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ABSTRACT. We derive sufficient conditions for the presence of generic sets of
discrete Schrodinger operators on 12(Z4), d > 1, with both quasilocalized and
quasiballistic dynamics, and apply them to three operator spaces, that is, with
uniformly bounded, analytic quasiperiodic and unbounded potentials. It is
concluded, for these spaces, that the dynamics is typically (from the topological
viewpoint) nontrivial, whereas quantum intermittency is exceptional.

1. INTRODUCTION

We study aspects of the dynamics of discrete Schréodinger operators acting on
the Hilbert spaces [2(Z%), d > 1. If T is an instance of such self-adjoint operators,
its dynamics is given by the one-parameter unitary group R 3 t — e~ ¥ and our
emphasis is on the very localized initial condition &y. Thus, e~*7 4§y is the unique
solution to the Schrodinger equation 9y¢p = —iT), with 1(0) = dg.

More specifically, our interest is in operators T' = HY with action

(11) (HU¢)H = Z wnJrj + Urﬂﬁm
lil=1
where the potential v = (vy,) is a real multisequence. We have denoted the

norm [n] = X0 [

It is known that the spectral properties of T" have important influence on the
long time asymptotics of e=#7'§y, and it is common to probe the localization versus
transport behavior through the lower 37 (¢) and upper 3% (q) power-law exponents
of the (time) average (M%)(t) of the g-moment MZ(¢) of the position operator,
for ¢ > 0 (we recall relevant definitions in Section 2). The larger 3%, the faster the
transport; localization is associated with null exponents.

Under suitable conditions (see Section 2 for detailed statements), it is known
that 0 < 87 (¢q) < 87 (¢) < 1, and we say that the dynamics is

e localized, or T has dynamical localization, if the function ¢ — MZ(t) is
bounded for each ¢ > 0;
essentially localized if B+ (q) = 0 for all g;
quasilocalized if 8~ (¢q) = 0 for all g;
quasiballistic if 37 (q) =1 for all ¢;
ballistic if B~ (¢q) =1 for all q.
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There is a vast literature concerning the dynamics of such operators, with studies
and techniques that go beyond the pure spectral properties, with different proposals
of generalized dimensions and direct inspections of the transfer matrices; see the re-
view [5] and references therein. It is worth mentioning that “pathological” examples
with pure point spectra and quasiballistic dynamics have been found (see [4, 6]).
The possibility of nonconstant functions ¢ +— $%(g) has been referred, in the

physical literature, as quantum intermittency (see [9]). Theoretical and numerical
simulations (see [8, 11]) indicate that quantum intermittency is a common phe-
nomenon. However, we are going to show here that three classes of potentials (v,,),
ie.,

(1) |vn| < a for all n (with the topology of pointwise convergence),

(2) v, = u(vn), v € R?/Z%, and u a real analytic function on the d-dimensional

torus (with metric >, ., [sin(v, —1;,)/2|),
(3) arbitrary multisequences (v,,) (with pointwise convergence),

give rise to spaces of operators with generic (i.e., a set that contains a dense Gy
subset) quasilocalized and quasiballistic dynamics, so that generically we have non-
trivial dynamics (i.e., 0 = 8~ < 8+ = 1) but with constant lower and upper expo-
nents; hence, for such systems, intermittency is the exception from the topological
viewpoint (see Section 4).

Let us discuss an application of our results. In [6], it was proved that given a
Schrédinger operator in 1?(Z) (or in [?(N), satisfying in this case a phase boundary
condition at n = 0), if there exist a positive v and Ny € N such that ||A(E, N)|| <
C(E)N" for every E € S (with S C R some set of positive Lebesgue measure)
and N > Ny, then, for every f € C§° (R) (compactly supported positive smooth
functions) such that f =1 on S, one has

_ 2
Brpla) =1 ;’V;

that is, if the norms of the transfer matrices

N
E—-v, -1
A(E,N)::H( ) 0 )
n=0

do not grow faster than polynomially in NV on a set of energies E of positive Lebesgue
measure, then there is a nontrivial lower bound of the dynamics. Note that the
result is independent of the nature of the spectrum and of the Hausdorff (or packing)
dimension of the spectral measure ps,. See also [2] for related results, although with
different techniques.

