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Abstract

In this paper we prove that the billiard problem on surfaces of constant curvature
defines a 2-dimensional conservative and reversible dynamical system, defined by a Twist
diffeomorphism, if the boundary curve is a regular, simple, closed, strictly geodesically
convex curve and at least C? curve.

1 Introduction

The plane billiard problem, originally defined by Birkhoff [3] in the beginning of the XX century,
consists in the free motion of a point particle in a bounded plane region, reflecting elastically
when it reachs the boundary.

In this work we extend this problem to bounded regions contained on geodesically convex
subsets of surfaces of constant curvature. We will show that this new billiard defines a 2-
dimensional conservative and reversible dynamical system, defined by a Twist diffeomorphism,
if the boundary curve is an oval, i.e., a regular, simple, closed, strictly geodesically convex curve
and at least C? curve. This is a classical result for the Euclidean case and is proved for instance
in [13]. Nevertheless, and for the sake of completeness, we will present the proof for the three
cases.

Billiards on the Euclidean plane were, and still are, extensively studied. Billiards on surfaces
of constant curvature are much less studied and the papers focus on special properties. For in-
stance, Veselov [16] , Bolotin [5], Dragovic, Jovanovic and Radnovic [7], Popov and Topalov [14],
[15] and Bialy [2] deal with the question of integrability. B.Gutkin, Smilansky and E.Gutkin [9]
looked at hyperbolic billiards on the sphere and the hyperbolic plane. E.Gutkin and Tabach-
nikov [10] studied geodesic polygonal billiards. Among them, only Bialy [2] looked more closely
to oval billiards, but he starts from the variational formulation of the billiard problem, taking
as granted that the geodesic distance defines a generating function, which is not our case here.

2 Surfaces of constant curvature

For the definition of the billiard, only the behaviour of the geodesics and the measure of angles
will count. So, we can take as model one of the three surfaces:

e the Euclidean plane E? given in R3 by {z = 1} or X(p,0) = (pcosb,psinb, 1),p > 0,
0 <0< 2m;
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e an open hemisphere of the unit sphere S3 given in R? by
< (z,y,2),(r,y,2) >=1, 2>0
where <, > is the usual inner product on R? or by

X(p,0) = (sinpcosf,sinpsinf, cosp), 0 <p<m0<0<2m;

e the upper sheet of the hyperbolic plane H? given in R? by
<< (m,y,2),(x,y,2) >>=1, z2>0
where <<, >> is the inner product on H? or by

X(p,0) = (sinh pcosf,sinh psinf, coshp), p>0,0<0 < 2w

which will be called by S.

The geodesics on S are the intersections of the surface with the planes passing by the origin.
S is geodesically convex. Then given a point X € S and unitary vector v € T'xS there is a
unique minimising geodesic by X on the direction of v which is given by

X +tv if S =E?
y(t) = Xcost+wsint  if S=8
Xcosht+vsinht if S= Hi

The distance between two points X and Y on S is so measured by

VXV, X-YV> if X,YeR?
ds(X,Y) = arccos(< X, Y >) if X,YeS?
arccosh(— << X,Y >>) if XY € H2

Definition 1. A regular curve I'(t) C S is said to be geodesically strictly convex if the inter-
section of any geodesic tangent to I' with the curve I' has only one point.

It is proved on [12] for the spherical case, on [6] for the hyperbolic case and for instance on [1]
for the Euclidean case that

Lemma 1. If a curve I' C S is closed, regular, simple, C™,n > 2 and has strictly positive
geodesic curvature then I' is geodesically strictly convex.

So, by lemma 1, any oval is geodesically strictly convex. This property, together with the fact
that S is geodesically convex will enable us to define oval billiard maps on surfaces of constant
curvature.

3 Billards on ovals

Let €2 C S be a region bounded by an oval I'. Analogously to the plane case, we can define the
billiard on I' as the free motion of a point particle inside €2, reflecting elastically at the impacts
with I'. Since the motion is free, the particle moves along a geodesic of S while it stays inside 2
and reflects making equal angles with the tangent at the impact points with I". The trajectory
of the particle is a geodesic polygonal curve, with vertices at the impact points.
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As Q is a bounded subset of a geodesically convex surface, with strictly geodesically convex
boundary, the motion is completely determined by the impact point and the direction of move-
ment immediately after each reflection. So, a parameter which locates the point of impact,
and the angle between the direction of motion and the tangent to the boundary at the impact
point, may be used to describe the system.

Let [ be the length of I', s the arclength parameter for I' and ¢ € (0, 7) be angle that measures
the direction of motion at the impact point. Let C be the cylinder R/l x (0, 7).

