T ;f (q) := lim sup
t→∞

ln〈Mq
T ;f 〉(t)

q ln t
,

with the q-moment given by

Mq
T ;f (t) :=

∥∥|x| q2 e−itT f(T )δ0
∥∥2

=
∑
n∈Zd

|n|q |〈e−itT f(T )δ0, δn〉|2 ,

and its average defined as

〈Mq
T ;f 〉(t) :=

2

t

∫ ∞
0

e−2u/tMq
T ;f (u) du.

The following result, extracted from [7], guarantees that 〈Mq
T ;f 〉(t) is well defined.

Proposition 2.1. Let T be a self-adjoint operator in H, f ∈ C∞0,+(R) and ψ =

f(T )δ0. Then, e−itTψ ∈ dom |x|q for every q, t > 0, and

(1) β±T ;f (q) are nondecreasing functions of q;

(2) β±T ;f (q) ∈ [0, 1], for all q > 0.

Observe that, in case of bounded operators T , one may take ψ = δ0 or any
other vector in H (without the need of the function f), to guarantee that e−itTψ ∈
dom |x|q for every q, t > 0. In this particular setting, the function f can still be
useful to restrict the spectrum to some particular interval.

Definition 2.2. Let T be a self-adjoint operator in H, I a nonempty open interval
of R, f ∈ C∞0,+(I) and ψ = f(T )δ0. We say that:
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(1) T has dynamical localization on I if suptM
q
T ;f (t) <∞, for every q > 0 and

every f ∈ C∞0,+(I).

(2) T is essentially localized (quasilocalized) on I if β+
T ;f (q) = 0 (resp. β−T ;f (q) =

0) for every q > 0 and every f ∈ C∞0,+(I).

(3) T is quasiballistic (ballistic) on I if β+
T ;f (q) = 1 (resp., β−T ;f (q) = 1) for

every q > 0 and every f ∈ C∞0,+(I).

If I = R we just say that T is quasilocalized, and so on.

Remark 2.3. In the case ψ = δ0 (remember that this is a possible definition of ψ
for every bounded operator), we say that T is quasilocalized if β−T ;h(q) = 0 for

every q > 0, with the constant function h(x) = 1, and so on.

Other quantities used to describe the quantum dynamics of such systems are
escaping probabilities. Define the time-average outside (of the ball of radius R)
probability of the initial state ψ = f(T )δ0 by

PT ;f (R, t) :=
∑
|n|≥R

2

t

∫ ∞
0

e−2u/t|〈e−iuTψ, δn〉|2 du.

Note that PT ;f (R, t) can also be defined in case f = χ is the characteristic function
of an open interval; we will use this possibility ahead.

By setting PαT ;f (t) := PT ;f (tα − 1, t) for α ≥ 0, we follow [6] and introduce its
growth exponents as

(2.1) S−T ;f (α) = − lim inf
t→∞

lnPαT ;f (t)

ln t

and

(2.2) S+
T ;f (α) = − lim sup

t→∞

lnPαT ;f (t)

ln t
.

If PαT ;f (t) = 0 for some α > 0 and every t ≥ t0 > 0, we set S±T ;f (α) =∞. Thus, for

every α, 0 ≤ S+
T ;f (α) ≤ S−T ;f (α) ≤ ∞.

If ST ;f (α) = ∞, then PαT ;f (t) = O(t−m) for every m > 0, so that for large t,
only a negligible part of the wave packet escapes from the ball of radius tα. On
the other hand, if ST ;f (α) = 0, then PαT ;f (t) = O(1) and the essential part of the
wave packet travels faster than tα. Thus, it is natural to introduce the dynamical
exponents
(2.3)
α±l (T, f) := sup{α ≥ 0 | S±T ;f (α) = 0}, α±u (T, f) := sup{α ≥ 0 | S±T ;f (α) <∞}.