Examples of classes of one-dimensional bounded operators with a nontrivial lower
bound of 87 (g) are random operators with decaying potential and sparse operators
(see [6] for definitions and details), as well as some substitution, Sturmian, hierar-
chical and moderately sparse potentials (as the prime model; see [2]). According to
Theorem 4.2 ahead, this phenomenon can only occur for Schrodinger operators in
a meager set (i.e., of Baire first category) of the metric spaces X, of operators (1.1)
with potentials satisfying |v,| < a, for all n € Z? (X, is endowed with the topology
of pointwise convergence).

Precise statements of the above mentioned results are described in the next sec-
tions. After presenting some necessary details of dynamical quantities in Section 2,
an abstract result showing that suitable subsets of self-adjoint operators are Gs
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is discussed in Section 3; this abstract result is the base of our applications to
discrete Schrodinger operators in Section 4. It is worth emphasizing that some
results in these sections can be adapted to continuous Schrédinger operators, that
is, operators defined in L2(R%).

Given a self-adjoint operator 7" acting on the Hilbert space [2(Z%), its spectrum
will be denoted by o(T'), and for a vector £, the corresponding spectral measure will
be indicated by ,ugT, whereas PT(I) will denote its spectral projection of 7" related
to the interval I. For a nonempty open interval I C R, let C§, (I) be the set of
smooth functions compactly supported on I and taking positive values.

2. SOME DYNAMICAL QUANTITIES AND RESULTS

In this section, we collect dynamical quantities often used to characterize the
(quantum) dynamics generated by a self-adjoint operator T" acting on the Hilbert
space H = [?(Z%), with d > 1, and add remarks suitable for the next sections. Let I
be, unless explicitly stated, a nonempty open interval in R. Here we consider wave
packets represented by the initial state 1) = f(T')do, usually for some f € C5° (),
or even by 1 = &g in some situations.

2.1. Moments and escaping probabilities. First, we discuss the power-law
growth of the time-average g-moments (M%; #)(¢) of the position operator x, which
are of physical interest since they are used to characterize the spreading of initially
localized quantum states. Let {0,}, 0, (k) = Onyk, -+ Onyk,, De the canonical basis
of H.

Such growth is described by the lower and upper transport erponents, given
respectively, for each ¢ > 0, by

d q
/Bj_“;f(q) := lim inf M7 ﬂ;;f(q) := lim sup 1n<MT;f>(t)

t—00 qlnt t—00 glnt '

with the g-moment given by
a _; 2 —3
M7 (1) =[xl T F(T)60]|" = D Inl? e F(T)do, 6a)17,
nezd
and its average defined as
2 [ o,
(M7 () = S /0 e 2/ MG, (u) du.
The following result, extracted from [7], guarantees that (M7, ;)(t) is well defined.

Proposition 2.1. Let T' be a self-adjoint operator in H, f € C5° (R) and ¢ =
f(T)6o. Then, e=T4) € dom |x|? for every q,t > 0, and

(1) ﬁ%;f(q) are nondecreasing functions of q;

(2) ﬂ%;f(q) € [0,1], for all ¢ > 0.

Observe that, in case of bounded operators T', one may take ¥ = Jy or any
other vector in H (without the need of the function f), to guarantee that e =% €
dom |x|? for every ¢,t > 0. In this particular setting, the function f can still be
useful to restrict the spectrum to some particular interval.

Definition 2.2. Let T be a self-adjoint operator in H, I a nonempty open interval
of R, f € C5°. (1) and ¢ = f(T)dp. We say that:
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(1) T has dynamical localization on I if sup, M%;f(t) < o0, for every ¢ > 0 and
every f € C5°, (I).

(2) T is essentially localized (quasilocalized) on T if ﬁ;;f(q) =0 (resp. B7.,(q) =
0) for every g > 0 and every f € C5° ().