We can define the billiard map

T C — C
" (s0,%0) > (51,%1)

which associates to each impact point and direction of motion the next impact and direction.
This billiard map defines a 2-dimensional dynamical system and the orbit of any initial point

(50,%0) is the set O(s0,%0) = {T*((s0,%0) = (si,),1 € Z}.

3.1 Properties of the generating function

Let S be E?,S2 or HY and dg be the geodesic distance on S. Let I' C S be an oval, parame-
terized by the arclength parameter s and €2 be the region bounded by I'.

Lemma 2. Let T(sq, o) = (s1,%1) be the billiard map on T and g(so, s1) = —ds(T'(s0),T'(s1)).

Then g verifies
g

_9(30731) = cos and == (S0, 51) = —cos ¢

080 a51

Proof: Let 75,7 = 0 or 1, be the unitary tangent vector to the oriented geodesic joining I'(sq)
to I'(s1), at I'(s;).
When S = E? we have that ¢%(so, s1) =< T'(s1) — I'(s0),[(s1) — I'(sg) > and then

99 o oy — ey L81) = T(so)
Jsg 08 = = <o) 2S5

Analogously, g—i(so,sl) =<I"(s1), 1 >= —cos ;.
When S = S% we have that cos g(so, s1) =< I'(so),'(s1) > and then
5_9(80’81) _ _< F‘I(So),l—‘(sl) > (2>
So sin g(so, $1)
< I"(sp), cos g(so, s1) I'(s0) — sin g(sg, $1) 70 >
- sin g(so, 51)
= < IV(sg), 70 >= cos .

>=<T"(sg), 70 >= cos . (1)

Analogously g—sgl(so, s1) =<I'(s1), =1 >= —cos ;.
When S = H?2 we have that cosh g(so, s1) = — < I'(s1),(s2) > and then

5_9(80751) _ < I7(s0),'(s1) >
S0

sinh g(s, $1)
< I(sg), cosh g(sg, s1) I'(sp) — sinh g(sq, $1) 70 >
a sinh g(sq, s1)
= < IV(sg), 70 >= cosy.
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Analogously g—sgl(so, s1) =< I"(s1), =11 >= — cos . O
Let p = —cos®y € (—1,1). Lemma 2 implies that the arclength s and the tangent momentum
p are conjugated coordinates with generating function ¢ for the billiard map, or,

99 99

T(507p0) = (prl) <~ 8_ = —Po, =N
So

leading to the variational definition of billiards.

Lemma 3. Let k; be the geodesic curvature of I' at s;,9 = 0,1. The second derivatives of g are

F n2 ) .
SV fsin 4 in  [E?
d%g 9(50_75211)p
—— — ST e g ) 1 2
9e2 (so0,51) = Fan 0,57 kisiny;  in  S%
‘ st podinads i 2
\ tanh g(sp,s1) k:Z Sin 1/}2 m H-l—
( sinp sin in E2
2 ~g(s0,51)
0y (s0,51) = sindosinyn o G2
9snOs 0,21 sin g(s0,51) +
01 sin ¥ sin Y1 in  H2
\ sinhg(so,s1) +

Proof: Let 7; , n; and v; be the unitary tangent, normal and binormal vectors, respectively,
to the oriented geodesic joining I'(sg) to I'(s1), at I'(s;), seen as a curve in R®. When S = S
or H?, since the geodesic is contained on a plane passing by the origin, 7; = —I'(s;), v; is a
constant unitary vector, normal to the plane, and {7;,7;} is an orthonormal basis for Tps,)S.

In the case S = E? we differentiate equation (1) obtaining

0? 1 — cos? [(s;)—T
_‘Z — cos Z/JO_|_ <TI” (30)7 (81) (80) =
dsj 9 g
.2 .2
= Slngwo‘i‘ < kg sin @ZJ()TO + ko cos w()?’}o, —Ty >= S wO — kg sin wo
and
9’9 —<I"(s0),I"(s1) > 4 cos by cos iy
Dsgds; g
_ — < cosgTo — Sin o, cos P 71 +sinyn > +costhgcosPy  sin g sin gy
g g
When S = S? we differentiate (2) getting
9?9 — <TI7(s0),T(s1) > —cos®hycosg
0s3 sin g
 — < —T(sg) + ko T'(s9) x I (), cos g T'(s9) + sin g 7o > — cos? ¢y cos g
sin g

cos g — kosingsing — cos®ycosg  cos gsin®

0 _ k() sin 77[)0

sin g sin g
and
0%g — < I"(s0),I"(s1) > + cos by cos 1y cos g
050081 - sin g
= < cosgTy — SinPglp, COS Y1y + Sin Y1y > + €S Yy cos Py cos g
sin g