Since S±T ;f (α) are nondecreasing functions, 0 ≤ α±l (T, f) ≤ α±u (T, f) ≤ ∞, and

α±l (T, f) represent the lower (-) and upper (+) rates of propagation of the slowest
part of the wave packet, whereas α±u (T, f) quantify the rates of propagation of the
fastest part of the wave packet.

The above dynamical and transport exponents are not completely independent,
and now we recall some relations taken from [6]. Set β±T ;f (∞) := limq→∞ β±T ;f (q)

and β±T ;f (0) := limq→0 β
±
T ;f (q).
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Theorem 2.4. Let T , I, f and ψ be as in Definition 2.2. Then, for every q > 0,
one has

α−u (T, f) = β−T ;f (∞) ≥ β−T ;f (q) ≥ β−T ;f (0) = α−l (T, f) ≥ dim+
H(µTψ) ,

α+
u (T, f) = β+

T ;f (∞) ≥ β+
T ;f (q) ≥ β+

T ;f (0) = α+
l (T, f) ≥ dim+

P (µTψ) ,

with dim+
K(µTψ) := inf{dimK(E) | µTψ(E) = µTψ(R), E a Borel subset of R} repre-

senting the upper K dimension of µTψ (K stands for either packing (P) or Hausdorff

(H)).

In the next statement, we set lim-L := lim sup if L = +, lim-L := lim inf if
L = −.

Lemma 2.5. Let T , I and f be as above, and α, γ > 0. Then, for every 0 < ε ≤ γ,
one has
(2.4)
{f | lim-L

t→∞
tγPαT ;f (t) <∞} ⊂ {f | SL

T ;f (α) ≥ γ} ⊂ {f | lim-L
t→∞

tγ−εPαT ;f (t) <∞}.

Proof. If, for a fixed α > 0, PαT ;f (t) = 0 for every t > t0 > 0, then SL
T ;f (α) =∞, and

the inclusions in (2.4) are trivially satisfied. Otherwise, the result follows directly
from definitions (2.1) and (2.2). �

Lemma 2.6. Let T and I be as above, and suppose that α+
u (T, χ) ≤ α for some

α ≥ 0, where χ represents the characteristic function of I. Then, for every f ∈
C∞0,+(I), α+

u (T, f) ≤ α.

Proof. Pick an arbitrary f ∈ C∞0,+(I) and define Cf,I := sup{(f(x))2 | x ∈ I}.
Since 0 < Cf,I <∞, one has, for every R, t > 0,

PT ;f (R, t) =
∑
|n|≥R

2

t

∫ ∞
0

e−2u/t|〈e−iuT f(T )δ0, δn〉|2 du ≤ Cf,IPT ;χ(R, t).

Now, fix β > 0; it follows from (2.2) that
(2.5)

S+
T ;f (β) = − lim sup

t→∞

lnP βT ;f (t)

ln t
≥ − lim sup

t→∞

(
lnP βT ;χ(t)

ln t
+

lnCf,I

ln t

)
= S+

T ;χ(β).

Since, by hypothesis, α+
u (T, χ) ≤ α, this implies, for every β > α, that S+

T ;χ(β) =

∞. Hence, by (2.5), S+
T ;f (β) =∞ for every β > α, and the result follows. �

2.2. Localization. Here, we discuss how the presence of a complete set of specially
localized eigenfunctions of an operator T affects its dynamical exponents. We begin
with

Definition 2.7. Let T be a self-adjoint operator in H = l2(Zd) and I some subset
of R (not necessarily an open interval). We say that T has SULE [4] on I (or just
has SULE, in case of I ⊃ σ(T )) if:

(i) T has a complete set {ϕk}k≥1, in PT (I)H, of orthonormal eigenfunctions
(say, Tϕk = λkϕk, with λk ∈ I);

(ii) there are r > 0 and nk ∈ Zd (the “localization centers”) such that for every
δ > 0, there is a Cδ so that, for every n ∈ Zd, k ≥ 1,

|ϕk(n)| ≤ Cδ eδ|nk|−r|n−nk|.
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The next result is a direct consequence of the following observations:

• If T has SULE on I, then it has dynamical localization on I.
• If T has dynamical localization on I, it immediately follows that T is essen-

tially localized on I (see Definition 2.2). In particular, T is quasilocalized
on I and α+

u (T, f) = 0 for every f ∈ C∞0,+(I).