(3) T is quasiballistic (ballistic) on I if B;;f(q) = 1 (resp., Br.;(q) = 1) for
every ¢ > 0 and every f € C§°, (I).

If I = R we just say that T is quasilocalized, and so on.

Remark 2.3. In the case ¥ = &y (remember that this is a possible definition of ¥
for every bounded operator), we say that T is quasilocalized if 5., (q) = 0 for
every ¢ > 0, with the constant function h(xz) =1, and so on.

Other quantities used to describe the quantum dynamics of such systems are
escaping probabilities. Define the time-average outside (of the ball of radius R)
probability of the initial state ¢ = f(T)dy by

2 [ .
Pry(ot) = 30 3 [ e e T 6 du.

[n|=R

Note that Pr,¢(R,t) can also be defined in case f = x is the characteristic function
of an open interval; we will use this possibility ahead.

By setting Pf ((t) := Pr;s(t* — 1,t) for a > 0, we follow [6] and introduce its
growth exponents as

(2.1) Sp.pla) =— litrgirolf %
and

+ . In PTa;f(t)
(2.2) St pla) = — h?i)ilip EETYEE

If Pp.,(t) = 0 for some o > 0 and every ¢ > to > 0, we set S%;f(oz) = oo. Thus, for
every a, 0 < S}';f(a) < Sy pla) < oo

If St.4(a) = oo, then Pg ,(t) = O(t™™) for every m > 0, so that for large ¢,
only a negligible part of the wave packet escapes from the ball of radius t*. On
the other hand, if Sp;f(a) = 0, then P ,(f) = O(1) and the essential part of the
wave packet travels faster than ¢*. Thus, it is natural to introduce the dynamical
exponents
(2.3)

Q" (T, f) == sup{a > 0| S ;(a) = 0}, oy (T, f) :=supfa > 0| SF, ;(a) < o0}

Since S%E;f(a) are nondecreasing functions, 0 < i (T, f) < o (T, f) < oo, and
ozli(T7 f) represent the lower (-) and upper (+) rates of propagation of the slowest
part of the wave packet, whereas a:f (T, f) quantify the rates of propagation of the
fastest part of the wave packet.

The above dynamical and transport exponents are not completely independent,
and now we recall some relations taken from [6]. Set 535; £(00) 1= limg 00 535; (@)

and 6'%]" (0) = hmq—>0 ﬂfli“’f (q)
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Theorem 2.4. Let T, I, f and i be as in Definition 2.2. Then, for every q > 0,
one has

al (T, f) = BF.5(00) > Bf.;(q) > BF.5(0) = af (T, f) > dimg (1)) ,
with dim (u]) := inf{dimk (E) | pJ(E) = pf(R), E aBorel subset of R} repre-
senting the upper K dimension of ,ui (K stands for either packing (P) or Hausdorff
(H)).

In the next statement, we set lim-L := limsup if L = 4, lim-L := liminf if
L=-.

Lemma 2.5. Let T, I and f be as above, and o,y > 0. Then, for every 0 < e <7,
one has
(2.4)

U [mL VPR (1) < 00} € {f | S%p(a) > 7} € { [mL 7 *Pg (1) < o).

Proof. Tf, for a fixed a > 0, P ; () = 0 for every t > to > 0, then S, ;(a) = oo, and
the inclusions in (2.4) are trivially satisfied. Otherwise, the result follows directly
from definitions (2.1) and (2.2). O

Lemma 2.6. Let T and I be as above, and suppose that of (T, x) < a for some

a > 0, where x represents the characteristic function of I. Then, for every f €
54 (1), o (T f) < 0.

Proof. Pick an arbitrary f € C§°, () and define C7*/ := sup{(f(z))? | = € I}.