sin g sin ¢y
sin g



The last case is analogous. When S = H? we differentiate (3) getting

9?9 —<TI(s0),I"(s1) > +cos )y cos iy cosh g
Dsg0s1 sinh ¢
=< —T'(so) + ko '(s0) x I"(s0), cosh g I'(sg) + sinh g 75 > — cos® 9y cosh g
N sinh ¢
h g sin?
_ cos :qsm Yo ~ ko sin thg
sinh ¢
and
99  —<I(s0),I"(s1) > +cos)gcos iy coshg
Dsg0s1 sinh ¢
= <K cos Ty — sinYglg, cos P17y + sin vy 3> + cos g cos Py cosh g
N sinh ¢
sin ¢ sin ¢
sinh g
Finally, the calculation of % is analogous to %. O
1 0

3.2 Properties of the billiard map
In this subsection we will prove that

Theorem 1. Let S be E*,S7 or H2. Let I' C S be an oval, a closed, simple, regular C™ curve,
n > 2, with strictly positive geodesic curvature. Then the billiard map T on I is a reversible,
conservative, Twist, C"'-diffeomorphism.

The proof will follow directly from the lemmas bellow. As above, s stands for the arclength
parameter for T, k; is the geodesic curvature of T" at s;, dg is the distance on S and g(sg, s1) =

—ds(T'(s0),'(s1))-

Lemma 4. T is invertible and reversible.

Proof: Any trajectory of the billiard problem can be travelled in both senses. So, if T'(s;, ¥;) =
(Si41,Wit1) then T7 (s, m — 1) = (si-1, ™ — ¥i1).

Let I be the involution on C given by I(s, ) = (s,m — ). Clearly I7! = 1.

We have then that T-' =ToTolor [oT ' =Tol, ie., T is reversible. O

Lemma 5. T is a C" ! diffeomorphism.

Proof: Let T'(50,v,) = (51,1,) and V; and V; be two disjoint open intervals containing 5, and
51 respectively. We define

0
G:VoxVix (0,m) =R, G(so,51,%0) = 8_9(30,51) — cos Y.
S0
G is a C™ ! function, since I' and g are C™. Then, by lemma 2, G(59,5;,¢,) = 0 and
g—g(so,sl) = %(50,31) # 0 by lemma 3, since 1,%; € (0,7). So we can locally define
a C™1 function s; = s1(sg, %) such that G(sg, s1(s0,%0), %) = 0.
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Taking now 1 (so, ¢o) = aTCCOS(—g—i(Sm s1(s0,%0))) we conclude that T'(so, ¥0) = (s1(50, %0), ¥1(50, %))
is a C"~! function.

As T is invertible, with T-! = I o T o I, we conclude that 7" is a C"! diffeomorphism. O
Differentiating the expressions

0
costy = a—i(so,sl(soﬂ/}o))
dg
COS¢1(807¢0) = —a—&(80,81(50,¢0))
we obtain
Lemma 6.

0%g 0%g 0s;

952 " Dsgds 0 . °
0%g 0Os;
680681 8w0 Sln¢0 ( )
829 629831 . 0%
Bsods, T D205, SVigg
Pg s _ Gy, 00
s oy "o

Lemma 7. T is a Twist map.

Proof: By equation (4) together with lemma 3 and remembering that ¢ € (0, 7) we have that
g—;}; # 0 and T has the Twist property. m
Using the formulas of lemmas 6 and 3 we obtain the derivative of the billiard map as:

9s1  Os1
Lemma 8. DT'(sg, %) = 35;; gzﬁg where

9sg  Oyo
o in [E2
ds1 kog — sintyg
6_30 N sin ¥y
ds1 g
My siniy
Oy kosiny + kysintbg — kikog
dso sin ¢
o _singy — kg
Mpy sin ¢
o inS%
ds1 kosing — sinycos g
a_So B sin ¥y
dsy  sing
8_% ~ sin (0
0Py kosiny cos g + sin g sin ¢y sin g — koky sin g + ky sintpg cos g
6'_50 B sin ¢y
Oy sinyycosg — kising
8_% B sin ¢



Cal

e in H%—

dsy kgsinhg —siniycosh g

dsy sin ¢y

ds;  sinhg

3_1/)0 ~ sin (G0

0Py kosiny cosh g + sin g sin 4y sinh g — koky sinh g + &y sin 1) cosh g
a_50 B sin ¢y

Oy sinty;coshg — kysinhg

3_% sin ¢

culating now the determinant of DT we prove that

Lemma 9. T preserves the measure du = sinydsdi.
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