Proposition 2.8. Let T be a self-adjoint operator in H, I a nonempty open interval
of R, and suppose that T has SULE on I. Then, α+

u (T, f) = 0 for every f ∈
C∞0,+(I).

An important example of operator that has SULE is the so-called one-dimensional
Anderson operator Tω, represented by the action (1.1) (d = 1), with potential
v(ω) = (vn(ω))n∈Z, a compactly supported sequence of independent and identi-
cally distributed (real) random variables with probability distribution g(x)d`(x),
g ∈ L∞(R); think of ω as an element of (Ω, τ), where Ω = RZ and τ is the prob-
ability measure obtained as the product of such distributions. In fact, it is shown
in [4], Section 7, that Tω has SULE for τ a.e. ω. Thus, a direct consequence of
Proposition 2.8 is the following

Corollary 2.9. Let (Ω, τ) be a probability measure space, and for each ω ∈ Ω, let Tω
be an Anderson operator. Then, for τ a.e. ω and every f ∈ C∞0,+(R), α+

u (Tω, f) = 0.

The next result is important for our applications.

Lemma 2.10. Let J be a bounded self-adjoint operator acting on l2(Z) such that
σ(J) = [a, b] and J has SULE. Consider, in l2(Zd), the Kronecker sum T = J ⊗
1 ⊗ · · · ⊗ 1 + . . . + 1 ⊗ 1 ⊗ · · · ⊗ J , and write T ′ = T +

∑
|j|≤n vj〈δj , ·〉δj (that is,

a finite-rank perturbation of T ). Then, for every f ∈ C∞0,+((a · d, b · d)), one has

α+
u (T ′, f) = 0.

Proof. We initially show that T has SULE (on [a · d, b · d)). Denote by {ϕl} the
complete set, in l2(Z), of orthonormal eigenfunctions of J (such that Jϕl = λlϕl).
Since {Ψk}k, with Ψk(n) := ϕk1(n1) ⊗ · · · ⊗ ϕkd(nd), is a complete set, in PT ([a ·
d, b · d])l2(Rd), of orthonormal eigenfunctions of T (such that TΨk = ΛkΨk, with
Λk = λk1 + · · · + λkd ∈ [a · d, b · d]), we need to prove that there are r > 0 and
lk ∈ Zd so that, for each δ > 0, there is a Cδ such that

|Ψk(l)| ≤ Cδ eδ|lk|−r|l−lk|,
for all l ∈ Zd and k ∈ N. But then, since there are, for every p = 1, . . . , d, rp > 0
and lkp ∈ Z so that, for each δ > 0, there is a Cpδ such that

|ϕkp(lp)| ≤ Cpδ e
δ|lkp |−r

p|lp−lkp |,

the result follows simply setting Cδ :=
∏d
p=1 C

p
δ , r := min rp and lk := (lk1 , . . . lkp).

Now, fix m ∈ Zd, |m| > n and u > 0. By a Duhamel’s formula, one obtains

〈δm, e−iuT
′
δ0〉 = 〈δm, e−iuT δ0〉 − i

∫ u

0

∑
|j|≤n

vj〈δm, e−isT δj〉〈δj , e−i(u−s)T
′
δ0〉ds.