Since 0 < Cf1 < 0, one has, for every R,t > 0,

2 [ :
Pry(Rit)= 3 7 [ e T (760, 8,) du < O Pry (R).
In|>=R

Now, fix 8 > 0; it follows from (2.2) that
(2.5)

S;f;f(ﬂ) = —limsup > —limsup

t—00 In t t—o0

In Py (t)

PR (t)  InCH N
( Int + Int - ST;X(ﬁ)'

Since, by hypothesis, o;f (T, x) < «, this implies, for every 8 > «, that S’;X(ﬁ) =
oo. Hence, by (2.5), Sqf;f(ﬁ) = oo for every 8 > «, and the result follows. O

2.2. Localization. Here, we discuss how the presence of a complete set of specially
localized eigenfunctions of an operator 1" affects its dynamical exponents. We begin
with

Definition 2.7. Let T be a self-adjoint operator in H = 12(Z%) and I some subset
of R (not necessarily an open interval). We say that T has SULE [4] on I (or just
has SULE, in case of I D o(T)) if:
(i) T has a complete set {pg}r>1, in PT(I)H, of orthonormal eigenfunctions
(say, T(pk = )\k(pk, with \x € I),
(ii) there are r > 0 and ny, € Z? (the “localization centers”) such that for every
§ > 0, there is a Cj so that, for every n € Z¢, k > 1,

“pk(n)l < Cs €5|"k\—7"|n—nk|.
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The next result is a direct consequence of the following observations:
e If T has SULE on I, then it has dynamical localization on I.
e If T has dynamical localization on I, it immediately follows that T is essen-

tially localized on I (see Definition 2.2). In particular, T is quasilocalized
on I and o;f (T, f) = 0 for every f € C3°,(I).

Proposition 2.8. Let T be a self-adjoint operator in H, I a nonempty open interval
of R, and suppose that T has SULE on I. Then, o (T, f) = 0 for every f €
o (1)

An important example of operator that has SULE is the so-called one-dimensional
Anderson operator T,,, represented by the action (1.1) (d = 1), with potential
v(w) = (vp(w))nez, a compactly supported sequence of independent and identi-
cally distributed (real) random variables with probability distribution g(x)d¢(z),
g € L>®(R); think of w as an element of (£2,7), where Q = R” and 7 is the prob-
ability measure obtained as the product of such distributions. In fact, it is shown
in [4], Section 7, that T, has SULE for 7 a.e. w. Thus, a direct consequence of
Proposition 2.8 is the following

Corollary 2.9. Let (2, 7) be a probability measure space, and for eachw € Q, let T,
be an Anderson operator. Then, for T a.e. w and every f € C§, (R), at (T, f) = 0.

The next result is important for our applications.

Lemma 2.10. Let J be a bounded self-adjoint operator acting on 12(Z) such that
o(J) = la,b] and J has SULE. Consider, in 1*(Z%), the Kronecker sum T = J ®
1@ @1+...+101® - ®J, and write T" =T + 37, ., v;(d;,")d; (that is,
a finite-rank perturbation of T). Then, for every f € C5° ((a-d,b-d)), one has
alf (T, f) = 0.
Proof. We initially show that 7" has SULE (on [a - d,b - d)). Denote by {¢;} the
complete set, in [?(Z), of orthonormal eigenfunctions of J (such that Jy; = A\jp;).
Since {Wy }x, with Uy (n) = ¢, (n1) @ - -+ ® @, (nag), is a complete set, in PT([a -
d,b - d))I?(R%), of orthonormal eigenfunctions of 7' (such that TV, = A ¥}, with
A = X, ++-+ X, € [a-d,b-d]), we need to prove that there are r > 0 and
I, € Z% so that, for each § > 0, there is a Cys such that

|U(1)| < Cy ellel=rli=tel

for all I € Z¢ and k € N. But then, since there are, for every p = 1,...,d, r? > 0
and Iy, € Z so that, for each § > 0, there is a C% such that

|<pkp(lp)| < Cg Sl Ifr”\lrlkpl’

the result follows simply setting Cs := szl CY,r=minr? and l := (I, ... lg,)-

Now, fix m € Z%, |m| > n and v > 0. By a Duhamel’s formula, one obtains
(B, €T 60) = (B, T 80) — i / D 0 (G e T80, €7 9T 6g) dis.
0
l7]<n