Since T has SULE, it follows from Theorem 7.5 in [4] that there is a ρ > 0 such
that, for every δ > 0, there is a finite Dδ so that, for every q, r ∈ Zd,

sup
u
|〈δq, e−iuT δr〉| ≤ Dδ e

δ|r|−ρ|r−q|.
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Inserting the previous result in Duhamel’s formula, and using, for every y ∈ R,
that |〈δj , e−iyT

′
δ0〉| ≤ 1, one has

|〈δm, e−iuT
′
δ0〉| ≤ |〈δm, e−iuT δ0〉|+

∑
|j|≤n

|vj |
∫ u

0

|〈δm, e−isT δj〉|ds

≤ Dδe
−ρ|m| +Dδu

∑
|j|≤n

|vj | eδ|j|−ρ|j−m|

≤ Dδe
−ρ|m|(1 + uAe(δ+ρ)n),

where A :=
∑
|j|≤n |vj |. Now, for every t ∈ R+ and r > 0, it follows that

PT ′;χ(t) ≤
∑

|m|≥tr−1

2

t

∫ ∞
0

e−2u/tD2
δe
−2ρ|m|

(
1 + uAe(δ+ρ)n

)2

du

=
∑

|m|≥tr−1

D2
δ e
−2ρ|m|

(
1 +Ae(δ+ρ)nt+

(
Ae(δ+ρ)nt

)2

/ 2

)

≤ Eδe
−2ρtr

(
1 +Ae(δ+ρ)nt+

(
Ae(δ+ρ)nt

)2

/ 2

) d∑
p=1

(d− 1)!

(d− p)!
tr(d−p)

(2ρ)p
,

with Eδ some finite constant, and consequently,

S+
T ′;χ(r) ≥ lim sup

t→∞

[
2ρ

tr

ln t
− 2− r(d− 1)

]
=∞.

Since r > 0 is arbitrary, it follows from (2.3) that α+
u (T ′, χ) = 0. An application

of Lemma 2.6 concludes the proof. �

3. Quasilocalized and quasiballistic sets

The symbol X will denote a subset of operators (1.1) with a complete metric
so that the metric convergence implies strong resolvent convergence of operators.
Throughout this section, we fix −∞ ≤ a < b ≤ −∞, f ∈ C∞0,+((a, b)), and de-
note, for each T ∈ X, ψ = f(T )δ0. To state our main result in this section,
i.e., Theorem 3.1, we introduce the sets Uf := {T ∈ X | supp(µTψ) ⊃ (a, b)},
Cf0lp := {T ∈ X | α−u (T, f) = 0} and Cf1up := {T ∈ X | α+

l (T, f) = 1}.

Theorem 3.1. If each of the sets Cf0lp, Cf1up and Uf is dense in X, then CfQL-QB :=

{T ∈ X | supp(µTψ) ⊃ (a, b), β−T ;f (q) = 0 and β+
T ;f (q) = 1 for every q > 0} is generic

in X.

Our strategy to prove Theorem 3.1 is through Proposition 3.2; then we prove an
auxiliary lemma and finally, the proposition itself.

Proposition 3.2. Each of the sets Uf , Cf0lp and Cf1up is a Gδ set in X.

Proof of Theorem 3.1. By Proposition 3.2, Uf , Cf0lp and Cf1up are Gδ sets. By The-

orem 2.4, we have the inclusions Cf0lp ⊂ CfQL := {T ∈ X | β−T ;f (q) = 0 for every

q > 0}, Cf1up ⊂ CfQB := {T ∈ X | β+
T ;f (q) = 1 for every q > 0}. Now, by the

hypotheses of the theorem, it follows that CfQL-QB = CfQL ∩ C
f
QB ∩ Uf is generic

in X. �
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Lemma 3.3. One has

(3.1) Cf0lp =

∞⋂
r=1

∞⋂
p=1

∞⋂
k=1

∞⋂
l=2

Q
1/r+1/p
k−1/l

and

(3.2) Cf1up =

∞⋂
r=2

∞⋂
p=2

∞⋂
k=1

∞⋂
l=1

∞⋂
n=1

Y
1−1/r−1/p
1/k+1/l (n) ,

where, for α > 0 and each c > 0,

Qαk−1/l :=
{
T ∈ X | for each m > 0, ∃ t > m with tk−1/lPαT ;f (t) < c

}
,

Y α1/k+1/l(n) :=
{
T ∈ X | for each m > 0, ∃ t > m with t1/k+1/lPαT ;f (t) > n

}
.

Proof. We will only present a proof of relation (3.1); the proof of (3.2) is similar.
If f ∈ C∞0,+((a, b)) is such that, for every T ∈ X and every t > t0 > 0, PαT ;f (t) = 0

(which is the case when, for every T ∈ X, supp(µTψ) = ∅), then Qαk−1/l = X = Cf0lp.

Otherwise, note that, for every α, γ > 0 and 0 < ε ≤ γ, (2.4) is equivalent to{
f | lim-L

t→∞
tγPαT ;f (t) = 0

}
⊂
{
f | SL

T ;f (α) ≥ γ} ⊂
{
f | lim-L

t→∞
tγ−εPαT ;f (t) = 0

}
;

thus, we may work with any c > 0 and any fixed f ∈ C∞0,+((a, b)) in the relation
(take L = −)

∞⋂
m=0

⋃
t>m

{
T ∈ X | tγPαT ;f (t) < c

}
⊂
{
T ∈ X | S−T ;f (α) ≥ γ} ⊂

∞⋂
m=0

⋃
t>m

{
T ∈ X | tγ−εPαT ;f (t) < c

}
.

Now, replacing γ by γ − ε and taking γ = k, k ≥ 1, ε = 1/l, l ≥ 2, one obtains
the inclusions

∞⋂
k=1

∞⋂
l=2

Qαk−1/l ⊂
∞⋂
k=1

∞⋂
l=2

{T ∈ X | S−T ;f (α) ≥ k − 1/l} ⊂
∞⋂
k=1

∞⋂
l=2

Qαk−2/l ,

and consequently,

(3.3) {T ∈ X | S−T ;f (α) =∞} =

∞⋂
k=1

∞⋂
l=2

Qαk−1/l.

Finally, one has, from (2.3) and (3.3), the inclusions
∞⋂
k=1

∞⋂
l=2

Qαk−1/l ⊂
{
T ∈ X | α−u (T, f) < α+ δ

}
⊂
∞⋂
k=1

∞⋂
l=2

Qα+δ
k−1/l ,

valid for every δ > 0. Thus, replacing α by α + δ and taking α = 1/r, δ = 1/p,

p, r ≥ 1, one gets, since
⋂
m≥1 C

f
(1/m)lp = {T ∈ X | α−u (T, f) ≤ 1/m for every

m ∈ N} = Cf0lp,

∞⋂
r=1

∞⋂
p=1

∞⋂
k=1

∞⋂
l=2

Q
1/r+1/p
k−1/l ⊂ Cf0lp ⊂

∞⋂
r=1

∞⋂
p=1

∞⋂
k=1

∞⋂
l=2

Q
1/r+2/p
k−1/l ,

and we are done. �
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Proof of Proposition 3.2. First, we discuss the sets Cf0lp and Cf1up. If, for every

T ∈ X, there is a t0 > 0 such that, for every t > t0, PT ;f (0, t) = 0, then α−u (T, f) =
α+

l (T, f) = 0 (since in this case, S±T ;f (α) = ∞ for every α > 0), and consequently,

Cf0lp = X and Cf1up = ∅ are Gδ sets in X.

Otherwise, for each fixed (a, b) ⊂ R, f ∈ C∞0,+((a, b)) and t > 0, the mapping

X 3 T 7→ 2
t

∫∞
0
e−2x/t|〈e−ixT f(T )δ0, δn〉|2 dx is continuous, since e−ix·f(·) : R→ C

is bounded and continuous for every x ∈ R; see Proposition 10.1.9 in [3]. Now, it
follows from this remark, the estimate

2

t

∫ ∞
0

e−2x/t|〈e−ixT f(T )δ0, δn〉|2 dx ≤ |〈f(T )δ0, δn〉|2,

valid for every n ∈ Zd, and Weierstrass M-test, that the mapping X 3 T 7→
PT ;f (tα−1, t) is also continuous, for every α > 0; this implies, for every c > 0, that
each of the sets