Since T has SULE, it follows from Theorem 7.5 in [4] that there is a p > 0 such
that, for every § > 0, there is a finite Dj so that, for every ¢,r € Z,

sup |(8,,e"%T5,)| < D ellrl=rlr=al,
u
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Inserting the previous result in Duhamel’s formula, and using, for every y € R,
that [(6;, e~ §y)| < 1, one has

G T S) < (G o)+ 5 o / b €575, ds

l7]<n

< Dse Il 4 Dy 3 Juy] ed01-elim
l7]<n

< DgePImi(1 4 uA eltrn)

where A =3, |v;]. Now, for every ¢t € Ry and r > 0, it follows that

9 [ 2
Priy(t) < Z f/ e~ 2u/t p2e=2elm| (1+uAe(6+p)”) du

Im|>tr—1 " 70
= Y DieIm <1 + AelPFPmg (A e<5+P)”t)2/2>

|m|>tr—1

Ese 2pt" <1 A (6+4p) A (6+p) /2 i d )'tr(d P)
< Ese~ + Ae ”t+( e "t) > ,

—-p)! (207

p:1

with Es some finite constant, and consequently,

SEF,;X(T) > lim sup {2,0 " 2—r(d-— 1)} =00

t—00 Int

Since r > 0 is arbitrary, it follows from (2.3) that a; (77, x) = 0. An application
of Lemma 2.6 concludes the proof. ([l

3. QUASILOCALIZED AND QUASIBALLISTIC SETS

The symbol X will denote a subset of operators (1.1) with a complete metric
so that the metric convergence implies strong resolvent convergence of operators.
Throughout this section, we fix —co < a < b < —oo, f € C§%((a,b)), and de-
note, for each T' € X, v = f(T)d,. To state our main result in this section,
i.e., Theorem 3.1, we introduce the sets U/ = {T € X | supp(pq,) O (a,b)},

C’glp~—{TeX|a (T,f) =0} and C{ ={T e X | of (T, f) =1}.

lup

Theorem 3.1. If each of the sets C’glp, Clup and U' is dense in X, then CQL QB =
{T'e X| supp(,ui) D (a,b), Br.¢(q) =0 and BT;f( ) =1 for every ¢ > 0} is generic
mn X.

Our strategy to prove Theorem 3.1 is through Proposition 3.2; then we prove an

auxiliary lemma and finally, the proposition itself.

Proposition 3.2. Each of the sets U' C’O1 and C{ _is a Gs set in X.

lup

Proof of Theorem 3.1. By Proposition 3.2, U/ C’ o1p and Clup are G5 sets. By The-
orem 2.4, we have the inclusions Cglp C CQL ={T" € X | Br,;(q) = 0 for every
g > 0}, Clup C C’éB ={T € X | ﬂ;;f(q) = 1 for every ¢ > 0}. Now, by the

hypotheses of the theorem, it follows that C(QL_QB = C’éL N C(QB N U7 is generic
in X. (]
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Lemma 3.3. One has
1/r+1
(3.1) Clp = ﬂ A NN
=1p=1k=11=2

and
o0 o0 o0 o0 o0

(32) 1up ﬂ ﬂ m m m lel/k}i-/lr/ll/p )’

r=2p=2k=1l=1n=1
where, for a > 0 and each ¢ > 0,

Qi1 = {T € X | for each m > 0, 3t > m with t"~ 1/lP“ t) <c},
Yiiksin(n) = {T € X | for each m >0, 3¢ > m with tl/k“/lp%. (t)>n}.
Proof. We will only present a proof of relation (3.1); the proof of (3.2) is similar.
If f € C3%((a,b)) is such that, for every T' € X and every ¢t > to > 0, P ,(t) =0
(which is the case when, for every T' € X, Supp(,ui) = (), then Q=X = C(J;lp.