Cf0lp =
⋂
r≥1

⋂
p≥1

⋂
k≥1

⋂
l≥2

⋂
m≥0

⋃
t>m

{
T ∈ X | tk−1/lPT ;f (t1/r+1/p − 1, t) < c

}
Cf1up =

⋂
r≥2

⋂
p≥2

⋂
k≥1

⋂
l≥1

⋂
n≥0

⋂
m≥0

⋃
t>m

{
T ∈ X | t1/k+1/lPT ;f (t1−1/r−1/p − 1, t) > n

}
is a Gδ set in X.

Now we discuss Uf . We follow the steps of the proof of Theorem 1.3 in [10]. Let
λn be a countable dense set in [a, b]. Then,

{T ∈ X | supp(µTψ) ⊃ [a, b]} =
⋂
n

{T ∈ X | supp(µTψ) 3 λn} ,

so we need only to consider the cases where we replace [a, b] by {λ}. Since

{T ∈ X | supp(µTψ) 63 λ} =

∞⋃
m=1

{
T ∈ X | supp(µTψ) ∩ (λ− 1/m, λ+ 1/m) = ∅

}
,

the continuity of the mapping X 3 T 7→ µTψ ∈ M+(I) (since strong resolvent con-

vergence results in vague convergence of the spectral measures; M+(I) represents
the set of positive finite Borel measures on the open interval I, endowed with the
vague topology) says that {T ∈ X | supp(µTψ) 63 λ} is an Fσ. Thus, its complement

is a Gδ. We conclude the proof by observing that {T ∈ X | supp(µTψ) ⊃ (a, b)} =

{T ∈ X | supp(µTψ) ⊃ [a, b]} (since the support of a measure is closed). �

4. Applications

As mentioned in the Introduction, in this section we discuss some applications
of our results to classes of discrete Schrödinger operators as defined in (1.1) and
acting on l2(Zd). The symbol X (as well as with suitable indices) denotes a subset
of such operators with a complete metric so that the metric convergence implies
strong resolvent convergence of operators. Note that it is enough that convergence
in the metric implies pointwise convergence of potentials (see Lemma 4.4 for the
unbounded case).
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Remark 4.1. An important feature of these applications is that the vector δ0 belongs
to the set of cyclic vectors of every T ∈ X, so the results stated in Theorem 3.1 can
be strengthened. First, note the inclusion σ(T ) ⊃ supp(µTδ0), which makes U :=
{T | σ(T ) ⊃ I} a Gδ set for each open interval I.

Suppose that U is dense and let T ∈ U ; if µTδ0 is absolutely continuous (a.c.)

with respect to the one-dimensional Lebesgue measure, then µTψ is a.c. for every

vector ψ = f(T )δ0, with f ∈ C∞0,+(I). Thus, if the set {T ∈ X | σ(T ) ⊃ I and µTδ0
is a.c} is dense, then {T ∈ X | σ(T ) ⊃ I and T is quasiballistic on I} is generic
(since dim+

P (µTψ) = 1 if µTψ is a.c., it follows, by Theorem 2.4, that the inclusions

Cfac ⊂ C
f
1up ⊂ C

f
QB are valid for every f ∈ C∞0,+(I)).

Now, if the set {T ∈ X | σ(T ) ⊃ I and α−u (T, χ) = 0} (with χ(·) := χI(·)) is
also dense, then Lemma 2.6 may be used to obtain generic sets of operators with
quasilocalized dynamics on I.

4.1. Bounded potentials. Pick a > 0 and let Xa be the set of Schrödinger opera-
tors (1.1) on l2(Zd) with real multisequences (vn) satisfying |vn| ≤ a, for all n ∈ Zd;
endow Xa with the topology of pointwise convergence. We have the following ap-
plication of our previous results.