Otherwise, note that, for every a,y > 0 and 0 < € < v, (2.4) is equivalent to
{f|ththch ) =0} C {f | SF () >~} c{f|thﬂ “Pf;(t) =0} ;

thus, we may work with any ¢ > 0 and any fixed f € C§° ((a,b)) in the relation
(take L = —)

ﬂU{TeX‘tWPTf <ctcC {T€X|5Tf()27}c

m=0t>m
ﬂU{TeX|t7 “P(t) <c}.
m=0t>m

Now, replacing v by v — e and taking vy =k, k > 1, e = 1/I, | > 2, one obtains
the inclusions

ﬂ ﬂngl/l - ﬂ ﬂ{T € X |[Sp4(a)>k—1/1} C ﬂ ﬂngz/l,

k=11=2 k=11=2 k=11=2
and consequently,

(33) (T € X (5700 = o0} = () (1 Qi
k=11=2
Finally, one has, from (2.3) and (3.3), the inclusions
ﬂ mQ?q/z C{T e X |y (T, f) <a+d}C ﬂ ﬂngf/w
k=11=2 k=11=2

valid for every § > 0. Thus, replacing a by a+ 6 and taking o = 1/r, § = 1/p,
p,7 > 1, one gets, since (,,5, C’(l/m ={T € X | a (T, f) < 1/m for every
m € N} = Cglp,

NNNNen" << NN NNen"
r=1p=1k=11=2 r=1p=1k=11=2

and we are done. O
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Proof of Proposition 3.2. First, we discuss the sets C’glp and C{up. If, for every
T € X, there is a tg > 0 such that, for every ¢ > to, Pp,r(0,t) = 0, then a (T, f) =

o (T, f) = 0 (since in this case, S%;f(a) = oo for every o > 0), and consequently,
C({lp =X and leup = () are G, sets in X.

Otherwise, for each fixed (a,b) C R, f € C§% ((a,b)) and ¢ > 0, the mapping
X 3T 2 [ e 2/t e T f(T)éo,6n)|* da is continuous, since e~ f(-) : R — C
is bounded and continuous for every x € R; see Proposition 10.1.9 in [3]. Now, it
follows from this remark, the estimate

2

TN T R 8,0 e < TR0

valid for every n € Z? and Weierstrass M-test, that the mapping X > T
Pr.;(t* —1,t) is also continuous, for every o > 0; this implies, for every ¢ > 0, that
each of the sets

Chy = NNNN N U{Tex e @i -1y <)

r>1p>1k>11>2m>0t>m

Lo = AN N U {7ex om0}

r>2p>2k>11>1n>0m>0t>m

Q
2
|

is a Gs set in X. .
Now we discuss U/. We follow the steps of the proof of Theorem 1.3 in [10]. Let
An be a countable dense set in [a, b]. Then,

{T € X | supp(pg) D [a, 8]} = [ {T € X [ supp(pf}) 3 An},

so we need only to consider the cases where we replace [a,b] by {\}. Since

oo

{TeX| SUPP(/%I/:) A= U {TeXx| supp(ug)ﬂ()\— 1/m,A+1/m) =0},

m=1

the continuity of the mapping X 3 T+ p; € M (I) (since strong resolvent con-
vergence results in vague convergence of the spectral measures; M (I) represents
the set of positive finite Borel measures on the open interval I, endowed with the
vague topology) says that {T € X | supp(,ui) Z A} is an F,,. Thus, its complement
is a Gs5. We conclude the proof by observing that {T" € X | supp(ug) D (a,b)} =
{T'eX| supp(ui) D [a,b]} (since the support of a measure is closed). O

4. APPLICATIONS

As mentioned in the Introduction, in this section we discuss some applications
of our results to classes of discrete Schrédinger operators as defined in (1.1) and
acting on [2(Z?). The symbol X (as well as with suitable indices) denotes a subset
of such operators with a complete metric so that the metric convergence implies
strong resolvent convergence of operators. Note that it is enough that convergence
in the metric implies pointwise convergence of potentials (see Lemma 4.4 for the
unbounded case).
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Remark 4.1. An important feature of these applications is that the vector dg belongs
to the set of cyclic vectors of every T' € X, so the results stated in Theorem 3.1 can
be strengthened. First, note the inclusion o(7) D supp(u}?}), which makes U :=
{T | o(T) D I} a Gs set for each open interval I.

Suppose that U is dense and let T' € U; if u5T0 is absolutely continuous (a.c.)
with respect to the one-dimensional Lebesgue measure, then /15 is a.c. for every
vector ¢ = f(T)do, with f € C§% (I). Thus, if the set {T'€ X | o(T) D I and ug;
is a.c} is dense, then {T' € X | o(T) D I and T is quasiballistic on I} is generic
(since dimg(ug) =1if ,uiwr is a.c., it follows, by Theorem 2.4, that the inclusions

cl. c C’{up C C(J;;B are valid for every f € C§%, (I)).
Now, if the set {T' € X | o(T) D I and oy (T, x) = 0} (with x(:) := xz(+)) is
also dense, then Lemma 2.6 may be used to obtain generic sets of operators with

quasilocalized dynamics on [I.

4.1. Bounded potentials. Pick a > 0 and let X, be the set of Schrodinger opera-
tors (1.1) on 12(Z%) with real multisequences (v,,) satisfying |v,| < a, for all n € Z4;
endow X, with the topology of pointwise convergence. We have the following ap-
plication of our previous results.

Theorem 4.2. Fiz a > 0. Then, the set {T € X, | o(T) D [—a —2d,a+ 2d], T is
quasilocalized and quasiballistic on (—2d,2d)} is generic in X,.

Proof. By following an idea presented in Theorem 4.1 in [10], let ¢ be the product of
the normalized Lebesgue measures (2a/d) "4, n € Z%, restricted to [—a/d,a/d], so
that supp ¢ = [~a/d,a/d)”. Let D = {J ¢ Xf/d | supp pj, = [-2—a/d,2+a/d], J
has SULE}, where X7 /d represents the set of one-dimensional Schrédinger operators
with potentials (v,,) satisfying |v,| < a/d, for all n € Z, also endowed with the

topology of the pointwise convergence. Then, by Corollary 2.9, C(Xf/d \ D) =0,

which implies, taking into account the support of ¢, that D is dense in Xf/d.
Hence, pick an arbitrary J € D, defined by the sequence {w;, }, and set the mul-
tisequence v° = (v9), v0 = wy,, +...+wy,, so that the corresponding operator, Ty,
can be written as the Kronecker sum J®1®---®1+...+1®1®---®J. Clearly,
one has o(Ty) = [-2d — a,2d + a.
Now, let T'= H" € X, be defined by v = (v,,) and consider the sequence of
operators T € X¢ with vl = (v)), where

; v nl<j
a={w

v, |n|>j

It is clear that each 7} is a finite-rank perturbation of 7y. Thus,

o 0ess(T) = 0ess(To) = [-2d—a, 2d+a], by Wey!’s criterion (Corollary 11.3.7
in 3]);
e for every f € C3% ((—2d — a,2d + a)), oy (T}, f) = 0, by Lemma 2.10.

Since v/ — v pointwise, T; — T in the strong resolvent sense. Therefore, it
follows from the remarks above that, for every f € C§° ((—2d — a,2d + a)), the set
{IT'eXy|o(T)D[-2d—a,2d+a], ag (T, f) =0} is dense in X,.
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Finally, given an arbitrary 7' € X, consider the sequence of operators T € X,
with potentials v? = (v},), where

Uj — U,y |n| SJ
" 0, [n[>y

Since each T is a finite rank perturbation of H, the free operator, each of the
spectral measures ugo of T; has an absolutely continuous part that is supported
on [—2d,2d]. Hence, since [—2d,2d] C o(T') for every T in a dense set, one has, by
Remark 4.1, that the set C{up is also dense in X, for every f € C§°, ((—2d,2d)).