Theorem 4.2. Fix a > 0. Then, the set {T ∈ Xa | σ(T ) ⊃ [−a− 2d, a+ 2d], T is
quasilocalized and quasiballistic on (−2d, 2d)} is generic in Xa.

Proof. By following an idea presented in Theorem 4.1 in [10], let ζ be the product of
the normalized Lebesgue measures (2a/d)−1`n, n ∈ Zd, restricted to [−a/d, a/d], so

that supp ζ = [−a/d, a/d]Z. Let D = {J ∈ Xa/d
1 | suppµJδ0 = [−2− a/d, 2 + a/d], J

has SULE}, where X
a/d
1 represents the set of one-dimensional Schrödinger operators

with potentials (vn) satisfying |vn| ≤ a/d, for all n ∈ Z, also endowed with the

topology of the pointwise convergence. Then, by Corollary 2.9, ζ(X
a/d
1 \ D) = 0,

which implies, taking into account the support of ζ, that D is dense in X
a/d
1 .

Hence, pick an arbitrary J ∈ D, defined by the sequence {wm}, and set the mul-
tisequence v0 = (v0

n), v0
n = wn1

+ . . .+wnd , so that the corresponding operator, T0,
can be written as the Kronecker sum J ⊗1⊗· · ·⊗1+ . . .+1⊗1⊗· · ·⊗J . Clearly,
one has σ(T0) = [−2d− a, 2d+ a].

Now, let T = Hv ∈ Xa be defined by v = (vn) and consider the sequence of
operators Tj ∈ Xa

φ with vj = (vjn), where

vjn =

{
vn, |n| ≤ j
v0
n, |n| > j

.

It is clear that each Tj is a finite-rank perturbation of T0. Thus,

• σess(Tj) = σess(T0) = [−2d−a, 2d+a], by Weyl’s criterion (Corollary 11.3.7
in [3]);
• for every f ∈ C∞0,+((−2d− a, 2d+ a)), α−u (Tj , f) = 0, by Lemma 2.10.

Since vj → v pointwise, Tj → T in the strong resolvent sense. Therefore, it
follows from the remarks above that, for every f ∈ C∞0,+((−2d− a, 2d+ a)), the set

{T ∈ Xφ | σ(T ) ⊃ [−2d− a, 2d+ a], α−u (T, f) = 0} is dense in Xa.
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Finally, given an arbitrary T ∈ Xa, consider the sequence of operators Tj ∈ Xa

with potentials vj = (vjn), where

vjn =

{
vn, |n| ≤ j
0, |n| > j

.

Since each Tj is a finite rank perturbation of H0, the free operator, each of the

spectral measures µjδ0 of Tj has an absolutely continuous part that is supported

on [−2d, 2d]. Hence, since [−2d, 2d] ⊂ σ(T ) for every T in a dense set, one has, by

Remark 4.1, that the set Cf1up is also dense in Xa, for every f ∈ C∞0,+((−2d, 2d)).
A use of Theorem 3.1 concludes the proof. �

4.2. Analytic quasiperiodic potentials. Here we consider quasiperiodic Schrö-
dinger operators (1.1) acting on l2(Z), with potentials generated by a nonconstant
real analytic function u ∈ Cω(Td,R), that is, with vn = λu(νn + θ), n ∈ Z, and
fixed λ ∈ R, ν, θ ∈ Td := Rd/Zd; we denote such operator by Hu

λ,ν,θ.

For each u ∈ Cω(Td,R), θ ∈ Td and 0 6= λ ∈ R, we consider the space of
self-adjoint operators

Xu
λ,θ = {Hu

λ,ν,θ | ν ∈ Td},
endowed with the topology induced by the metric

d(Hu
λ,ν,θ, H

u
λ,ν′,θ) =

d∑
p=1

∣∣∣∣sin(νp − ν′p2

)∣∣∣∣ .
Theorem 4.3. Fix a nonconstant u ∈ Cω(Td,R). Then, there is λ0(u) > 0 so
that, for every λ > λ0(u) and every θ ∈ Td, the set of operators Hu

λ,ν,θ such

that β−Huλ,ν,θ;h(q) = 0 and β+
Huλ,ν,θ;h(q) = 1, for every q > 0, is generic in Xu

λ,θ,

where h : R 7→ R is the constant function h(x) = 1.