A use of Theorem 3.1 concludes the proof. O

4.2. Analytic quasiperiodic potentials. Here we consider quasiperiodic Schro-
dinger operators (1.1) acting on [2(Z), with potentials generated by a nonconstant
real analytic function v € C¥(T% R), that is, with v, = Au(vn + ), n € Z, and
fixed A € R, v,0 € T? := R?/Z?; we denote such operator by HY o
For each u € C¥(T%R), § € T? and 0 # A € R, we consider the space of
self-adjoint operators
X;f,@ = {HiV,G ‘ Ve Td}a

endowed with the topology induced by the metric

o
sin<yp Vp)'.
2

Theorem 4.3. Fiz a nonconstant u € C¥(T4 R). Then, there is Ao(u) > 0 so
that, for every A > Xo(u) and every 0 € T9, the set of operators HY, o such

d
d(H;{,u,G? H)%,u’,é) = Z

p=1

— _ + _ . . . u
that ﬂH;ﬁ%@;h(Q) =0 and 5H§%9;h(q) = 1, for every q > 0, is generic in XY g,
where h : R — R is the constant function h(x) = 1.

Proof. Since the spectrum of HY' , 4 is purely absolutely continuous for every A € R,
6 € T? and u € C¥(T%R) when v € Q?/Z%, the metric and the density of the
rational numbers in R imply the density of the set Cuc := {T' € X}, | o(T) is
purely absolutely continuous} in X} p- Thus, for each 0 € T?¢ and u € C¥(T4,R),
it follows that C’{‘up is dense in XY .

On other hand, it is known that given an arbitrary nonconstant v € C*(T%, R),
there is a positive Ag(u) such that, for every A > \g(u) and every 6 € T4, HY o
satisfies dynamical localization (and consequently, SULE) for all v outside a set
of zero Lebesgue measure (depending on 6; this is a Corollary in the Introduction
in [1]).

Thus, one obtains, for each fixed nonconstant v € C¥(T R), A > A\g(u) and
0 € T?, that the set C(})‘lp is dense in XY 5. An application of Theorem 3.1 concludes
the proof. O

4.3. Unbounded discrete Schrodinger operators. Now we consider unbounded
Schrodinger operators defined as follows: take the space of real multisequences
X :={v=(vy) | n € Z% v, € R} with some enumeration (vj)ren, and the metric

o0

Qo) = S gk U = vl X
(u,v) kz_;) T T— u,v
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Convergence in (X , cZ) implies pointwise convergence, and this is a complete metric
space.

Then, for each v € X, we associate the self-adjoint discrete Schrédinger opera-
tor HY, with action (1.1) and appropriate domain. By denoting

X :={H"|ve X},
the pair (X,d), with d(H%, H?) := d~(u,v),~is a complete metric space, and from
now on we naturally identify elements v € X with HY € X.

Lemma 4.4. Convergence in d implies strong resolvent convergence in X .

Proof. Let v/ — vin X as j — oo. It is enough to check the convergence of
resolvents R;(H"" )¢ — R;(HV)¢ for vectors ¢ in a dense subset A of 12(Z%).

Since the subspace l(Z?) of multisequences with only a finite number of nonzero
entries is a common core of all H* € X, the set A := (H" — i1)lg(Z?) is dense
in 12(Z%) for any v € X. Thus, for A > £ = (H” —il)n, n € lo(Z%), the second
resolvent identity implies that

|R,(HY )6 — Ri(H")E|| = ||Ro(H")(v7 — o) Ry(H")¢]|
| (v — 0) R (HY)E|| = || (v? — v)n|=30,

and we are done. O

IN

Next, our application in this setting.

Theorem 4.5. The set {T € X | o(T) = R, T is quasilocalized and quasiballistic
on (—2d,2d)} is generic in X.

Proof. By Lemma 4.4, pointwise convergence of sequences in X leads to strong
resolvent convergence of operators in X. For each integer n > 0, the proof follows
exactly the same steps of the proof of Theorem 4.2 with {T' € X | o(T) D [-2d —
n,2d + n|, T is quasilocalized and quasiballistic on (—2d, 2d)} being generic in X;
the result follows then for o(T) = R. O
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