Proof. Since the spectrum of Hu
λ,ν,θ is purely absolutely continuous for every λ ∈ R,

θ ∈ Td and u ∈ Cω(Td,R) when ν ∈ Qd/Zd, the metric and the density of the
rational numbers in R imply the density of the set Cac := {T ∈ Xu

λ,θ | σ(T ) is

purely absolutely continuous} in Xu
λ,θ. Thus, for each θ ∈ Td and u ∈ Cω(Td,R),

it follows that Ch1up is dense in Xu
λ,θ.

On other hand, it is known that given an arbitrary nonconstant u ∈ Cω(Td,R),
there is a positive λ0(u) such that, for every λ > λ0(u) and every θ ∈ Td, Hu

λ,ν,θ

satisfies dynamical localization (and consequently, SULE) for all ν outside a set
of zero Lebesgue measure (depending on θ; this is a Corollary in the Introduction
in [1]).

Thus, one obtains, for each fixed nonconstant u ∈ Cω(Td,R), λ > λ0(u) and
θ ∈ Td, that the set Ch0lp is dense in Xu

λ,θ. An application of Theorem 3.1 concludes
the proof. �

4.3. Unbounded discrete Schrödinger operators. Now we consider unbounded
Schrödinger operators defined as follows: take the space of real multisequences
X̃ :=

{
v = (vn) | n ∈ Zd, vn ∈ R

}
with some enumeration (vk)k∈N, and the metric

d̃(u, v) :=

∞∑
k=0

2−k
|uk − vk|

1 + |uk − vk|
, u, v ∈ X̃.
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Convergence in (X̃, d̃) implies pointwise convergence, and this is a complete metric
space.

Then, for each v ∈ X̃, we associate the self-adjoint discrete Schrödinger opera-
tor Hv, with action (1.1) and appropriate domain. By denoting

X :=
{
Hv | v ∈ X̃

}
,

the pair (X, d), with d(Hu, Hv) := d̃(u, v), is a complete metric space, and from

now on we naturally identify elements v ∈ X̃ with Hv ∈ X.

Lemma 4.4. Convergence in d implies strong resolvent convergence in X.

Proof. Let vj → v in X̃ as j → ∞. It is enough to check the convergence of

resolvents Ri(H
vj )ξ → Ri(H

v)ξ for vectors ξ in a dense subset A of l2(Zd).
Since the subspace l0(Zd) of multisequences with only a finite number of nonzero

entries is a common core of all Hv ∈ X, the set A := (Hv − i1)l0(Zd) is dense

in l2(Zd) for any v ∈ X̃. Thus, for A 3 ξ = (Hv − i1)η, η ∈ l0(Zd), the second
resolvent identity implies that∥∥Ri(Hvj )ξ −Ri(Hv)ξ

∥∥ =
∥∥Ri(Hvj )(vj − v)Ri(H

v)ξ
∥∥

≤
∥∥(vj − v)Ri(H

v)ξ
∥∥ =

∥∥(vj − v)η
∥∥j→∞−→ 0 ,

and we are done. �

Next, our application in this setting.

Theorem 4.5. The set {T ∈ X | σ(T ) = R, T is quasilocalized and quasiballistic
on (−2d, 2d)} is generic in X.

Proof. By Lemma 4.4, pointwise convergence of sequences in X̃ leads to strong
resolvent convergence of operators in X. For each integer n > 0, the proof follows
exactly the same steps of the proof of Theorem 4.2 with {T ∈ X | σ(T ) ⊃ [−2d −
n, 2d + n], T is quasilocalized and quasiballistic on (−2d, 2d)} being generic in X;
the result follows then for σ(T ) = R. �
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